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APPROXIMATION BY COMPLEX ¢-LORENTZ POLYNOMIALS,
q>1

SORIN G. GAL

Abstract. In this paper, for ¢ > 1 we obtain quantitative estimate in the
Voronovskaja’s theorem and the exact orders in simultaneous approximation
by the complex ¢-Lorentz polynomials of degree n € N, attached to analytic
functions in compact disks of the complex plane. The geometric progression
order of approximation ¢~ " is attained, which essentially improves the approxi-
mation order 1/n for the case ¢ = 1, obtained in the very recent paper [2]. Also,
some approximation properties of the iterates of these complex g-polynomials
are studied.
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1. INTRODUCTION

In the recent book [1] (see also the papers cited there in References), esti-
mates for the convergence in Voronovskaja’s theorem and the exact approx-
imation orders in simultaneous approximation for several important classes
of complex Bernstein-type operators attached to an analytic function f in
compact disks of the complex plane were obtained.

The goal of the present paper is to extend these type of results to the
complex g-Lorentz polynomials, ¢ > 1. The complex Lorentz polynomials
attached to any analytic function f in a domain containing the origin were
introduced in [3, p. 43, formula (2)], under the name of degenerate Bernstein
polynomials by the formula

1) RUCEDS (1) C) omenzcc

k=0

In the same book [3, p. 121-124], some qualitative approximation results
were studied. In the recent paper [2], exact quantitative estimates of order
% in approximation by L,(f)(z) and by its iterates in compact disks of the
complex plane were obtained.

In this paper, by introducing the complex ¢-Lorentz polynomials, ¢ > 1,

given by

L) = a0 () () pipoinen
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for ¢ > 1 we consider their approximation properties in compact disks. Here
noq . . !
nly = TS ifq £ 1, [nly = nifa =1, [nlg! = [1o2lg e [olas (), = o,

DE(f)(2) = Dy[DE"L(£)](2), DY()(2) = f(2), Dy(f)(z) = LELLE.

Note that because D, (ex)(z) = [k],2" !, where ey (z) = 2¥, if f is analytic in
adisk Dr = {2 € C;|2| < R}, that is we have f(z) = Y po, cxz* for all z € Dp,
then Dy(f)(2) = 72 cxlklo 1, DR(f)(2) = Y5y cxlklq[k — 14252 and so
on. This immediately implies that D¥(f)(0) = cx[k]!, for all k = 0,1,.....
Also, since [n]; = n and Di(f)(z) = f'(2), it is immediate that L, 1(f)(2)
become the complex original Lorentz polynomials L, (f)(z) given above by
(1) and already studied in [3] and [2].

The plan of the present paper goes as follows. Section 2 deals with upper
estimates in simultaneous approximation by these g-polynomials, in Section
3 we obtain a Voronovskaja result with a quantitative estimate and in Sec-
tion 4 one obtain exact estimates in simultaneous approximation for these
g-operators. Section 5 presents an approximation result for the iterates of the
complex polynomials Ly, ,(f)(z). The quantitative estimates are obtained in
compact disks centered at origin and are of exact order ﬁ, which by the

inequalities (¢ — 1)qin < ﬁ < qqin, implies the exact order of approximation
q

, with ¢ > 1. This essentially improves the exact order 1/n obtained for
L,1(f)(2) == Ln(f)(2) by the very recent paper [2].

—n

2. UPPER APPROXIMATION ESTIMATES

The main result of this section is the following.

THEOREM 1. Let R > q > 1. Denoting Dr = {z € C;|z| < R}, suppose
that f : Dr — C is analytic in Dg, i.e. f(z)=> 10, e, for all z € Dp.

(i) Let 1 <r < < % be arbitrary fized. For all |z| < r and n € N,

we have the upper estimate |Ly 4(f)(2) — f(2)] < Mrl’Q(f), where M, o(f) =

[n]q
A - i lerl(k + 1)rf < oo,

(ii) Let 1 <7 < 7" < 7 < % be arbitrary fived. For the simultaneous
approzimation by complex Lorentz polynomials, for all |z| < r, p € N and

n € N, we have ]ng()l(f)(z) — f)(2)| < 2 Mral) - phere M, 4(f) is given

[nlq(r=—r)ptt>

as at the above point (i).

