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PARTIAL SUMS OF CERTAIN ANALYTIC FUNCTIONS

B.A. FRASIN and G. MURUGUSUNDARAMOOTHY

Abstract. Let f,(z) = z + > arz® be the sequence of partial sums of the
k=2

analytic function f(z) = z + i arz®. We determine sharp lower bounds for
k=2

Re {(2)/12(2)} . Re {a()/£(2)} . Re {()/ Fu(2)} amd Re { f1()/f ()} un-

der certain conditions.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form
(1) F) =2+ Y aet,
k=2

which are analytic and univalent in the open disc U = {z : |z| < 1}. For
o0

oo

functions ®, ¥ € A given by ®(2) = 2+ 3 ¢p2" and U(2) = 2 + 3 p2F, we
k=2 k=2

define the Hadamard product (or convolution ) of ® and ¥ by

[o.¢]
(2) (@ W)(2) =2+ > ¢pthpz¥, z€U.
k=2
For positive real parameters aq, A1, ..., o, Ajand 51, B1,. .., Bm, Bm, where
I,meN=/{1,2,3,...}, such that

m l
(3) 14> Br—Y Ay>0 z€Ul,
k=1 k=1

the Wright generalized hypergeometric function ; V., [(ak, Ak)1,1(Bk, Bk)1,m; 2]
[16], which denotes I\Pm[(al,Al); coy (g, A7) (B, B)y oy (Bimy Bim); Z], is de-
fined by

e} l m —1
1Wonl(as, Ae)1,0(Be, Be)1,ms 2] = Z {H T(oy + kAt)} {H T(B: + kBt)} %]:’
k=0 !

t=0 t=0
forzeU.
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IfA,=1(=1,2,...,0) and B, =1 (t =1,2,...,m) we have the relation-
ship:

NV [(ar, 1)10(Bs, 1) 1,ms 2] = 1Fm (041, a3 By -, Bmi 2)

0 k

(4) Z Oél)k z"
(Bm)k

(1 <m+1;l,me Ny =NU{0};z € U), which is the generalized hyperge-
ometric function(see for details [16]) where N denotes the set of all positive
integers and () is the Pochhammer symbol and

l -1 m
(5) 0= (H r(m)) (H P(@)) :
t=0 t=0

By using the generalized hypergeometric function Dziok and Srivastava [3]
introduced a linear operator. In [4] Dziok and Raina extended the linear
operator by using Wright generalized hypergeometric function. First we define
a function

19ml(ae, A1 (Bes Be)1ms 2] = QWi [(a, At)11(Bts Be)1,m; 2]-
Let W[(at, Ai)1; (Bes Be)im) : A — A be a linear operator defined by
Wl(a, A)1s (B, Biml(f)(2) == 2z 10ml(aw, Ae)1gs (Be, Be)ims 2] * f(2).
We observe that, for f(z) of the form (1),we have
(6) Wl(aw, A1 (B, B)iml f(2) = 2+ > Qop(on) a2,
k=2
where Q is given by (5) and oy (1) is defined by

(7) o) = (o +Ai(k—1))...T(oy + A(k—1))
(k= 1081 + Bi(k — 1)) ... T(Bp + B (k — 1))

For convenience, we write

(8) Win[al]f(z) = W[(alv Al)v ) (ah Al); (ﬁl, Bl)v SRR (/Bmv Bm)]f(z)

as introduced by Dziok and Raina [4]. In view of the relationship (4) the
linear operator (6) includes the Dziok-Srivastava operator (see [3]), so that it
includes (as its special cases) various other linear operators introduced and
studied by Bernardi [1], Carlson and Shaffer [2], Libera [7], Livingston [8],
Ruscheweyh [12] and Srivastava-Owa [15].
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For 0 <A <1,0<+vy<1andn>0,welet W\ (\v,n) be the subclass of
A consisting of functions of the form (1) and satisfying the analytic criterion

(W, lon]f(2))
fe {<1 — OWh[01]7(2) + Az0ML el f(2)) ”}
S n‘ (Wl f(2))
(L= MW [aa]f(2) + Az(Wp,[aa] f(2))
where W), [a1]f(2) is given by (6). By suitably specializing the values of Ay,
By, 1, m, ay,0o,...,0q, B, By .., Bms A, v and 7, the class WE (X, 7, 7) leads

to various new subclasses. As illustrations, we present some examples for the
case when A; =1 (t=1,2,...,0)and B, =1 (t =1,2,...,m).

