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Abstract. The authors investigate interesting properties of certain subclasses of
meromorphically multivalent functions which are defined by means of extended
multiplier transformations.
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1. INTRODUCTION

Let Zp be the class of functions of the form

(1) fR) =27+ arp"? (peN={1,2,3-}),
k=1

which are analytic and p-valent on the punctured unit disc U* = {z € C: 0 <
2| <1} = U\{0}. For a function f € }_ given by (1) and a function g € >_,
given by

(2) g(z) =27+ 3 byt (peN),
k=1

one introduces the Hadamard product (or convolution) of f and g as the
function f x g defined by

(3) (F*)(2) =27+ arpbip? P = (g )(2).

k=1

We define now a linear operator I)(A,£) (where A > 0, £ > 0, m € Ng =
NU{0}, N={1,2,3,---}) which acts as described below on a function f € >_

given by (1)

(4) I'ANOf() =2+ [Ak ; ¢ ] ap_p2" 7P
k=1

We can write (4) also as

LM O f(2) = (D87 + )(2),
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[ Ae+0]™
p’m — - k_
(5) DY, (2) =2+ ];:1 [ 7 } 2"7P,

It follows easily from (4) that
(6) AN OF(2) = I N O f(2) = Qo+ O (A0 f(2) (A>0).
We also note that

LA Of(2) = f(2)

and

(P f(2))

V4

(1, 1) f(2) = =(p+1)f(2) +2f (2).

By specializing the parameters A, ¢, m, and p one obtains the following oper-
ators studied by various authors:
(i) I*(1,1) = D' (see Aouf and Hossen [1], Liu and Owa [7], Liu and
Srivastava [8], and Srivastava and Patel [11]);
(ii) I7*(1,¢) = D}* (see Cho et al. [4, 5]);
(iii) I7"(1,1) = I"™ (see Uralegaddi and Somanatha [12]);
(iv) 17*(1,£) = I,(m, £), where Iy(m,{) is defined by

S LA _
Lm0 ) =+ 30| ST it
k=1
(v) I;*(A\, 1) = Dy, where D}y f(2) is defined by

(7) (2 =2+ e+ 1 a2 P
k=1

We denote by > ,(a,d, p1,7) the class of all functions f € >_ such that
(8)

IOOFEY | IO0FG) (IMO0F(:)) "
Re{(l_w(Iyl(A,ﬁ)g(z)) IO 090) (I;n(A,f>g<z>> }”’

where g € Zp satisfies the condition

R { 000

) (0 0g(2)

}>6 (0<d<1, z€U),
where o and p are real numbers such that 0 <a <1, u>0,pe N,and vy € C
with Re{~v} > 0.

We note that
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(i) For A = 1 we have that Zg}(a, 0, 1, y) is the class of functions f € Zp
satisfying the condition

Re { a-m) (Ip<m,e>f<z>>“ o Bm+1,01(2) (Ip(maﬁ)fEZ)yl} -

Ip(m,ﬁ)g(z) ]p(m+ ]-aé)g(z) Ip(ma‘g)g Z)
where g € 3 is such that

(11) Re{lpfﬁﬁ’f’)%;gz)} >5 (0<d5<1, z€U),

with 0 < a <1, u > 0, and v € C with Re{vy} > 0;
(ii) For £ =1 we have that >\ (@, 0, 1,7) is the class of functions f € >~
satisfying the condition

(DN Dyt (Dpse)\
(12) Re (1 7) (D;:LAQ(Z)> +’7Dm+1 (D;;:L)\g(z) >Oé,

P 9(2)
where g € 3 is such that

D™ g(z
(13) Re @719() >6 (0<6<1, zeU),
D;?)\ 9(z)
with 0 <a <1, u>0 A>0 peN me Ny and v € C with
Re{~} > 0;

(ili) For A = £ = 1 we have that (. d,1,7) is the class of functions
fe Zp satisfying the condition

Drf(z)\"  Drtlf(z) (Drf(z)\"
ke {“ - (D;.zw)) D) <D;ng<z>> } -
where g € >~ is such that

(15) Re{l%}>5 (0<d<1, z€U),

with0<d <1, u>0,peN, meNy, and v € C with Re{r} > 0.
To establish our main results we need the following lemmas.
LEMMA 1. (see [9]) Let Q2 be a set in the complex plane C and let the function
2

U: C%2 — C satisfy the condition WU(irg,s1) ¢ Q for all reals ro, 51 < —H%.
If q is analytic on U with q(0) = 1 and if U(q(2), 2¢ (2)) € Q, for all z € U,
then Re{q(z)} > 0 for all z € U.