Proof. (i) Denoting e;(z) = 27, firstly we easily get that Ly 4(eo)(2) = 1,
Ly q(e1)(z) = e1(z). Then, since for all j,n € N, 2 < j < n, we have

Lngle)(2) = P17 (’?)qmq! =
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taking into account the relationship (7) in [4, p. 236], we get

Also, note that for j > n + 1 we easily get Ly 4(ej)(z) = 0. Since an easy
computation shows that Lnq(f)(2) = 3720 ¢jLng(ej)(2), for all [2| < 7, we
immediately obtain

| Ln ,q( )(2) = £(2)]

<Z’C]| ng(€5)( z)| + Z l¢j] - [ Lngq(ej)(2) — €j(2)]
Jj=n+1
: [1q [2]q =1 - :
<N el < - ——2 ). (1= L) -1+ |ej|r,
Jz:; ! [n]q [nlq [nlq Z ’
for all |z| < r. Taking into account the inequality proved in [4, p. 247],

j=n+1
(B (- ()

we obtain

S| (- 85) - ) (-

L5 RS i
TZ|CJ|J_1 ]—1]qrj§—Z|c]| -1

<
]’1]:2 [n]q - q—1
1 1 1 « , J
<o —Z\c]r.m 0P € o = el +
[n]q [n]q q—ljz2

where by hypothesis on f we have ijo lcj| (7 + 1)7"{ < 0.
On the other hand, the analyticity of f implies ¢; = % and by the

Cauchy’s estimates of the coefficients c; in the disk |z| < ry, we have < le ,
for all j > 0, where !
o0 ) (e.) )
Ky, =max{|f(2)|;]z] <11} <> lejlr] < lejl(G + Drd == Ry, (f) < o0.
§=0 j=0

Therefore we get

S (O R

j=n+1 Jj=0

— R (f) —" [r] Rm f) [r]"SRm(f)_iSzRﬁ(f)_ 1

1

(g—1)2% [nlg
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Collecting the estimates, finally we obtain

Lnal£)(2)- <M<£h§}?g+_a>—£h;j&2;mgﬂwg

for all n € N and |z] <.

(ii) Denoting by ~ the circle of radius r* > r and center 0, since for any
|z| <r and v € v, we have |v— z| > r* —r, by the Cauchy’s formulas it follows
that for all |z| < r and n € N, we have

LO)(F)(=) — [P () = 2

[ D) g0,
’ 27 (v —z)ptl
M, 4(f) E . 2mr* _ My q(f) ) plr*
[y 27 (r* —r)ptt [y (e —r)ptt
which proves (ii) and the theorem. O

3. QUANTITATIVE VORONOVSKAJA-TYPE THEOREM
The following Voronovskaja-type result hold.

THEOREM 2. For R > ¢* > 1 let f : Dp — C be analytic in Dy, that
is f(2) = Ypogckz’ for all 2 € Dg, and let 1 < r < % < q% be arbitrary

fized. For all n € N, |z| < r we have ‘Ln,q(f>(2’) — f(2) + B(N)2) | « @y q(f)7

[nlq - [”]2
here Bi(1)(2) = zkw&h%k—wamm+m+w—ua,am
Qrig(f) = L2252 5200 Jew|(k + 1) (K + 2)2(r19)* < oo

Proof. We have

Lna)(:) - 1) + 40

= 3 C & — € [k]q il CrL\Z

= [ [t k<w%m_nmhk<ﬂ|
n C e Z)— eplz [k] —F z

< e [ Enalen) —ex() + g o (ﬂ‘
N

PR (@ 1)

<3t fraten)e) - ek(z)'*’<Jé??13i§}qek(z)]‘
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for all |z| <r and n € N.
In what follows, firstly we will prove by mathematical induction with respect
to k that
2
(2) 0< Eppglz) < D%(k ~1)(k - 2)%[k — 2,
q

for all 2 <k <n (here n € N is arbitrary fixed) and |z| < r, where

Enial?) = Lugle)le) = ex(2) + Tt e ()
= Lnglen)(®) = es(2) + - (1t + oot [ = g ex).

. . klq—k 1
Note Fhat the relationship ((I[J‘f)[n}qek(z) =L (Mg + ...+ [k =1]g) ex(2), k>
2, easily follows by mathematical induction.

