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POSINORMAL FACTORABLE MATRICES WHOSE
INTERRUPTER IS DIAGONAL

H. CRAWFORD RHALY, JR.

Dedicated to Thomas L. Kriete, 111

Abstract. First we determine sufficient conditions for a lower triangular fac-
torable matrix to be a posinormal operator on ¢2. Then we compute the inter-
rupter and determine when it will be a diagonal matrix. This leads us to a large
collection of hyponormal factorable matrices.
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1. INTRODUCTION

Throughout this paper we assume that M is a lower triangular infinite
matrix acting through multiplication to give a bounded linear operator on
72, If {a,} and {c,} are sequences of real or complex numbers, then M :=
M({an},{cn}) is said to be factorable if its nonzero entries m;; satisfy m;; =
a;cj, where a; depends only on ¢ (for i = 0,1,2,...) and ¢; depends only
on j (for j =0,1,2,...); a factorable matrix M is terraced if ¢; = 1 for all
j. The operator M is hyponormal if it satisfies ([M*, M]f, f) = (M*M —
MM*)f, f) >0 for all f in ¢2.

Initially we consider the Cesaro matrix C', the factorable matrix that occurs
when a; = H% and ¢; = 1 for all 4,j, and we let D denote the diagonal matrix

with diagonal {%, %,..., Z—:[%, ... }. It can be verified that CC* = C*DC and
hence

([CClf. /) =(C"C = CC)f, f) = (I = D)Cf,Cf) 2 0

for all fin 2, so C is easily seen to be a hyponormal operator on ¢?; for a
different proof, as well as a proof that C is a bounded operator on ¢2, see
[1]. This example provided the original motivation for the introduction of
posinormal operators in [20]. M is posinormal if there is a bounded, positive
operator P on (2 satisfying MM* = M*PM, and the operator P is referred
to as an interrupter for M. We note that posinormal operators have also been
studied in a more general setting in [2, 3, 5, 6, 9, 10, 12, 13, 15, 22, 23].

Using the fact that the interrupter for C is a diagonal matrix, we present
the following adaptation of [20, Theorem 2.5].

The author wishes to express his gratitude to Billy Rhoades, who suggested the expansion
of the study of the operators in [21] to include factorable matrices.
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PRroroOSITION 1.1. If q,, is chosen from the interval [Z—i;, 1} for each n, then

ﬂ

the factorable matriz T' = [t;;], where t;j = a;c; with a; = % ond cj =4

it1
s hyponormal.

Proof. If @ is the diagonal matrix with diagonal {qo,q1,...,¢n, ...}, then
I>Q>Dand T =+/QC+Q, so that

[T, T] = /QC*QC/Q — /QC*DC/Q + /QC*DC~/Q — \/QCQRC*\/Q
= /QC*(Q - D)CVQ + /QC(I - Q)C*/Q.

Therefore
([T, 111, £) = (Q = DICVQF,CVQf) + (I - Q)C*VQF, C*VQf) 2 0
for all f in %, so T is hyponormal. O

Seeing what happened for the Cesaro matrix, we now set out in search
of other posinormal lower triangular factorable matrices having a diagonal
matrix for interrupter, in hopes that this will once again result in manageable
arithmetic that will uncover some more examples of hyponormal factorable
matrices. As a first step, we obtain sufficient conditions for the posinormality
of a lower triangular factorable matrix.

2. SUFFICIENT CONDITIONS FOR A FACTORABLE MATRIX TO BE POSINORMAL

In [20] it was observed that the set of all posinormal operators on any Hilbert
space H is an enormous collection that includes every invertible operator and
all the hyponormal operators. Here we are concerned with H = ¢? and we
employ the techniques of [21] to obtain an alternative route for identifying
posinormal, and potentially hyponormal, lower triangular factorable matrices
in cases when the matrices may not be invertible. Our first theorem presents
sufficient conditions.