(9)

1‘, zeU,

EXAMPLE 1. If I = 2 and m = 1 with oy = 1, ap = 1, 51 = 1, then
W2(X,v,m) = S(A,7,7) is the class of functions f € A with the property that

!/

2f'( £(z)
Re A=-NfR)+rzf'(z) 7} > ’ A=NF(2)+rzf(z) 1‘ (Z € U)

EXAMPLE 2. Ifil=2and m=1witha; =0+1 (0 > -1),ae =1, 51 =1,
then W2(X,v,n) = Rs(),7,n) is the class of functions f € A with the property

Dy (D))
that Re { (st mry — 7} > e ey | G €

U), where D? is called Ruscheweyh derivative of order § (§ > —1) defined by
z
D’f(z) := a I = Hi(6+1,1;1)f(2).
ExamPLE 3. If =2 and m =1 withay = p+1 (u>—-1), a0 =1, 1 =
p+ 2, then W2(X,v,m) = Bu(\,7,n) is the class of functions f € A with the

(Juf () (Juf(2)
property that Re ((1_>\)Juf(»:)+>\z(Juf(Z))' - 7) > ‘ TN O @Y ~ L

(z € U), where J,, is a Bernardi operator [1] defined by

Jf(z) =t

zH
Note that the operator J; was studied earlier by Libera [7] and Livingston [8].

/ #LF ()t = H (04 1,1+ 2)£(2).

0

EXaMPLE 4. Ifl =2and m = 1 withay =a(a > 0),2 =1, 1 = c(c > 0),
then W2(X,v,n) = L&(A, 7, 7) is the class of functions f € A with the property

2(L(a,0)f(2) 2(L(a,0)f(2) B
Re((1—/\)L(a,C)f(Z)+)\z(L(avc)f(Z)) 7) >77}(1 NL@d S+ (L@ F @)y L

(z € U), where L(a, c) is the Carlson-Shaffer linear operator [2] defined by

= ()k

Lia, o) f(2) = < “‘”‘fﬁﬂ) « f(2) = Hia, ;0 f(2).

The class WY, (), ,7n) was introduced and studied by Murugusundaramoor-
thy and Magesh [9], and they obtained the following sufficient condition for a
function f(z) of the form (1) to be in this class.
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LEMMA 5 ([9]). A function f(2) of the form (1) is in W, (A, v, n) if
(10) Zpk n)Qok(ar) fax| <1 -7,

where pg(A,y,m) =kl 4+n) = (v +n1+EA=A), 0<A <1, 0<y <1,
n >0 and Q, oi(a1) are given by (5) and (7).

IfA =1(0t=12...,1), Bb=1(=1,2,...,m), and in the view of
Examples 1 to 4, we state the following sufficient conditions (see [9]). A
function f(z) of the form (1) is in S(\, v, n) if

(11) Zpk 1) lar] <1—7,

where 0 < A <1,0<+vy < 1andn>0.A function f(z) of the form (1) is in
R(S()‘a’y»n) if

(12) Zpk(k,%n)(éJrl)('k“_(i;k_1)!ak! <1-7,

where 0 <A< 1,0<y<1,7>0and > —1. A function f(z) of the form
(1) is in B,(A,v,n) if

(13) Zpk (Mj;l) lag| <1 -1,

where 0 <A< 1,0<~vy<1,n>0and g > —1. A function f(z) of the form
(1) is in LZ(A, v, m) if

(1) > o) (G <1,

where 0 < A< 1,0<yv<1,p>0and a >0, c>0.

Recently, Silverman [11] determined sharp lower bounds on the real part of
the quotients between the normalized starlike or convex functions and their
sequences of partial sums. In the present paper, and by following the earlier
work by Silverman [11]( see [5], [6], [10], [13], [14] ) on partial sums of analytic
functions, we study the ratio of a function of the form (1) to its sequence of

partial sums of the form f,(z) = z + 3 az2z® when the coefficients of f(2)

satisfy the condition (10). Also, we will determine sharp lower bounds for

Re {/()/fu(2)} . Re {fu(2)/F(2)} . Re{f'(2)/f4(2)} and Re{f1(2)/f (2)}.
It is seen that this study not only gives as a particular case, the results of
Silverman [11], but also gives rise to several new results.
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2. MAIN RESULTS
THEOREM 6. If f(z) of the form (1) satisfies condition (10), then

Re{ f(z) } > Prt1 (A7, m)Qony1(ar) =1+

(15) fn(Z) Pn+1()"% n)QU"JFl(al)