On the other hand, by the formula for L,, 4(ex) in the proof of Theorem 1 (i),
simple calculation leads to En,gq(z) =0, for all n € N and to the recurrence

formulas

2
z )
Lnq(ej1)(2) = L Dy [Lng(ej)] (2) + zLng(e)(2), 5 > 1,n € N, 2] <,

q

2

z _
E,kq(2) = ——[n] Dy(Ly,q(ex—1)(2) — 2k 1) + 2B ko14(2), n >k >3, |2 <.
q

Passing to absolute value above with |z| < r and 3 < k < n and applying the
mean value theorem in complex analysis, with the general notation | f]||, =
max{|f(z)];|z| < r}, one obtains

2
r _
|Enk,q(2)] < WH(Lmq(ekfl)(z) -2 1)/qu + 7 [Engk—1,4(2)]
q
r? k-1
<r.-|E. . — . L, _ k-1 .
< B2+ - o (o)) =
r? k-1 (k —2)[k — 2]
<o Buporg()| 4 e Pt gyt R A
! [”]q qr [n]q

where above we used the estimate which easily follows from the proof of The-
orem 1 (i): |Lpq(ex)(z) — 2¥| < rk%, |z| <7,k > 2. Therefore, for all

|z| <r, 3<k<n,we get

r? — _ B
a2l <7 [Engora( + qul (gr)Ft W
r? _ B
<1 | Bpg-1,4(2)] + ﬁ (k= 1)k W
=71 |Eng-14(2)| + (k= 1k = 2)[k =2, -k

[n]3
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Taking k = 3,4, ..., step by step we easily obtain the estimate
k k
ZJ—I (=2 -2 < ﬁ(’f—l)(/ﬂ—ﬁ[’f—?]q
= q

)"
1)

’En k,q 2
nlz

< A k- 27,

(¢ - D]

for all |z| < r and 3 < k, because [k — 2], < qq_—l. In conclusion, (2) is valid,

which implies
n

<D lerl - 1Baq ()l

n

Ky — k] ek(z)]

ck | Lngler)(z) —er(z) +
;%k[ ) —eule) + 7 >
S(q Z|ck| —1)(k - 2) (TIQ)

qk3

1
< 7QZ|CIC| (k+1)(k +2)*(r19)".
(Klg—k_ _ 1> 0 for all £ > n + 1, reasoning as in

On the other hand, since (qli1)[n}q >
the proof of Theorem 1 (i), and keeping the notation for R, (f) there, we get

> e (e 1) = 2 i e
S(;?ﬁﬁhkziﬁ% i
o k 2%
ol [N (O
n 00 k
<o () S0
B (qR—l()jEr)L]q [(;)1/3 : r}/;l—/grl/:a B Ijrig[iﬂé
! gfiwuw+¢xk+m%nwﬁ

S PESVID

iy
o

1 ri/3 1
S @Ol s S g and

where we used the inequalities, [k], < k¢, q%

1/3
r > < %, we used the obvious inequality p

where for p = (ﬁ
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Collecting now all the estimates and taking into account that q% + ﬁ =

> —2q+2
(¢—1)3

O

we arrive at the desired estimate.

4. EXACT APPROXIMATION ESTIMATES

The first main result of this section is the following.

THEOREM 3. Let R > ¢* > 1, f : Dg — C be analytic in Dgr, that is
f(z) =1 cpzt for all z € Dg, and 1 < r < g—é < q% be arbitrary fized. If
f is not a polynomial of degree < 1, then for alln € N and |z| < r we have
| Lng(f)— fllr > a‘[réijz(f), where the constant Cy.,, 4(f) depends only on f, r

and r1. Here ||f[|, denotes max,<,{|f(2)[}.

Proof. For Py(f)(z) defined in the statement of Theorem 2, all |z| < r and
n € N we have

L g(£)(2) — £(2)
_ [nl] {—Pq(f)(z) + [nl] [[n}i (Ln,q<f &) = Fz)+ Pg])()ﬂ } ’

In what follows we will apply to this identity the following obvious property:
1E + Gllr = [1F]lr = Gl [ = [[F]lr = 1G]

It follows

Enlr) = 1l 2 g {12, - - [ 0| 11,

Since by hypothesis f is not a polynomial of degree < 1 in Dg, we get
IR, > 0. -

Indeed, supposing the contrary it follows that P,(f)(z) =0 for all z € D, =
{z €C;lz| <r}.