THEOREM 2.1. Suppose M = M ({an},{cn}) is a factorable matriz that acts
as a bounded operator on * and that the following conditions are satisfied:

(1) {an} and {a—”} are positive decreasing sequences that converge to 0;

(2) {cn} and {(n +1) (% - La”“)} are bounded sequences.

C Cn4+1 GQn

Then M 1is posinormal.

Proof. We will display an operator B on ¢? that satisfies M* = BM; con-
sequently, M = M*B* also, and it will follow from [20, Theorem 2.1] that M

is posinormal.
We define B = [by,n] by

i _ 1 an+1 : .
Cm(Cn Cn+1 Gn ) lf m S n;
binn = —% if m=n+1;

0 it m>n+1.
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Condition (2) will help us show that B is a bounded operator on ¢2. Let R =

M (s,1), where s = {i — L g1 —0,1,2,... }, so R is a terraced matrix
Cn Cn41 Qn

with all of its entries nonnegative. The diagonal matrix D; with diagonal
{(n +1) (L - LM)} is positive and bounded, and hence R = D;C is

Cn Cntl Qn

bounded. The diagonal matrix Do with diagonal {c,} is bounded, so RDs is
bounded. We observe that (B* — RDs) is the adjoint of a unilateral weighted
shift; since {a, } is positive and decreasing, (B* — RD>) is bounded. Therefore
B* = RDy + (B* — RD») is a bounded operator, and hence B is bounded
also. A direct computation using condition (1) shows that M* = BM, as
needed. O

COROLLARY 2.2. Suppose M = M ({an},{cn}) acts as a bounded operator
on £ and that the following conditions are satisfied:

(1) {an} and {2} are positive decreasing sequences that converge to 0;

(2) {cn} is a decreasing sequence such that lim, oo ¢y > 0;

(3) {(n +1) (1 - CLZ—?)} is a bounded sequence.

Then M is posinormal.

: 1 1 1\J+1

ExAMPLE 2.3. Consider the case where a; = T and ¢; = 5 + (ﬁ) for
each ¢, j. This example satisfies all parts of the hypothesis of Corollary 1, so
the associated factorable matrix gives a posinormal operator on ¢2. We note
that boundedness follows from the fact that all of the entries are nonnegative
and are dominated by the corresponding entries of C.

COROLLARY 2.4. If a = {a,} is a positive decreasing sequence that con-
verges to 0 and {na,} is an increasing sequence that converges to L < +oo,
then the terraced matriz M = M (a,1) is posinormal.

REMARK 2.5. We note that the sufficient conditions of Theorem 2.1 are
not necessary for the posinormality of a factorable matrix M. Consider, for
example, the discrete generalized Cesaro matrices (see [16, 17]), occurring
when a; = Z‘_J‘Tll and ¢; = a% for all 7,j and 0 < a < 1. Since {c¢;} is not
bounded, condition (2) of the theorem is not satisfied, although these matrices
were shown to be posinormal in [20, Theorem 4.1], where a different approach
was used to prove that B is a bounded operator on ¢2.

In view of Remark 2.5, we include the following modification of Theorem
2.1.

THEOREM 2.6. Suppose M = M ({an},{cn}) is a factorable matriz that acts

as a bounded operator on (% and that the following conditions are satisfied:

(1) {an} and {‘c‘—:} are positive decreasing sequences that converge to 0;

(2) the matriz B from the proof of Theorem 2.1 is a bounded operator on
2.

Then M 1is posinormal.
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The next result gives sufficient conditions for the posinormality of the ad-
joint of a lower triangular factorable matrix.

THEOREM 2.7. Suppose M = M ({an},{cn}) is a factorable matriz that acts
as a bounded operator on (% and that the following conditions are satisfied:

(1) {an} and {%} are positive decreasing sequences that converge to 0,

(2) {C’CL:} and {i - C’CL—;I%I_I} are bounded sequences for n > 1.
Then M* is posinormal.