(= €U),

where
1—7, k=23,...,n

16) pr(A,v,n)Qog(on) =
(16) px( ) (o) Pnt1( AN, v, m)Qopyi(ar) , k=n+1,n+2,....
The result (15) is sharp with the function given by

I—n 1
17 f(z)=z+ 2
1 B = O ()

Proof. Define the function w(z) by
L+ w(z) _ pnra(A 7, Qo (on)
1—w(z) 1—7
G (A, m)Qonga(an) — 1+ 7]
fn(2) Prt1(A, 7, ) Qo (ar)

Nk AymQonii(en)) < k
1 + Z a/kz —1 + (Pn+l 777{77’\/ n+1 1 ) Z akz —1
k=2 k=n+1

n
1+ > apzk—1
k=2
It suffices to show that |w(z)| < 1. Now, from (18) we can write
o0
(Pn+1()\mlnzf’30n+1(al)> D akzk—l
k=n+1
n o0 :
2423 apzk-l+ (Pn+1(>\7%{7)§20n+1(a1)) S kol
k=2 - k=n+1

w(z) =

Hence we obtain

(pn+1(>\7%77)90n+1(041) ) S Jag

17
K k=n+1

w(2)] <

- S w1 (Aym) Qo S '
223 |ag| — (p +1( ’ylnz’ya ,+1(a1)) S Jag
k=2 k=n+1

Now |w(z)| < 1if

2 (Pn+1(>\, oh U)QanH(al)) i

n
\ak\§2—2 \ak\
1 2.

k=n+1
or, equivalently,

n oo
A, v, m)§2
Z‘akH' Z Pn+1( ,717)) 0n+1(al) |ak| <1.
-7
k=2 k=n+1
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From condition (10), it is sufficient to show that

)

= - mn >\7 bl QUn « > )\, 9 QU (8]
Z|a’f|+ Z P+1( 771) +1( 1) ‘ak‘<zpk( 771) k( 1) |a|
k=2 1=~ k=2 1—=x

k=n+1
which is equivalent to

zn: (Pk()\,%n)ﬁak(a1) -1+ 7> ax|

-y

s <Pk( ,7,mQok(a1) = prgi(A, 7, 7)o +1<a1)> |ag| > 0.
k=n+1 1_7

From condition (10), we obtain (19). To see that the function given by (17)
gives the sharp result, we observe that for z = rel™/™ we have

) gy 17 sl — L7
fn(2) Pr+1 (A v, Qo1 (an) Pn+1 (A v Qo1 ()
Prt1(A 7)o (on) =1+
Pn+1 (A v M) Qo ()

when r — 17. g

Taking Ay =1 (¢t =1,2,...,]) and B, =1 (t = 1,2,...,m), | = 2 and
m=1withay =1, apo =1, f1 = land A = n = 0 in Theorem 6, we obtain
the following result given by Silverman in [11, Theorem 1, p. 222].

COROLLARY 7. If f(2) of the form (1) satisfies the condition

o0

(20) D (k—7)laxl <1-17,
k=2
then Re{f{f(zz))} > n+71‘77 (z € U). The result is sharp with the function
1—
(21) f(z)=2z+ R A

n+1-—vy

Taking A, =1 (t =1,2,...,0) and By =1 (t = 1,2,...,m), | = 2 and
m=1with oy =2, a3 =1, f1 =1 and A\ =1 = 0 in Theorem 6, we obtain
the following result given by Silverman [11, Theorem 2, p. 224].

COROLLARY 8. If f(2) of the form (1) satisfies the condition
(22) > k=)l <1 -7,
k=2

then Re { f];(é))} > (ni({%f;l’y_)w (z € U). The result is sharp with the function

z) =2z 1-7 Pan
(23) 1@ =24 i mrioy”
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We next determine bounds for f,(z)/f(z).
THEOREM 9. If f(z) of the form (1) satisfies condition (10), then

fn(2) Prt1(X 7, 1) Q0ng1(ar)
(24 Re{ 702 } = ot oy ) on) 17

(z€U),
where

1_7’ k:2,3,...,n,n+1
25) pr(A, v, n)Qox(ar) >
( ) ( ) ( ) ,On+1(/\,’)’777)Q0n+1(0‘1)7 k=n+1,n+2,....

