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Abstract. The object of this paper is to obtain some conditions for the univa-
lence of meromorphic functions defined on the punctured unit disk U* = {z €
C: 0<|z| <1}
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1. INTRODUCTION

Let A denote the class of analytic functions g defined on the open unit disk
U ={z¢€C:|z| <1} which satisfy the usual normalization condition:

9(0) =g¢'(0)—1=0.

Also denote by S the subclass of A consisting of those functions g that are

analytic and univalent on U, and by I the interval [0,00). Further let i be
the class consisting of the functions of the form

1) F) =2+ bt
k=1

z

i.e., which are analytic on the punctured unit disk U* = {z € C: 0 < |z| <
1} = U \ {0}, and which have a simple pole at the origin.

For a function f € ), the differential operators D™ (see [1]) are defined by

/() = (), D) = () + =,

2

D/(2) = «(DU () +2 = 2f(2) + 2 ["(2)
D" f(2) = 2(D"Lf(2)) + g forneN={1,2-}.

In this paper we obtain some univalence conditions for meromorphic functions
of the form (1).

2. PRELIMINARIES

In proving our results, we will need the following theorem due to Ch. Pom-
merenke (see [2, 3]).
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THEOREM 1. Let L(z,t) = a1(t)z + az(t)2? + -+, a1(t) # 0 be analytic on
U, for all t € I, locally absolutely continuous on I, and locally uniform with
respect to U,. Suppose that for almost allt € 1

OL(z,t) OL(z,t)

27 :p(zat) ot

where p(z,t) is analytic on U and satisfies the condition R (p(z,t)) > 0 for
all z € U, t € I. If la1(t)| — oo for t — oo and if {L(z,t)/ai(t)} forms a
normal family in Uy, then, for each t € I, the function L(-,t) has an analytic
and univalent extension to the whole open unit disk U.

Vz e U,

3. MAIN RESULTS
Making use of the Theorem 1, we can now prove our main results.

THEOREM 2. Let s = a+ i8 be a complexr number such that o > 0 and let
f €. If the following inequalities

| 2 () + 21|
? o+a(1+ )| <
and

e (1 20+ )
B il (” 2D ()] >

- e [ - e (1 G5 )+ <

are satisfied for all z € U*, then the function f is univalent on U*.

Proof. We prove that there exists a real number r € (0,1] such that the
function L : U, x I — C, defined formally by

D —st A%
L(z,t) = e 2522 f(e 512) {1 — (e* — 1)eStzW} ,
is analytic on U, for all t € I.
Let us consider the function ¢; given by

n e—stz /
o1(z,t) = eStz[Df{e(_stZ) )

For all ¢t € I, the function ¢1(+,t) is analytic on U and ¢1(0,¢) = —1. Thus
there exists a disc U,,, 0 < r1 < 1, such that ¢1(z,t) # 0 for all t € I and
z € Uy,. It can be easily shown that the function

Pa(z,t) = {1 + (e — 1)¢1(z,t)}8

is analytic on U,, and that ¢o(0,t) = e*** for all t € I. From these considera-
tions it follows that the function

L(z,t) = efQStZQf(efstz)gf)g(z, t)
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is analytic on U,, for all t € I and that it is of the form
Lz, t) =eS'z 4.
Since o > 0, we have that
li = 00.
Jim fa: (t)] = oo

Moreover, a1 (t) # 0 for all ¢t € I.

Thus {L(z,t)/a1(t)},.; forms a normal family of analytic functions on Uy,
0 < r9 < ry. From the analyticity of 8%?”, we obtain that for all fixed
numbers 7" > 0 and r3, 0 < r3 < 72, there exists a constant K > 0 (that

depends on T" and r3) such that

OL(z,t)
ot

Therefore, the function L is locally absolutely continuous on I and locally

uniform with respect to U,,.
The function p, defined by

‘<K, Vz €Uy, t €[0,T].

OL(z,t) ,0L(z,t)
p(za t) =z 82 / Bt I
is analytic on a disk U,, 0 < r < rs, for all t € I. In order to prove that the
function p has an analytic extension to U and that R(p(z,t)) > 0 for all ¢t € I,
we will show that the function w, given by

_p(z,t)—1
(4) w(z,t) = Wa

has an analytic extension to U and that |w(z,t)| < 1, for all z € U and ¢ € I.
From equality (4) we have

(14 s)(z,t) +2

5) Wt = T e =2

where

(6) - (est 2f(c™z) f'(e_StZ))], +1>

Y(z,t) = ge o D flestz)] " [Dnf(e stz

e (1) e el (20))

for z € U and t € I. The inequality |w(z,t)] < 1, for all z € U and t € I,
where w(z,t) is defined by (5), is equivalent to

1 1
’zﬁ(z,t)%— < o a=R(s),VzeU, tel.

