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ON A CERTAIN CLASS OF HARMONIC FUNCTIONS
ASSOCIATED WITH A CONVOLUTION STRUCTURE
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Abstract. Making use of a convolution structure, we introduce a new class of
complex valued harmonic functions which are orientation preserving and univa-
lent in the open unit disc. Among the results presented in this paper include the
coefficient bounds, distortion inequality and covering property, extreme points
and certain inclusion results for this generalized class of functions.
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1. INTRODUCTION AND PRELIMINARIES

A continuous function f = u + iv is a complex-valued harmonic function
in a complex domain G if both u and v are real and harmonic in G. In any
simply-connected domain D C G, we can write f = h 4+ g, where h and g are
analytic in D. We call h the analytic part and g the co-analytic part of f. A
necessary and sufficient condition for f to be locally univalent and orientation
preserving in D is that |h/(z)| > |¢'(z)] in D (see [3]).

Denote by H the family of functions

which are harmonic, univalent and orientation preserving in the open unit disc
U = {z:|z] < 1} so that f is normalized by f(0) = h(0) = f.(0) —1 = 0.
Thus, for f = h+g € H, the functions h and g analytic in &/ can be expressed
in the following forms:

h(z)=z+ Z amz™, g(z) = Z bz™  (0< b < 1),
m=2 m=1
and f(z) is then given by
(2) fER) =2+ ) amz™+ Y bpz™  (0<b <1).
m=2 m=1

We note that the family H of orientation preserving, normalized harmonic
univalent functions reduces to the well known class S of normalized univalent
functions if the co-analytic part of f is identically zero, i.e. g = 0.
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For functions f € H given by (2) and F(z) € H given by
(3) F(z)=H(2)+ G(z) =2+ Y _ Amz™+ Y _ Bp2™,
m=2 m=1

we recall the Hadamard product (or convolution) of f and F' by

(4) (f*F)(2) =2+ Y amAnz"+ Y bpBmz™ (2 €U).
m=2 m=1

In terms of the Hadamard product (or convolution), we choose F' as a fixed
function in H such that (f*F')(z) exists for any f € H, and for various choices
of F' we get different linear operators which have been studied in recent past.
To illustrate some of these cases which arise from the convolution structure
(4), we consider the following examples.

(I) 1t

(5) F(z):z+Zamzm+ZamZm
m=2 m=1

and oy, is defined by

O -T'(a1+Ai(m—1))...T(ap + Ap(m — 1))

(m—1II(B1+ Bi(m—1))...T'(By + By(m — 1))
where O is given by

p -1 /4
(7) CE (H r<an>) (H wm) ,
n=1 n=1

then the convolution (4) gives the Wright’s operator for harmonic functions
[9]. The Wrights hypergeometric functions [13] ,U,[(aq, A1), .., (ap, Ap);
(ﬁla Bl)> SRR (Bqa Bq)§ Z] —p \Ijq[(ama Am)l,p(ﬁma Bm)l,(ﬁ Z] is defined by

p\PQ[(amv Am)l,p(ﬁma Bm)l,q§ Z]

(6) Om =

m

— Z {H [(ap +mAn)} {H L(Bn + mBn)} % (z € V).
m=0 \n=1 n=1

I 1A, =1 (n=1,.,p)and B, =1 (n=1,...,q), then we have the
following obvious relationship

o0 o0
(8) Fz)=z+ Y Tpa™+ > Tpz™,
m=2 m=1

where
(Oq)m_l e (Oép)m_l 1

(Bl)m—l ce (ﬂq)m—l (m - 1)!’
then the convolution (4) gives the Dziok-Srivastava operator for harmonic
functions [7]: Ao, -+ ,ap; B1,-, By 2)f(z) = Hh(ar, 1) f(2), where ay,

Iy, =
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, Qp; P, -, By are positive real numbers, p < ¢+ 1; p, ¢ € NU {0}, and
() denotes the familiar Pochhammer symbol (or shifted factorial).