The result (24) is sharp with the function given by (17).
Proof. Define the function w(z) by
1+ U)(Z) _ Pn+1 ()‘7 s n)Qan-i-l (011) +1—7v

1 —w(z) 1—x
. [fn(z) _ Prt1 (A, 7, )01 (o) }
Fz) paa(A 7y, m)Qonpi(ar) +1 -7

. k-1 ArmQonii(en)) o k-1
1+ Z apz®l — (p'rHrl :77{7_7 n+1{A1 ) Z ap2*
k=2 k=n+1

oo
1+ Z akzk_l
k=2

Then |w(z)| < 1 if

o0
(Pn+1(>\7’7777)?<i7;+1(0<1)+1—7) S |ay]
w(z)| < 0 henil <1.
n ) Qoy -
223 |ap| — (p +1(A7m) 1J;rl(al) 1+“f> > ak]
k=2 k=n-+1
. o A9
This is equivalent to 3 |ap| + 3 2zt ’7’1”270"“(0”) lax| < 1. Making use
k=2 k=n+1
of (10) and (24), we get (19). Finally, equality in (24) holds for the extremal
function f(z) given by (17). O

Taking Ay =1 (t =1,2,...,0]) and B, =1 (t = 1,2,...,m), |l = 2 and
m=1witha; =1, as =1, f1 =1 and A = = 0 in Theorem 9, we obtain
the following result given by Silverman [11, Theorem 3 (a), p. 225].

COROLLARY 10. If f(z) of the form (1) satisfies condition (20), then one
has Re { J;’Z((ZZ))} > :121:277 (2 € U). The result is sharp with the function given
by (21).

Taking Ay =1 (t =1,2,...,]) and B, =1 (t = 1,2,...,m), l = 2 and
m=1with oy =2, a3 =1, f1 =1 and A =1 = 0 in Theorem 9, we obtain
the following result given by Silverman [11, Theorem 3 (b), p. 225].
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COROLLARY 11. If f(z) of the form (1) satisfies condition (22), then one
has Re {f"(z)} > (el —y (z € U). The results are sharp with the

) J = (Dln+1)—- “/]+1 Bt
function given by (23).

We next turn to ratios involving derivatives.

THEOREM 12. If f(z) of the form (1) satisfies condition (10), then

f'(2) } Pr1(A, 7, M Qony1(ar) — (n+1)(1 — )
26 Re > zeU
(26) {fA(Z) bt Oy, )21 (01) (zet)
and

fn(2) } Prr1 (N7, 1) Qonr1(an)
27) R > e ),
(27)  Re { 72 o) Qomer(an) + (ot DA -7 GV
where

E(1—7), k=23,...,n,n+1

2 0 >
( 8) pk()\7/77n) Jk(al) - {k <pn+1()‘7’\277?—)~_§i()7n+1(a1)) , k:n+17n+2,

The results are sharp with the function given by (17).

Proof. We write
L+ w(z) _ pnia(A 7, m)Qomia(ar)
1—w(2) (n+1)(1—7)
, [f'(z) B (pnﬂ(/\,% nQony1(a1) — (n+1)(1 - 7))]
Pr+1(A, 75 1) Q0ont1(1) 7

where

prt1 My Qonii(a1)) o k-1
( ) ) > kayz

we) = — = -
242 Z kakzkil + (pn+1((751,;7))(1t17;~)-1(061)) Z ]{Z(Ikzkfl
k=2 k=n+1
. AR
Now |w(z)| < 1 if kz2k:\ak\ + Pn+1<(r;17;7)>(1‘1@+)1<a1> 2 1k;|a,€| < 1. From con-
= =n+
dition (10), it is sufficient to show that
P +1(A 7, m)Qe +1 (a1) Pr(A ’Ya QUk:(Oél)
> ko + LT 5 g <Y o
k=n+1

which is equivalent to

Z": <pk(A,w7)Qak(oc1) —(1- v)k) s

-y

S (n+ 1)Pk()\,%U)Qﬁz(ill))(—lkpxl()"%77)90"+1(a1) |ag| > 0.
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Since this condition holds from (28), we obtain (26). To prove the result (27),
define the function w(z) by

l+w(z) _ 4+ =)+ pnt1(A 7, 7)Qong1(ar)
1—w(z) (1=9)(n+1)
[fﬁ(z) _ Pr+1 (A v M) Qo1 (an) }
f'(z) (4 DL =7) + pnpr(AN 7y, m)Qopga(ar) |
Then
<1 + Pn+1(()7\1117))307;451(a1)) k_§+1 kakzk_l
w(z) = ==

- 2 Ay.mQonii(on)) o2 '
242 Z kakzk_l + (1 _ Pn+1 (721,17)(1?%1 1 ) Z kakzk_l
k=2 k=n+1