Proof. We define T' = [t,] by

dm if n=0;
R R |
= _m=1l_ . 1 .
tmn = anz(a” Cn an—l) if 0<n g m;
— if n=m+1;
n
0 if n>m+1.
Since the sequence {ai — C’é—*lﬁ} is bounded for n > 1, the diagonal ma-
n n n—
] ] i 1 1 ¢l 1 al 1  cl i
trix D with diagonal {ao’ T ewm e cw } is bounded, so

MD is bounded. Also, the weighted shift W with weight sequence {CZ:}

is bounded for n > 1. Therefore T = M D — W* is a bounded operator. A
routine computation shows that M = TM*. By [20, Theorem 2.1], M* is
posinormal. O

COROLLARY 2.8. Suppose M = M ({an},{cn}) acts as a bounded operator
on £ and that the following conditions are satisfied:

(1) {an} and {‘Z—:} are positive decreasing sequences that converge to 0;

(2) {cn} is a decreasing sequence such that lim, oo ¢y, > 0;
(3) {na,} is an increasing sequence that converges to L < 400.
Then M* is posinormal.

COROLLARY 2.9. If a = {a,} is a positive decreasing sequence that con-
verges to 0 and {(n + 1)a,} is an increasing sequence that converges to L <
+oo, then M* = M(a,1)* is posinormal.

We note that Example 2.3 satisfies all the conditions in the hypothesis
of Corollary 2.8, so the associated factorable matrix is both posinormal and
coposinormal. In fact, any factorable matrix that satisfies all of the conditions
in the hypothesis of Corollary 2.8 will be both posinormal (see Corollary 2.2)
and coposinormal.

We close this section with a modified version of Theorem 2.7.

THEOREM 2.10. Suppose M = M ({an},{cn}) is a factorable matriz that
acts as a bounded operator on ? and that the following conditions are satisfied:

(1) {an} and {‘;—:} are positive decreasing sequences that converge to 0;
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(2) the matrix T from the proof of Theorem 2.7 is a bounded operator on
2.

Then M* is posinormal.

3. POSINORMAL FACTORABLE MATRICES WITH A DIAGONAL INTERRUPTER

In order to obtain the interrupter for M, we will use the matrix B mentioned
in Theorem 2.6 (and displayed in the proof of Theorem 2.1). For B bounded
and satisfying M*= BM, we now compute the interrupter P = B*B; the
entries of P = [pyy] are given by

6302+1a3+1+(2210 C%)(Cn+lan_cnan+1)2

if m=mn;

C%C%Ha% +1 ’

DPmn = (emams1—cmt1am)len (30T, Ci)anJrl_CnJrl(ZE:o Ci)an] if m>n:
Cmcm+lcvfcn+1aman ’

(enant1=cnt1an)lem () ed)ams1—cmi1(Xptg ¢3)am] £ m <.

CmCm+1CnCn+10man
Inspection of the entries reveals that P will be a diagonal matrix when the
sequence {(ZZZO ci) ‘é—z} is constant or when the sequence {‘Z—:} is constant;

the latter possibility will not be useful because of condition (1) in Theorem
2.6, so we proceed with consideration of the former, and that leads to the

following results.

LG+l 1 _ [T+
F(Z—&-a)m and cj = F(:jj—i—(il)
for each i,j. Then M = M({an},{cn}) is a hyponormal bounded operator on
2.

THEOREM 3.1. For fized o > 1, take a; =

Proof. We note that M is bounded for o > 1 since all of its entries are
nonnegative and dominated by the corresponding entries of C'. Next we need
to show that the hypothesis of Theorem 2.6 is satisfied. It is straightforward

to verify that { 5((::3) TLJ%Q} and {IE((ZI;)) n%}} are positive decreasing se-

quences that converge to 0, so we leave that to the reader. To assist in showing
that B is bounded, we let W denote the weighted shift with weights {aZ—II},

W is bounded since lim,, >0 aZ“ = 1. Next we observe that all of the entries

of B4+ W are nonnegative and dominated by the corresponding entries of aC*,
so B+ W is bounded. Therefore B = (B+ W) —W is bounded, and it follows
that P = B*B is bounded also.