REMARK 1. When p =1, ¢ = 1; oy = a, ag = 1; 51 = ¢, then (8)
corresponds to the operator due to Carlson-Shaffer operator [2], for harmonic
functions given by

L(a,c)f(z) := (f % F)(2),

where

am lzm+z (@) lfm (c#0,—-1,—-2,---).

REMARK 2. When p = 1,¢ =0; 01 = m+ 1, a0 = 1; f; = 1, then (8)
yields the Ruscheweyh derivative operator [10] for harmonic functions given
by DFf(2) := (f * F)(z) where

(10) _Z+Z(k+m—1>zm+§:<k+m—l>zm
m—1
which was initially studied for harmonic functions by Murugusundaramoorthy
[8] (see also [5]).
(III) Lastly, the operator D' f(z) = f % F, where

(11) F()—z—l—Z'mlzm—i— Zmz (1>0),

m=2

was initially studied by Jahangiri et al. [6]

For the purpose of this paper, we introduce here a subclass of H denoted
by Sg(F;7), for 0 <~ < 1, which involves the convolution (4) and consist of
functions of the form (1) satisfying the inequality:

0
(12) 59 Asl(f* F)()]) >~
0<6<2rand z =re?. Equivalently

13) Re {z(h(z)*ﬂ(z))'—z(g(z)*G(z))f} -
W) H(z) +9()«GE) [~

where z € U.

We also let Vy(F;vy) = Sy(F;v) [V where V3 is the class of harmonic
functions with varying arguments introduced by Jahangiri and Silverman [4],
consisting of functions f of the form (1) in #H for which there exists a real
number ¢ such that

(14) g+ (m—1)¢p =7 (mod 27), 6+ (Mm+1)¢p =0 (mod 27), m > 2,
where n,, = arg(a,,) and 6, = arg(by,).
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We deem it proper to mention below some of the function classes which
emerge from the function class Sy (F';y) defined above. Indeed, we observe
that if we specialize the function F(z) by means of (5) to (11), and denote
the corresponding reducible classes of functions of Sy(F';~), respectively, by
WE(), Gh(), £2(7), R(k,7), ) and S(L,), then we obtain:

(i) If F(z) is given by (5), we have f x F' = WF[a1]f(2), hence we define a
class WY () satisfying the criteria

. {Z(WZ h(z))' - Z(Wé’g(z))’} >~

Wi h(z) + (Wi g(2)

where W/([a1]) is the Wright’s generalized operator on harmonic functions
[9]-

(ii) If F(z) is given by (8) we have f * F' = Hl[a1]f(z), hence we define a
class G¥ () satisfying the criteria

zHglaa]h(z))" — zHflaa]g(2))
e 1 S L >,
Hy ] (2) + Hpfaalg )

where HE o] is the Dziok-Srivastava operator on harmonic functions [7] .
For special choices of p,q, a1, 51, a2, P2 as stated in Remarks 1 and 2 we
state the following subclasses of harmonic functions.

(iii) H%([a,1;¢]) = L(a, c)f(z), hence we define a class £3(7) satisfying the

criteria
e {z<L<a7c>h<z>>’ WW} >,

L(a,c)h(z) + L(a,c)g(z)
where L(a, ¢) is the Carlson-Shaffer operator [2].
(iv) H2([k 4+ 1,1;1]) = D* f(2), hence we define a class R(k,~) satisfying

the criteria
Re {z(D’“ hz) - z(Dkg<z>>f} -

D¥ h(z) + (D* g(z)
where D* f(2) (k > —1) is the Ruscheweyh derivative operator on harmonic

functions [5, 8].

(v) H3([2,1;2 — p]) = Q¥ f(2) we define another class Q(y) satisfying the
condition

Re {zmz h(=))' — z(ﬂf;g<z>>'} -
% h(z) + 0L g(2)

where
QU f(z) =T2— WD f(z) (0<p<1),

and Q¥ is the Srivastava-Owa fractional derivative operator [12].
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(vi) If F(z) is given by (11), we have D! f(z) = f % F', hence we define a
class S(l,7) satisfying the criteria

Re {z(Dl h(z)) — =(D' g<z>>'} -
D! h(z) + Dl g(2)

where D' f(z) (I € N = 0,1,2,3,) is the Salagean derivative operator for
harmonic functions [6], [11] .