LEMMA 2. (see [10]) If q is analytic on U with q(0) = 1, and if A € C* =
C\{0} satisfies Re{\} > 0, then Re{q(z) + A\2q (2)} > a (0 < a < 1) implies

Re{q(2)} > a+ (1 - a)(2y - 1),
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where 7y is given by
1

-1
7 =7Red) = / (1 +tRe{A}) dt.
0
(Note that ~y is an increasing function of Re{\} satisfying % <~y < 1.) The
estimate is sharp in the sense that the bound cannot be improved.

For real or complex numbers a,b,c (¢ ¢ Z; ), the Gauss hypergeometric
function is defined by
ab z ala+1)b(b+1) 22
Fi(a,b;e;2) =1+ — - = C—
2P, bies 2) ot c(c+1) 2!
Note that the above series converges absolutely for z € U and hence represents
an analytic function on the unit disc U (see [13, chapter 14] for details).
Each of the identities asserted by Lemma 3 below is fairly well known (for
instance, cf. [13, chapter 14]).

LEMMA 3. Let a,b,c (¢ ¢ Zy ) be real or complex parameters. Then the
following equalities hold true
1

(16) / P11 — 0)eb=1(1 = g2)0dt = F(b)rr((;_b) JFi(a, b c; 2)
0

(if Re(c) > Re(b) > 0),

(17) oF1(a,b;c;z) = oF1(b,a;¢; 2),

(18) oF 1 (a,b;c;2) = (1 —2)7% oFy <a, c—b;c; zil> ,

and

(19) o F <1, 1;2; ;) — 2n2.

The methods we will use to obtain our main results are similar to those of
Kwon et al. [6], El-Ashwah [3], and Aouf and Mostafa [2].

2. MAIN RESULTS

We will assume throughout the paper that the powers are understood as
principle values.

THEOREM 4. Let f € 377 (@, 0, 1,7), \,€ >0, p €N, m &Ny and v > 0.
Then

IO f(2)\* 20cup 4 0y A
(20) Re{<m> }>21€/,L—|—5’)/)\ (0§a<1,,u>0,zEU),

where the function g € },, satisfies condition (9).
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Proof. Let 5 = m and define the function g by
1 L' (MO f(2) "
(21) = 251 (Bonag ) -~}
(1=5) L\*(A0)g(2)
The function ¢ is analytic on U and ¢(0) = 1. If we set
(A ¢

T 0g()
then, by hypothesis, Re{h(z)} > J. Differentiating (21) and using the identity
(6), we get

1 <I;”<A,f>f<z>>“ N 01G) <I$<A,f>f<z>)”1

LA Og(2) I (X 0g(2) \ L'\ 0)g(2)

My(1— B)h '

(23) =[B+ (1= B(z)] + Y, (2)zq (2).
Define the function ¥ by
(24) U(r,s) =B+ (1—B)r+ Wh(z)s.

Using (24) and the fact that f € > ,(a, 8, 11,7), we obtain

{\I’(q(z),zq’(z)) 1z € U} CQ={weC:Ref{w} >a}.

1 2
The following relations hold for all reals 79,51 < — ZTQ
Ay(1 —
Re {W(iry, s1)} = f+ 2XE=BS1p 0 p 0y

wl

(1= )51 +13)
20l

Ay(1L = B)s

<p 20 FE

<B-

Hence W(irg,s;) ¢ Q for each z € U. Applying now Lemma 1, we get
Re{q(z)} > 0, for z € U, hence

Re{(WY} >p (z€U).

