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SOME PROPERTIES OF CERTAIN ANALYTIC FUNCTIONS

SHIGEYOSHI OWA and EMEL YAVUZ DUMAN

Abstract. Applying the subordinations for analytic functions f(z) normalized
by f(0) =0 and f'(0) = 1 in the open unit disk U, some properties of f(z) are
discussed.
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1. INTRODUCTION

Let A denote the class of functions
D
(1) f(2) :z—l—Zanz”
n=2

which are analytic in the open unit disk U= {z € C: |z| < 1}. Let S*(«) be
the subclass of A consisting of functions f(z) satisfying

2) Re <ZJJ:;S)> >a (z€D)

for some real a (0 = o < 1). Further, let K(«) denote the subclass of A
consisting all functions f(z) which satisfy

Zf”(2)>

> o zeU

) =t

for some real o (0 £ aw < 1). We denote by $*(0) = §* and £(0) = K.
Mocanu [2] has shown that

(3) Re <1 +

THEOREM A. If f(z) € A satisfies

@) F@-1<2  (ev),

)
then f(z) € S*.

Applying the above theorem, Nunokawa, Owa, Polatoglu, Caglar and Yavuz
Duman [3] have proved

THEOREM B. If f(z) € A satisfies

(5) |f"(2)] < ‘f’ =0.4472- - (z € 1),

then f(z) € K.
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2. SOME PROPERTIES

Let functions f(z) and g(z) be analytic in U. Then we say that f(z) is
subordinate to g(z) if there exists an analytic function w(z) in U with w(0) =
0, |w(z)| £ |z| (2 € U) such that f(z) = g(w(z)). We denote this subordination
by

fz) =< g(z)  (z€0)
In particular, if g(z) is univalent in U, then the subordination f(z) < ¢g(z) is
equivalent to f(0) = ¢(0) and f(U) C g(U).

Now, we derive
THEOREM 1. If f(z) € A satisfies
(6) 1f'(2) = 1] < (z €U)

for some real a (0 < aw £ 1), then

™ 1-Slsre(f2) <1450 e
® B 156 e

2(1 — ofz]) 2f'(2) )  2(1+afz])
©) s = () <5 een
and

2f'(2) 3az|
(10) ) —1‘ < ol (z €U).
Proof. Note that the inequality (6) implies that

(11) fl(z)—1 < az,
which is equivalent to
(12) f'(z) =1 = aw(2),

where w(z) is analytic in U with w(0) = 0 and |w(z)| < |2| (z € U). Integrating
both side of (12), we have that

z |z|
f(z)=2z+ a/ w(t)dt = z + a/ w(pel?)el’dp.
0 0

Therefore, we see that

L 2|
Re (f(z)) =1+ aRe / w(pe®)e?dp | <1+ <
z = Jo 2] Jo

|2l

o' o

§1+/ pdp =1+ Z|z|
0

2]

w(pe”) ’ dp
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Also, we know that

R

Furthermore, we have that

zf’(z)) B 1+ aw(z) 1 —alw(z)]
Re( = Re >
() 142 w(t .
+ Z/o (t)dt ]z]/ pe
S 2(1 —afz])
~ 2+ alz
and
() 1+ afw(z)| 2(1 + alz|)
we(55) = T S 2l
*m w(pe )‘ P

Finally, we obtain that

Zfl(z)_l‘: aw(z)_ozéz/ozw(t)dt §a|z+£“/ozl
/) 1+j/O w(t)dt 1_&/()'2'

w(pe”)| dp

w(pe'”)| dp

A

REMARK 1. The inequality (10) implies that

zf'(2) 3a 2(1 —2a)
_ —1_

f(2)

2—a 2—-«a (2
1 2(1-2

for 0 < < 3 This means that f(z) € S* ((2a)>
-«

e )

Next, we derive

THEOREM 2. If f(z) € A satisfies
(13) f'(z)l <a  (2€0)
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for some real o > 0, then

(14) 1= SEP SRef(:) S1+5J2l (2 ),
and

z2f"(2) 20| 2|?
(15) ) | = 2=alP (z € U).

Proof. In view of (13), we have that f”(z) < «az, so that f”(z) = aw(2),
where w(z) is analytic in U with w(0) = 0 and |w(z)| < |z| (z € U). Therefore,
we have that

F2)—1=a / w(t)dt.
0
It follows that

Ref'(z) = Re (1 —i—oz/ozw(t)dt) =1 —i—a/(]'ZI

and

w(pe)dp < 1+ T2
Ref/(z) > 1 — %|z|2.
Furthermore, we have that

20| z|?
2 —alz|?

2f"(2)
f'(2)

B azw(z) . alz|?

- z = |Z‘ ]
1+ a/o wt)dt| 1 — a/ w(pe‘e)‘ dp
0

2
REMARK 2. If 0 < o < 3 the inequality (15) implies that

A

z2f"(2) 2 — 3
) — 5 (z € U).
2 -3«
Thus we say that f(z) € K < 5o >

3. APPLICATIONS OF SALAGEAN AND ALEXANDER OPERATORS

For f(z) € A, Salagean [4] has defined the following Salagean differential
operator:

D" f(z) = f(2),  D'f(2) = 2f'(2),

and

D’ f(z) = D! (Dj_1 f(2) = z—i—ananz" (1=1,2,3,...).
n=2
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On the other hand, Alexander [1] has given the following integral operator
D! f(z) which is called Alexander integral operator.

AN OFVENR < & SR
)—/0 tdt—z—i—nz:;nanz.

Furthermore, we introduce
D7 f(2) =D (D! f(2) *z—i—Z—anz (1=1,2,3,...).
In view of the definitions for D7 f(z) and D™ f(2), we define
D/ f(z) =z + Z nla, 2"

for f(z) € A, where j is the integer.
Our result for the above operator is contained in

THEOREM 3. If f(z) € A satisfies
‘Dj“ f(z)

(16) -

—1’<o¢ (z€ )

for some real o > 0, then

(a7) ‘Wf”—qg

| Q

2] (ze).

Proof. By means of the condition (16), we can write

DI f(2)

. —1=aw(z)

with some analytic function w(z) in U which satisfies w(0) = 0 and |w(z)| <
2| (= € U). Noting that D/*! f(z) = z (D’ f(z))/, we see that

D’ f(z) — 2= a/ozw(t)dt.

It follows from the above that
D’ f(z |2
P s [ o

Making j =0 and j = 1 in Theorem 3.1, we have

COROLLARY 1. If f(2) € A satisfies |f'(2) — 1| < « (2 € U) for some real
a >0, then
‘f(Z)

z

II/\
w\_Q

4§§H (=€),
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Also, if f(z) € A satisfies
|2f"(2) + ['(2) = 1| < « (z€ )
for some real o > 0, then

7e) -1 <51 (ze D).
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