Motivated by the earlier works of [5, 6, 7, 8, 9] on the subject of harmonic
functions,in this paper we obtain a sufficient coefficient condition for functions
f given by (2) to be in the class Sy/(F,~). It is shown that this coefficient con-
dition is necessary also for functions belonging to the class Vy (F'; ). Further,
distortion results and extreme points for functions in Vy(F';~) are also ob-
tained.

For the sake of brevity we denote the corresponding coefficient of F(z) as
Cyn (for m > 2) throughout our study unless otherwise stated and suppose
Cpm >0 (for m >2) and C; = 1.

2. THE CLASS Sy (F,7)

We begin deriving a sufficient coefficient condition for the functions belong-
ing to the class Sy (F,~).

THEOREM 1. Let f = h+ 7 be given by (2) and 0 <b; < %, 0<y<1.
If

o0
m — m + 1+
SN e L=~ L=y

then f € Sy(F;7).

Proof. We first show that if the inequality (15) holds for the coefficients of
f = h + 7, then the required condition (13) is satisfied. Using (6) and (13),
we can write

where

and
B(z) = h(z) * H(z) + g(z) * G(z).

In view of the simple assertion that Re (w) > « if and only if |1 — v + w| >
|1 4+~ — w|, it is sufficient to show that

(16) [A(2) + (1 = 7)B(2)] = [A(2) = (1 +7)B(2)| = 0.
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Substituting for A(z) and B(z) the appropriate expressions in (16), we get

[A(2) + (1 =7)B(2)[ = [A(2) = (1 +7)B(2)]

oo oo
> 2=zl = Y (m+1=7)Crlaw| 2™ = >~ (m = 1+7)Cinlbn| | |2]™
m=2 m=1
o0 o0
—ylzl = D (m =1 =5)Clam] |2™ = Y (m+1+7)Cuilbm| 2™
m=2 m=1
> 2(1—7)lz| {1 - Z ﬁCm\amHzV” - Z ﬁCm\bmHan }
m=2 m=1
1+~ = [m -~ m—l—v
= 2(1 _’7)‘Z| 1- b1 — Z 70771‘ m‘ + C |bm|
11—~ 1—7
m=2
>0
by virtue of the inequality (15). This implies that f € Sy/(F,~). O

Now we obtain the necessary and sufficient condition for function f = h+7
be given with condition (14).

THEOREM 2. Let f = h + g be given by (2) with restrictions (14) and
0<b <12, 0<v <1 Then f € Vy(F;7) if and only if

o [m—7 1+7
1 am b <1- by.
o T el P el Gz 1

m=2

Proof. Since Vi (F';~y) C Sy (F,~), we only need to prove the necessary part
of the theorem. Assume that f € Vy/(F';~), then by virtue of (13), we obtain

Re{ 2(h(z) * H(2))' = 2(9(2) * G(2))/ _7}20.

h(z) * H(z2) + g(2) * G(2)
The above inequality is equivalent to
z+ ( > (m—=7)Cpnamz™— 3 (m+ 7)Cmbmzm>

Re m=2 m=1
z4 Y, Cramz™ + Z Crnbmz™
m=2 m=1
— 1 2 & Pye——
Z Coam 2™ - S (m+7)Crbmz™
_ m=1
= Re m=2 > 0.

1+ Z Cnamzm— 1+ Z Conbpmz™1

2 m=1
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This condition must hold for all values of z = r¢'?, such that » < 1. Upon
choosing ¢ according to (14) we must have

m=2

(1=9) = @~ (£ (1= Clanlr™ =+ (n+9)Cnlbnlr )

(18) — - >0
1406 — < S Cmlam] — 32 Cm|bm|) rm—1
m=2 m=1

If (17) does not hold, then the numerator in (18) is negative for r sufficiently
close to 1. Therefore, there exists a point zg = r¢ in (0,1) for which the quotient
in (18) is negative. This contradicts our assumption that f € Vy(F;~v). We
thus conclude that it is both necessary and sufficient that the coefficient bound
inequality (17) holds true when f € Vy(F';~v). This completes the proof of
Theorem 2. ]

If we put ¢ = 27 /k in (14), then Theorem 2 gives the following corollary.