Since simple calculation shows that P,(f)(z) = z- %W, P,(f)(z) =
0 implies Dy(f)(z) = f'(2), for all z € D, \ {0}. Taking into account the
representation of f as f(z) = > ;2 cr2", the last equality immediately leads
to ¢, = 0, for all k& > 2, which means that f is linear in D,., a contradiction
with the hypothesis.

Ln,q(f) - f +

Now, by Theorem 2 we have [n]g ‘ Lno(f)—f+ P[ZZ—(L? ‘T < Qr4(f), where

Qr,,q(f) is a positive constant depending only on f, r; and g.
Since ﬁ — 0 as n — o0, there exists an index ng depending only on f, r,

q
E
T

r1 and ¢, such that for all n > ng we have

1

B Py()
[n]q [[ ]q

[n]q

12O, — Lyg(f) = f+

&
2

1
2

T
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which immediately implies that

1 1
L, —fllr = —-=||P, , .
IEaal$) = 1le = 5 5 IR, Yo > ng
For n € {1,...,n9} we obviously have |Lyq(f) — fl» > W with

Mgy ng(f) = [0lg - 1 Lng(f) = fllr > 0 Gf [ Lng(f) — fll» would be equal
to 0, this would imply that f is a linear function, a contradiction).

Therefore, finally we get || Ly o(f) — fll» > CT”T‘Z(” for all n € N, where

1
Crrral$) =i { Moy 4 M) 5 1P,

which completes the proof. O

Combining now Theorem 3 with Theorem 1 (i), we immediately get the
following.

COROLLARY 4. Let R > ¢* > 1, f : D — C be analytic in Dy, that
is f(2) = Y rep ez for all z € D, and 1 < r < Z% < q% be arbitrary
fizxed. If f is not a polynomial of degree < 1, then for all n € N we have

| Lng(f) = fllr ~ i, where the constants in the equivalence depend on f, 7,

[n]qg’
r1 and q but are independent of n.

Concerning the simultaneous approximation we present the following.

THEOREM 5. Let R > ¢* > 1, f : Dg — C be analytic in Dg, that is
f(z) =31 cpzf forall z € D, and 1 <1 <1* < Z—}; < q% be arbitrary fized.
Also, let p € N. If f is not a polynomial of degree < max{1,p—1}, then for all

n € N we have ||L$£()1(f) —f®, ~ ﬁ, where the constants in the equivalence

depend on f, r, r*, r1, p and q but are independent of n.

Proof. Since by Theorem 1 (ii), we have the upper estimate for ||L$Lp )q( f)—

f®)||,., it remains to prove the lower estimate for ||L£lp¢)1(f) — f?,.

For this purpose, denoting by I" the circle of radius r* and center 0, we have
the inequality |v — z| > r* — r valid for all |z| <7 and v € I'. The Cauchy’s
formula is expressed by

LE((2) = fP(2) =

2

2 [ a0 =0,
r

(v — z)ptl
Now, as in the proof of Theorem 1 (ii), for all v € I" and n € N we have

Lng(f)(v) = f(v)

g
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which replaced in the above Cauchy’s formula implies

L&UX@%M@Zl{p!AJ%gﬁMU

[n]q 21
+ 1 p!/ [n]? (Ln,q(f)(v) — flv) + %})q(v)) N
[n]q 211 T (U—z)p+1
: Py()()
_ L w., L p [l (Lua(F)(w) — F(0) + PD)
[n]q [ Pq(f)(z)] p) 4 [n]q 27 /F (v— Z)p+1 dv
Passing now to || - ||, for all n € N it follows

ILPY(f) = FP, > [nl]q {H[—Pq(f)](p) T

| @/mﬂumm>ﬂwﬁﬂwhv}
T

(v — Z)p+1

_m 27

where by using Theorem 2, for all n € N we get

pl/ [n]; (Ln,q(f)(v) = f(v)+ %])q(v» dv
r

27 (v—z)pt!
pl 271 [n)? Py(f) phr”
Sﬂ'm Lng(f) = f+ Z]Q T*SQm,fI(f)'m'

But by hypothesis on f, we have H— [Pq(f)](p)H > 0. Indeed, supposing
,,q*

the contrary would follow that [Pq(f)](p) (z) =0, for all |z| < r*, where by the
statement of Theorem 2 we have

Py(f)(2) = ch([l]q + 2+ k- 1]q)zk-
k=2

Firstly, supposing that p = 1, by Py(f)(2) = > 32y ckk([1g + 2]+ ... + [k —
1],)zF=1 = 0, for all |z| < r*, would follow that ¢ = 0, for all k > 2, that is f
would be a polynomial of degree 1 = max{1,p — 1}, a contradiction with the
hypothesis.