This finishes the proof. O

For £ =1 in Theorem 4 we obtain the following result.
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COROLLARY 5. Let f € 377" (o, 0,11,7), A >0, p € N, m € Ny, and v > 0.
Then

D f(2) )\ _ 200+ 6y
Re{ | pA 27 > 17 0<a<l, u>0, zel),
{ (D;gﬂz)g(z) ot on )
where the function g € ), satisfies condition (9) with £ = 1.

COROLLARY 6. Let the functions f and g be in Zp and let g satisfy condi-
tion (9). If \,{ >0,v>1, pe N, m € Ny, and

(A0 f(2) IO f(2) N
(25) Re {(1 —'7) <I;n(/\,€)g(2)> +7[]’;n+1()\’£)g(z>} >
(0<a<l1l, peN, meNy zel),

then
I (N 0) f(2) (20460 + Ay — 1)
e 0 0=

Proof. We have

e (LY . A
"0 | P\ ) T T O 0g(2)
IO f(z

Since v > 1, using (25) and (20) (for u = 1), we deduce that
[+ _
e{ L ( )f(z)} Lo a2l 0N Ay 1)

I 0)g(2) 20 + 5y
O

COROLLARY 7. Lety € C* withRe{y} > 0 and A, £ > 0. If f € >, satisfies
the following condition

Re {(1 = 1) (PL A O f () + 2P O f(2) (LA O f(2)F 7 > a
(O§a<17 n >0, p €N, m e Ny, ZEU)7

then
. 2001+ \Re(3)
(27) Re {(2PL]'(A\ 0)f(2))"} > 201 + ARe()

Moreover, if v > 1, \,£ >0, and f € Zp satisfy
Re {(1 = 1)L\ 0 f(2) + 2P I (A 0O f(2)} > o (2 € D),

(z€U).

then
(28) Re {ZPII’SN-Fl(A, 0} > a(20+ X))+ Ay —1)

20+~
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(0<a<l1l, peN, meNy zel).
1
Proof. The relations (27) and (28) follow by considering g(z) = — in The-
z
orem 4 and Corollary 6, respectively. ([l

REMARK 8. Choosing «, 4, ¢, u, A, and m appropriately in Corollary 7, we

obtain the following results.

(i) Fory =A=/¢=1 and m = 0 in Corollary 7, we have that

2 @)\ o
(20) Re{(l +p+ ) )(z f(z))“} >«

0<a<l, u>0,peN, zel)
implies
2ua+1
P 1
Re{(7f(2)"} > 5
(ii) For v € C* with Re{y} >0, p = A =¢=1, and m = 0 in Corollary 7,

we have that
Re {(1 +p) 2P f(2) + vz”“f'(z)} - a

0<a<l, p>0, peN, zeU)

(ze€U).

implies
2a + Re{v}

3T Rel[7] (zeU).

Re{z"f(z)} >

(iii) Replacing f(z) by 2B in (ii), we have that
p

Zpﬂf/(z) + ’sz”f”(z)} > o

—Re{(1+'y+7p) )

0<a<l1l,peN, zel)

implies

PR 2a + Re{~}
—Re{ " f(z)}>2+Re{’y} (zeU).

(iv) For y e Rwithy>1, u=A=/¢=1, and m = 0 in Corollary 7, we
have that
Re {(1 +p)2P f(2) + vzp“f,(z)} >«
0<a<l,peN, zel)
implies
S3a+v—1

Re {z"f(2)} > 5t

(z€U).
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(v) For v =X =1 in Corollary 7 we have that

Re {2PI,(m + I,E)f(z)(zpfp(m,K)f(z))“_l} >«
0<a<l, u>0,peN, meNy zeU)
implies

20po+ 1

P 1
Re {(2"1p(m, ) f(2))"} > 0t 1
(vi) For v € C* with Re{v} >0, = A =1 in Corollary 7, we have that

Re{(1 =)z I(m,0)f(z) + v2" I(m + 1,0) f(2)} > «
0<a<l peN meNy zeU)

(ze€U).

implies

Re {2, (m, 0)f(2)} > 2ot Retn)