Now |w(z)| < 1if

@) Yok (L)) 3 g

= (n+ D~ it

It suffices to show that the left hand side of (29) is bounded above by the

[ee)
condition Y [pr(\,v,m)Qok(a1)/(1 — )] |ak|, which is equivalent to
k=2

- ( ,'V n)Qoy (1)
k=2 -7

— k)) |ak| +

- pk(Avvu U)Qak(al) Pn—&-l()\a%U)QUn-s-l(Oél)
> - k) lag] = 0.
k=n+1 1=v (n+1)(1—9)

Since this condition holds from (28), we obtain (27). O

Taking 4, =1 (t =1,2,...,0) and By =1 (t = 1,2,...,m), l = 2 and
m=1witha; =1, ag =1, fy =1 and A = n = 0 in Theorem 12, we obtain
the following result given by Silverman [11, Theorem 4, p. 226].

COROLLARY 13. If f(z) of the form (1) satisﬁes condition (20), then one
hasRe{]{T,;(é))}ZnH (z € U) andRe{ ()}> n+l—y (z € U).

f2) J = (n+D)(2—v)—v
The results are sharp wzth the function given by (21).

Taking Ay =1 (t =1,2,...,0]) and B, =1 (t = 1,2,...,m), |l = 2 and
m =1 with a1 =2, ag =1, 1 =1 and A = n = 0 in Theorem 12, we obtain
the following result given by Silverman [11, Theorem 5, p. 227].

COROLLARY 14. If f(z) of the form (1) satisfies condition (22), then one
has Re{f((z))} > o1 (2 €U) and Re{f,((z))} > ::21 5~ (2 € U). The
results are sharp with the function given by (23).
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REMARK 15. As special cases of the above theorems, we can determine new

sharp lower bounds for Re{f(z)/fn(2)}, Re{fn(2)/f(2)}, Re{f'(2)/ (%)}
and Re {fé(z)/f'(z)} if f(z) satisfies the conditions (11)-(14) by taking A; =1
(t=1,2,...,1), By =1(t =1,2,...,m) and by suitably specializing the values
of I, m, a1, s and f.

As special cases of Theorem 6, we obtain the following corollaries.
COROLLARY 16. If f(z) of the form (1) satisfies condition (11), then

f(Z) pn+1(A777n)_1+7
Re{fn(z>} S pn+1(A77777)

(z € U),

where

11—, k=23, ..n
pe(Ay,m) = !
Pn+1()\a’7777)7 k:n+17n+27

and 0 <A< 1,0<v<1,n>0. The result is sharp with the function
L=~ 1
f(z) =24+ ——1 "L
( ) Pn+1()\’%7l)
COROLLARY 17. If f(2) of the form (1) satisfies condition (12), then

Re{ f(2) } s QM@+ Okn) = (A=)t

fn(z) pn+1(/\777 77)(5+ 1)(5+n)
where
G+1).. (5+k—1)
- 1—7, k=2,3,...,n
o Pn+1()\,7>77)%7 k:n+17n+27

and 0 < A< 1,0<~v<1,n>0,6 > —1. The result is sharp with the
function
(1 —=7)(n)! +1
flz)=z+ PAAR
B = G+ D)0
COROLLARY 18. If f(2) of the form (1) satisfies condition (13), then

n )\a ) 1) —(1 - 1
Re{f(z)}ZPJrl( vmp+1) -1 —y)(p+n+1) (z€U),
fn(Z) pn+1()\a v 77)(“ + 1)
where
u+1> 1=7, k=23...,n
A Y, — | 2
pr(A 7, m) (u+k {le(A,%n)(MﬂL), k=n+1n+2,....

and 0 <A< 1,0<vy<1,n>0, u>—1. The result is sharp with the

Sfunction

A=-(p+n+1)
z

Prt1(A, v, m) (1 + 1)

f(z) =
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COROLLARY 19. If f(2) of the form (1) satisfies condition (14), then

f(2) } Prt1(A v, m)(@)n — (1 =) (0)n
Re > zeU),
Ve ot O M) (@ Fel)
where
(a)k—1 1—7, k=23,...,n
A? ) Z a
pk( ! ?7) (C)k—l pn+1()\a7’n) ((c)):?l, ) k=n+ ]_,TL+2,

and 0 <A<1,0<y<1,7>0,a>0,c>0. The result is sharp with the
function

. A=))n a1
f( ) =z+ pn+1()\,'}/777)(a)” .
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