Taking p = 2, we would get P,/ (2) = Y72, cpk(k — 1)([1]g + [2]g + .. + [k —
1],)2¥=2 = 0, for all |z| < r*, which immediately would imply that ¢; = 0,
for all £ > 2, that is f would be a polynomial of degree 1 = max{1l,p — 1}, a
contradiction with the hypothesis.
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Now, taking p > 2, for all |z| < r* we would get
PP(F)(2) =D exk(k = 1).c(k —p+ 1)([Ug + 2l + - + [k = 1]g)2* 7 =0,
k=p

which would imply ¢ = 0 for all & > p, that is f would be a polynomial of
degree p — 1 = max{1,p — 1}, a contradiction with the hypothesis.

In continuation, reasoning exactly as in the proof of Theorem 3, we imme-
diately get the desired conclusion. O

REMARK 6. Taking into account that for ¢ > 1 we have the inequalities
(¢g—1)- ﬁ < ﬁ <gq- %, for all n € N, it follows that the exact order of

approximation in Corollary 4 and Theorem 5 is ¢~", which is essentially better

than the order of approximation 1/n, obtained in the case ¢ = 1, that is for

L1 (f)(2) := Ln(f)(2), in [2].
5. APPROXIMATION BY ITERATES

For f analytic in Dpg that is of the form f(2) = Y po,ckz®, for all 2z €
Dg, let us define the iterates of complex Lorentz polynomial L, (f)(z), by

Lug(f)(2) = Log(£)(z) and LI (F)(2) = LnglLily " (1)](2), for any m
N, m > 2. Since we have Ly, ((f)(2) = > peo ckLngq(€xr)(z), by recurrence
for all m > 1, we easily get that L,({r;)(f)(z) = > ckL,gZ)(ek)(z), where
L (en)(z) = 1if k = 0, L{(ex)(2) = 2z if k = 1, LI (ex)(2) = 0 if
k>n+1and
L (ex)(2) = <1 — [1]q> (1 - [2]q> <1 _ k= 1]‘1) F2<k<n.

’ [nlq [n]q [n]q

The main result of this section is the following.

THEOREM 7. Let f be analytic in Dg, that is f(z) = > pop cez®, for all
z € Dy, with R > q > 1. Let1§T<%<§. We have

(m) () _ mo 4+l § k
1L D =l < g =1 kZ_O el (ke + 1)1t

and therefore if lim, o [Ts—]’; =0, then lim, ||L£Z?Z}”)(f) — fll» =0.

Proof. For all |z| < r, we easily obtain

’f(zl_ LY (f)(2)]
< kZ; \Ck|rk [1 — (1 — &t) (1 — [f]]q) (1 — [k[;]ql]q> ]

o
+ Z k| k.

k=n+1
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Denoting Ay, = (1 — &> (1 2] ) (1 — [k[;l]q>, we get 1 — Azn =(1-

[nlq N [n]q lq
Ak,n)(1+Ak,n+A%7n+...—i—AZ?;l) < m(1—Ay,) and therefore since 1 — Ay, ,, <
%, for all |z| < r we obtain

n 1 m 9 m E—1 m
il = (- qt) (=) () |
k=2 q q q

oo m o0
<m Y eplrF[l — Agy) < o > lerl(k = 1)k — 1]
k=2 a2
m kq E_ m 1 & i
<D ekl —— " <o ——= > |a|(k +1)(rq)
Il R e S

1 o0
~f12|ck](k+1)r’f.
q k=2

On the other hand, following exactly the reasonings in the proof of Theorem
1, we get the estimate

S ook L 2ERolelh+rt w250 ek + e
k=n+1 g (¢—1)? ~ [nlg (g—1)2
Collecting now all the estimates and taking into account that q% + 7(q31)2 =
( qull)g, we arrive at the desired estimate. 0
REMARK 8. Taking into account the equivalence ﬁ ~ qim from Theorem

7 it follows the conclusion that if lim,, % =0, then
Tim (| L) (f) = fllr = 0.
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