20 + Re{v}
(vii) For vy = A = ¢ =1, in Corollary 7 we have that
Re {zngq’Hf(z)(zpD;”f(z))“_l} > o
0<a<l, u>0,peN, meNy, z€U)

(z€U).

implies

Re {(zpD;”f(z))“} > 221204_:—11

(viii) For y =X =¢ =1, in Corollary 7 we have that
Re {(1 —7)(z"D};'f(z)) —|—'yzpD$”1f(z)} >
0<a<l1l, peN, meNy zeU)

(ze€U).

implies
2a + Re{v}
2 + Re{v}
THEOREM 9. Let v € C with Re{y} > 0 and A\, £ > 0. Assume that f € 3,
satisfies the following condition
(30)
Re {(1 =)L A Of () + 2P L O F(2) (PO F ()P >

0<a<l, u>0,peN meNy zeU).

Re {"D)' f(2)} > (z€U).

Then

(31) Re {(ZPL' (N O f(2)!} >a+ (1 —a)(2p0—-1),
where

(32) p:% P (1,1; ARZ%} +1;;> .
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Proof. Let

(33) a(z) = (ZPL" (A O f(2))"
Then ¢ is analytic on U and ¢(0) = 1. Differentiating (33) with respect to z
and using relation (6), we obtain

(1= NEPLINOF )+ 2P LN O f(2) GPL A O £ (2))

_ YAz (2)
=q(z) + T

Hence (30) yields

lp
In view of Lemma 2 this implies that
Re{g()} > a+ (1 —a)(20 1),

: ARef7}\ 7!
p(Re{~}) :/ 1+t e dt.
0

Putting Re{y} =1 > 0, we have

1 A u 1
P=/<1+tfﬂ> —)\/ Ml 1+u ~Ldu.
0 0

Using (16), (17), (18), and (19), we obtain

bl
= oFy(1, — 1;—1
p= 2F(1, Sl + )

Ly 1
. 1: ).
’M1+ ,2)

This finishes the proof. O

Re{q(z)—i— qu(z)} >a (zeU).

where

1
= —oF(1,1
22 1()

Choosing ¢ = 1 in Theorem 9, we obtain the next result.

COROLLARY 10. Let v € C with Re{y} > 0 and X > 0. Assume that
f €3, satisfies the condition

Re {(1 =) (PDpaf () +92 Dpa f(2) (D f(2)) '} >
0<a<l, u>0, peN meNy zeU).

Then
Re {2 DI\ f(2)f(2)}" > o+ (1 - a)(2p — 1),

1 W 1
— oF (1,1 ;= .
9 241 ( ) 7)\R€{’Y} + 72>

where

p:
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COROLLARY 11. Let vy € R with v > 1. If f € Zp satisfies
(34) Re {(1—)z"L" (X, 0) f(2) + vzplgl‘*'l()\,é)f(z)} > o

0<a<l1l, N\ £>0,peN, meNy, zeU),
then
Re{2" I (N 0)f(2)} > a+ (1 - a)2p" =11 —=77") (z€U),
where . , .
= oF (1,1, —+1;= ).
P 22 1(777)\_‘_72)
Proof. The assertion follows by using the identity
AN O R (R OO FORREL A COH(O)
+ (v = DA O f(2).
O

REMARK 12. (i) Note that if y = p >0, A =¢ =1, and m = 0 in Corollary
7, that is,

Re {(1499)(2Pf(2))7 + 74271 (2) (27 f(2)) '} > a
0<a<l1,peN, zel),

then (27) implies that

(37) Re{(:2f()7} > 2

On the other hand, if f € 3 satisfies condition (36) then, by Theorem 9, we
get

(36)

(ze€U).