(07

Define now 1
O(z,t) =P(z,t) + o VzeU, tel.
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From (2) and (6) we have

(7) [@(2,0)] =

Inequality (2) yields
|lw(z,0)] <1 for all z € U.

Let t > 0. Since for every 2 € U = {2 € C: |z] < 1} and every t > 0
‘e*Stz‘ < !e*at‘ —e o <1,
it follows that ® is an analytic function on U. Making use of the maximum

modulus principle, we obtain that for each arbitrarily fixed ¢ > 0 there exists
6 = 0(t) € R such that

|P(2,1)] < |m|ax\<1>(z,t)] = ‘(I‘(eie,t) , forall z€ U and t € I.
z|=1

Let u = e %%, Then |u| = e " and e™% = ]u]Q/O‘. Thus, by (6), we get

’cb(eie,t)‘ = alys i+ aful¥° (2"1%;%/](,@ + 1)
o uf'(u) u[D" f(u)]”
=[Sy ) ¢
Since u € U, inequality (3) implies
(8) ‘(I)(eie,t)‘ < é

From (7) and (8) we conclude that

1 1
Y(z,t)+ —| < —forall ze U and t € I.
«

B (2, )] = ]

Therefore |w(z,t)| < 1forall z€ U andt € I.

Since all conditions of Theorem 1 are satisfied, we obtain that the function
L(-,t) has an analytic and univalent extension £ to the whole open unit disk
U, for every t € I. For t = 0 we have L(z,0) = f(z), for z € U*, and therefore
the function f is analytic and univalent on U*. O

THEOREM 3. Let s = o + i8 be a complex number such that o > 1 and let
f €. If the following inequalities

9) i8+a <2f;§;$g)}gz) n 1) ' <|s|
and
(10) I8+ |2 <2fz(;%$éf)/](,z) + 1)

(1 - |z [(1 - s)zjf;iz)) +s <1 + W) + 1] ’ < |3
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are satisfied for all z € U*, then the function f is univalent on U*.
Proof. Define for A € [0,1] the function
o(z,\) = Mk(2) + (1 = N)I(z), for z € U,

T (M)
and
0= a0 1 ) ] )

For z € U and X € [0, 1], the point ¢(z, ) lies on the segment with endpoints
k(z) and I(2). The function ¢(-, A) is analytic on U for all A € [0,1]. From (9)
and (10) we get for all z € U

(11) (2 )l = k()] < Js|,
and
(12) (2127 < Jsl.

If X\ increases from \; = |z[2 to Ay = 1, then, for fixed z € U, the point ¢(z, \)
moves on the segment whose endpoints are ¢(z, |z|?) and ¢(z,1). Because
a > 1, the relations (11) and (12) yield that

(13) o (= 117*)

Now observe that the inequality (13) is just condition (3) from Theorem 2.
Hence it follows from Theorem 2 that the function f is analytic and univalent
on U*. O

<|s|, for z € U.

If we take n = 0, respectively, n = 1 in Theorem 3, then we obtain the
following results.

COROLLARY 4. Let s = a+ 13 be a complex number such that o > 1 and
let f €. If the following inequalities

i8 + 20 <Z’}f2) + 1) ’ < s

and

i8+2)za <Z§§2) + 1)

- )

are satisfied for all z € U*, then the function f is univalent on U*.
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COROLLARY 5. Let s = a+ 15 be a complex number such that o > 1 and
let f €. If the following inequalities

(B 2202 + 20 (2) — 2
oo (T T )| <M
and
: 2 (22f"(2) 222 (2) + 22f(2) — 2
o (S e e )

—(1—]2[*)a

(1080 (2 w22

are satisfied for all z € U*, then the function f is univalent on U*.

For s =1 and n = 0 in Theorem 3 we get the following result.

COROLLARY 6. Let f € i If the following inequalities

(14) ZJ;EZ) 1 < é
and
b e ()

are satisfied for all z € U*, then the function f is univalent on U*.

EXAMPLE 7. Let n > 1. Then the function
1 1
16 = -+ —2"
(16) f&) =S+ 5z

is analytic and univalent on U*.

Proof. From equality (16) we have

" o, e
z2f(z) —1+ f2ntl
and
(18) P G B v
f'(z) —1+%Z"+1'

Taking into account (17) and (18), we obtain

Lintly ntl
f(z) +1] = S5(n)|z| . <1 1_|_l gl
z2f!(z) 1— 12" 4 2

by

_ 1 nt1
1 =2
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Fig. 3.1 = The graph of the function f(z) = 1 + 2",

and

() oo )

1/n n+1 n+1 _n+1

2 [ 5(%50)7 N

= 12]2]* | 22 - (1 —=1z) —
—1 + 52n+1 -1 + 52n+1

These inequalities show that the conditions (14) and (15) of Corollary 6 are
satisfied. It follows that the function f defined by (16) is analytic and univalent
on U*. O
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