COROLLARY 1. A necessary and sufficient condition for f = h+7 satisfying
(17) to be starlike is that

arg(ay,) =7 —2(m— )7 /k,

and

arg(by) =2 —2(m+ )n/k, (k=1,2,3,...).

3. DISTORTION AND EXTREME POINTS

In this section we obtain distortion bounds for the functions f € Vy/(F';~)
that lead to a covering result for the family Vy (F';~).

THEOREM 3. If f € Vy(F;7y) with Co >0 and 0 < by < {72, 0 <y <1,
then
1 (1—v 14~ )
<(1+b — (L =TTy
lf(2)] < (14 1)r+02 <2—’y s 1>'r

and

1 /1-— 1+
‘f(2)| Z maX{O, (1 —bl)r— 62 <2_1 - 2_::()1) 1"2}, r = ‘Z|

Proof. We will only prove the right-hand inequality of the above theorem.
The arguments for the left-hand inequality are similar and so we omit it. Let
f € Vy(F;~) taking the absolute value of f, we obtain

FEL < @b)r+ Y (lam| + [bal)r™

m=2
)

< @+b)r 2> (lam| + [bm)-

m=2
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This implies that

£ (=)l
< (14b)r+ 012 @:1) ;2 [(i : 3) Colam| + (i:z) CQbm|] 2
< “*“”“1;<;:1>1‘1t1h]”
which establishes the desired inequality. ([l

As a consequence of the above theorem, we state the following covering
corollary.

COROLLARY 2. Let f € Vy(F;7) with Co >0 and 0 < by < %’ 0<vy<
1. If Cy < C*, then

{w. | < (1=01)*2=7)Cs
' AL =y — (1 +7)bi]

%

and if Cy > C*, then

M (1—=01)2—7)Ca— (1 =)+ (1+7)b
fu: i < e be .
where

i« o l=7—(10+7)h

R T

Proof. Let denote

1 (1—v 147, ,
(L —b)r— = (==X 2Ty )2
o) ==t = & (522 = 5 ) r

By simple computation (because ¢'(r) = 0 for »r = r9 and ro > 1 for
Cy > C*) we deduce that if 0 < Cy < C*, then

(1-b1)*(2-7)Co
A1 = = (1 +7)bi]
for all » € (0, 1) and if Cy > C*, then

(1=61)(2=9)C2— (1 =7)+(1+7)h
(2—7)Co ’

(1=061)(2=7)C2
2[1 =y =1 +Mh]’

o(r) < p(rg) = , where rg =

p(r) < (1) =

for all r € (0, 1).
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THEOREM 4. Suppose Cy, > 0 (for m > 2) and set A\, = (lﬁ and
1—v 1

m—y
S =y ome Then for by fixed, 0 < by < ﬁ the extreme points for
Vn(Fsy), 0<v<1 are

(19) {z4+ Apzz™ + b1z} U{z + b1z + pmz2™}
where m > 2 and |x| =1 — (1 +v)b1 /(1 — 7).
Proof. Any function f in Vy(F';v) can be expressed as

e "~
f(z)=2z+ Z |am|6inmzm +biz + Z ]bm|ei5mzm,

m=2 m=2

where the coefficients satisfy the inequality (15). Set
h(z) =2, g1(2) = b1z, hin(2) = 2+ A€ 2™, g (2) = b1z + ppe®m 2"

for m = 2, 3,---. Writing X, = ‘i:‘, Y = ‘Z—Z‘,m: 2,3,--- and X; =

o0 o0
1— > Xy Yi=1— > Y, we get

m=2 m=2

oo

f(2) =Y (Ximhi(2) + Yingim(2))-
m=1

In particular, putting fi(z) = z + b1z and f(2) = 2z + A\pwz™ + bz +

Umyz™, (m > 2/|z| + |y| = 1 — |b1|]) we see that the extreme points of

Vu(F;vy) C {fm(2)}. To see that fi(z) is not an extreme point, note that

f1(z) may be written as

fil) = LA+ Xa1 = a2} + SL1(2) = Dol = [ ])22),

a convex linear combination of functions in clco Vy (F';7y). To see that fp, is
not an extreme point if both |z| # 0 and |y| # 0, we will show that it can then
also be expressed as a convex linear combinations of functions in clco Vy (F'; ).
Without loss of generality, assume |z| > |y|. Choose € > 0 small enough so