Re{(z’f(2))"} > 2(1 — n2)a+ (2(n2 —1) (z €U),
which is better than (37).
(ii) We observe that if v € R satisfies v > 0 and
_TO056) | (1 1) OO f(2)

HE = g T\ T movoee BEY

Y
then Theorem 4, applied for p = 1, yields that

Re{k(z)} > 5

implies
I\ /¢ 2
(38) Re{ ;;n( )f(z)} Ea—l—&v)\’
I (N 0)g(z) 20 + 6y A
whenever

Im(\ ¢
Re{pg)g(z)}>5 (0<d<1, peN, meNyzel).
I (N 0)g(z)
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Let v — +00. Then it follows from (38) that
Re{k(2)} >0 (2 € U)

LOOIEY
R{(M))} z1(=el),

(A £)g(z

implies

whenever

MM 0)g(2)
Red ————"—+>0 (0<d<1,peN, meNy, z€U).
(N 0)g(2)

We will extend in the following theorem the above results.

THEOREM 13. Suppose that the functions f and g are in Zp and suppose
that g satisfies condition (9). If

e {I;”“(u)f(z) f;”(x,mf(z)} o (L-a)d

(39) I\ 0g(z) I\ Dg(z) 20
0<a<1,0<d6<1, \,>0, peN, meNy, z€U),
then
I (N 0) f(2)
and
DN 0) f(2) (20+ M) — NS
(41) Re{[}?“()\l)g(z)} ” 20
0<a<1,0<d<1, \,>0,peN, meNy, zeU).
Proof. Let
1 (N0 f(2)
“2) 1) =14 {IZn(A,f)g(z) ‘“}'

Then q is analytic on U and ¢(0) = 1. For
LA Dg(2)
(43) P(2) = g
I (A 0g(2)

we observe that, by hypothesis, Re{¢(z)} >0 (0 < J < 1) for z € U. A simple
computation shows that

A1~ )z (2)8(z) _ Iyt

(zeU)

where
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Using (39), we obtain

{‘lf(q(z),zq/(z);z € U} Cc= {w € C: Re{w} > —)\6(12(1)} .

2
1+ 72
For all reals 73,51 < _d+r) we have that
_ — 2
Re {U(irg, s1)} = As1(1 — a)Re{o(2)} < (1))
¢ 20
X3 a)

<

- 20
This shows that W(ire,s1) ¢  for each z € U. Hence, by Lemma 1, we
conclude that Re{q(z)} > 0 (z € U). This proves (40). The proof of (41)
follows by using (40) and (41) in the identity

R{f’nwm;} :Re{ff“we;m Igz@,@m}

(N 0)g(z YO 0g(z) I 0g(2)

(N0 f(z
+ Re {}:n( M } .
I (A Og(z
This finishes the proof. O

~— | —

Putting ¢ = 1 in Theorem 13, we obtain the next result.

COROLLARY 14. Suppose that the functions f and g are in Zp and suppose
that g satisfies condition (9) with ¢ = 1. If

D f(z) D™ f(2) (1 —a)dX
R A _ TpA _
G{D;'frw Dy 72

0<a<1,0<d6<1, A>0,peN, meNy, ze€U),

D;’:L)\f(z)
Re{%g(z)} >a (zel)

then

and

Re DI f(2) MCERULERY
Dy5t(z) 2
0<a<1,0<d6<1, A>0,peN, meNy, ze€U).
For A =1 in Theorem 13 we get the following result.

COROLLARY 15. Suppose that the functions f and g are in Ep and suppose
that g satisfies

Ip(m, £)g(2)
Re { I,(m+1,4)g(2)

}>5 0<d<1, zel).
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If
[ BmAL0g(x)  LmOF) (1-a)
: {Ip(m +1,09(z)  Ip(m,{)g(z) } g 2t
0<a<1,0<d6<1,¢>0,peN, meNy, ze€U),
then
Ip(m, 0) f(2)
Re{ Pl > <V

and

Re I,(m+1,0)f(2) (20+0)a—06
I(m+1,4)g(z) 20
0<a<,0<5<1, >0, peN, meNy, ze€U,).

1
REMARK 16. For § =A=/¢=1, m =0, and g(z) = - in Theorem 13 we
z
get that

Re{zpf(z)+'zz:1f'(z)} >—(12_2ﬁ) 0<a<l, peN, zeU)

implies
Re{z!f(z)} >a (0<a<l,peN, zeU)
and

Re{(1+p)2f(2) + 271 f(2)} > 22

0<a<l peN, zeU).
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