1 I'(atn+1)

It can be shown by induction that >}, ci = & T for all n. Therefore

(Xhocd) o= 1 for all n. It is easily verified that pj, = % for each n.
It follows that M M* = M*PM and hence

(M7, M1f, f) = (MM = MM™)f, f) = (I = P)M f,Mf) > 0

for all f in ¢2, since I — P is a diagonal matrix with diagonal {m},

therefore the factorable matrix M is a hyponormal operator on ¢2. O
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We observe that when o« = 1, M is the Cesaro matrix C'. Next we consider

the matrix M that occurs when o = 2; that is, when a; = m and ¢; =

vj + 1 for all 4,5. For this example, the interrupter P is the diagonal matrix
with diagonal {%, %, - Z—Ig, e } satisfying M M* = M*PM, as required, and,
since I — P > 0, this factorable matrix M is a hyponormal bounded operator
on ¢2. Tt is worth noting that the adjoint of this matrix was studied in [18],
and the techniques used there can be adapted to the more general situation

here to give a proof of the following theorem.
THEOREM 3.2. If M 1is the matriz defined in Theorem 3.1, then M has
norm |M|| = 2 and spectrum o(M) = {X: |/\ - é} <1}

We note that although the factors of the nonzero matrix entries m;; = a;c;
in Theorem 3.1 are reminiscent of the factors in the operators of Kay, Soul,
and Trutt [7], those operators — other than the Cesaro matrix — do not satisfy

our requirement that the sequence {(ZZ:O ci) ‘Z—Z} be constant. For other

related information, see [8, Section 4.1.3].

THEOREM 3.3. Let M denote the matriz defined in Theorem 3.1. For fized

a > 1 and for each n > 0, choose gy in the interval {n_’ﬂia, 1). If Q is the di-

agonal matriz with diagonal {q,}, then T = /QM+/Q is another hyponormal
factorable matriz.

Proof. To see that T is factorable, note that T' = [t;;] where t;; = r;s; with
ri = a;y/q; depending only on ¢ and s; = ¢;,/q; depending only on j. To settle
the question of hyponormality, we note that I > () > P and that reasoning
similar to that used in Proposition 1.1 shows that

[T*,T] = VOM*(Q = PYM\/Q +/QM(I - Q)M*\/Q.
Therefore

([T, T1f, f) = (Q = P)MVQS, M\/Qf) + (I - QM VQf M*\/Qf) > 0
for all f in 2, so T is hyponormal. U

We close with a theorem and corollary that will summarize the general situ-
ation encountered here. These results will be followed by some more examples,
whose details are left to the interested reader.

THEOREM 3.4. Suppose M = M ({an},{cn}) is a factorable matriz that acts
as a bounded operator on (% and that the following conditions are satisfied:

(1) {an} and {‘;—:} are positive decreasing sequences that converge to 0;

(2) the matriz B = [byy] from the proof of Theorem 2.1 is a bounded oper-
ator on 0?;

(3) the sequence {(>_1_, ci)‘é—:} is constant;
B2, 0 HE o ) en 1 —cnns )’

2 2 2
Cncn+1an

(4) 1 > ppp > 0 for all n, where pp, =
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Then M is posinormal with a diagonal interrupter, and, furthermore, M 1is
hyponormal.

COROLLARY 3.5. Suppose M is a factorable matrixz that acts as a bounded
operator on (? and satisfies conditions (1)—(4). If Q is the diagonal matriz
with diagonal {q,} where 1 > g, > pun for all n, then T = JQM+/Q s
another hyponormal factorable matrix.

EXAMPLE 3.6. The factorable matrices M = M ({ay},{cn}) defined below
are bounded on ¢? and can be shown to satisfy conditions (1)-(4) of Theorem
3.4.

(a) M determined by a; = m and ¢; = j + 1 for all ¢, j;
(b) M determined by a; = (i+2)(2z’+g—;—(13i2+9i+_5) and ¢; = (j + 1)? for all 4, j;
(c) M determined by ¢; = 37 and a; = ﬁ, where 8 > 2, for all 4, j.
k=o
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