that € < % Set A=14+¢e¢and B=1— \%| We then see that both

t1(z) = 2+ ApAxz™ 4+ b1z + ppyBz™

and

to(z) = z+ An(2 = A)xz™ + b1z + pmy(2 — B)z™
are in clco Vy (F';7y), and that
1
fm(z) = §{t1(z) +ta2(2)}.

The extremal coefficient bounds show that functions of the form (19) are the
extreme points for clco Vy(F';7), and so the proof is complete. ]
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4. INCLUSION RELATION

Following Avici and Zlotkiewicz [1], we refer to the the J-neighborhood
of the function f(z) defined by (2) to be the set Ns(f) which contains the
functions ¢ of the form

(20) o(z) =2+ ZAmzm—l— ZBmzm, z €U,
m=2 m=1
and -
S~ mJam — Aml + b — Bin|) + [b1 — Ba| < 0.
m=2

In our case, let us define the generalized d-neighborhood of f to be the
set Ns(f) which contains the functions ¢ of the form (20) and satisfy the
restriction

>~ Cullm =) (|am = Al + (m+7)bn = Bul] + (1 =) b1 = Bi| < (1-7)s.
m=2

THEOREM 5. Let f be given by (2). If f satisfies the conditions

(21) Z m(m —7)|am|Cpm + Z m(m +7)[bm|Cr < (1 =),
m=2 m=1
0<v<1and
1—7x 147~
22 = 1—
22) ’ 2—7( 1—7b1)’

then Ns(f) C Su(F, 7).
Proof. Let f satisfies (21) and ¢(z) be given by (20) which belongs to N(f).
We obtain

(L+ B+ Y ((m =l Aw| + (m+7)|Bul) G < (14 7)|B1 = b1

m=2

+ (L] + Y Con[(m =) Am = am| + (m + )| B — by]

m=2

+ ) Crl(m = y)lam| + (m +7)[bm]]

m=2

< =+ )+ 5o 3 mCo (=l + ()]
m=2

< =+l + 5= (=) =+l <17

Hence for 6 = 5_;1 (1 - }f—l\bﬂ) , we infer that ¢(z) € Sy (F,~) which con-

cludes the proof of Theorem 5. g
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Now, we will examine the closure properties of the class Vy/(F;7) under
the generalized Bernardi-Libera-Livingston integral operator L.(f) which is
defined by

z

/tc_lf(t)dt, c>—1.

0
THEOREM 6. Let f(z) € Vy(F;7). Then Lo(f(z)) € Vu(F; 7).
Proof. From the representation of L.(f(z)), it follows that

c+1
ZC

Le(f) =

z
c+1 _ —
L.(f) = ~ /tc 1 [h(t)—i—g(t)} dt
0
+1 z [e¢] z o0
C _
= — /tc ! <t+ > amt”> dt+/tc—1 (Z bmtm> dt
0 m=2 0 m=1
o0 o0
= z+4 Z Az 4+ Z B,,z",
m=2 m=1
where . .
c+ c+
Am—c+mam7 Bm—c+mb
Therefore,
o0
m—vy c+1 m+vc+1
Z - |am| + =1 ’bm| Cm
l—v c+m l—vc+m
m=1
m m +
< { P 7ybm|}cm
—1 - -7
14y
_— 1 _’7'
Since f(z) € Vy(F;), therefore by Theorem 2, L.(f(2)) € Vx(F;7). O

Concluding remarks. The various results presented in this paper would
provide interesting extensions and generalizations of those considered earlier
for simpler harmonic function classes (see [5, 6, 7, 8, 9]). The details involved
in the derivations of such specializations of the results presented in this paper
are fairly straight-forward.
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