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IMPROVED RESULTS FOR CONTINUOUS MODIFIED
NEWTON-TYPE METHODS

IOANNIS K. ARGYROS and HONGMIN REN

Abstract. We provide semilocal convergence results for continuous modified
Newton-type methods to solve nonlinear operator equations in a real Hilbert
space setting. Using a combination of Lipschitz and center Lipschitz continuous
conditions, we provide a finer convergence analysis than before under weaker
conditions, and the same hypotheses and computational cost [1]-[4], [11]-[15]. In
this way we expand the applicability of Newton-type continuous methods under
the same computational cost as before.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a solution
of equation

(1.1) F(x) =0,

where F' is defined on a closed subset D of a real Hilbert space X with values
in a real Hilbert space Y.

A large number of problems in applied mathematics and also in engineering
are solved by finding the solutions of certain equations. For example, dynamic
systems are mathematically modeled by difference or differential equations,
and their solutions usually represent the states of the systems. For the sake
of simplicity, assume that a time-invariant system is driven by the equation
& = Q(x) for some suitable operator ), where x is the state. Then the equi-
librium states are determined by solving equation (1.1). Similar equations are
used in the case of discrete systems. The unknowns of engineering equations
can be functions (difference, differential, and integral equations), vectors (sys-
tems of linear or nonlinear algebraic equations), or real or complex numbers
(single algebraic equations with single unknowns). Except in special cases,
the most commonly used solution methods are iterative—when starting from
one or several initial approximations a sequence is constructed that converges
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to a solution of the equation. Iteration methods are also applied for solving
optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the
same recursive structure, they can be introduced and discussed in a general
framework.

Newton-type methods (NTM) are undoubtedly the most popular methods
for generating a sequence approximating a solution of equation (1.1). Recent
results on local as well as semilocal convergence results for (NTM) on a Banach
space setting can be found in [5], [6], [7], and the references there. In a series
of our works [5], [6], [7], we developed a technique which combines a Lipschitz
and a center Lipschitz condition (instead of only a Lipschitz condition used by
researchers) in the computation of the sufficient convergence conditions, and
error estimates for (NTM). This approach leads under the same hypotheses
and computational cost to the following advantages. Semilocal case: Weaker
sufficient convergence conditions, and tighter error bounds on the distances
involved, and an at least as precise information on the location of the solution.
That is the applicability of (NTM) is expanded. Note also that, fewer steps
are required to achieve a given error tolerance.

In this article we show that the above advantages are transferred in a Hilbert
space setting. In Section 2, we first consider the continuous analog of a mod-
ified Newton’s method (MNM)

(1.2) i(t) = —[F'(x0)] ' Fa(t)), 2(0)=wz0€ X
along the lines of the elegant works by Airapetyan ([1]), Ram, Smirnora, Favini

[14], [2]-[4], [11]-[13], [15]. We associate (1.2) with the autonomous dynamical
system

(1.3) (t) = ®(x(t)), 0<t< 400, z(0)= o,

where z is an initial approximation to z*, and x(t) is the trajectory. Then we
improve the results in Section 2 of [14], by simply showing that we can replace
the Lipschitz condition

(1.4) 1F' () = F'(y)| < Mllz — yl|,Ya,y € U(zo,) € D,

where U(zg,7) = {z € X : ||z — zo|| < r}, by the actually needed center-
Lipschitz condition

(1.5) 17" () — F'(zo)ll < Mollz — zoll, V2 € U(wo,7) € D,

where r is a known radius. The results of [14] for the local case are improved
in Section 3 following an analogous way. Note that if condition (1.4) holds,
then M exists, My < M and % can be arbitrarily large [5], [6], [7]. The
importance of (NTM) for solving well and ill posed problems, and a short
history of their continuous analogs can be found in [14]. Finally, we provide
numerical examples where (1.5) holds but (1.4) does not, and also cases where
both conditions hold but our results are finer than the ones in [14] as already
stated in the semilocal case above.
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2. SEMILOCAL CONVERGENCE OF (MNM): WELL-POSED CASE

We need a slightly modified existence, and uniqueness result for the semilo-
cal convergence of (MNM) [14, p.40].

LEMMA 2.1. Let X,Y be real Hilbert spaces, D a closed subset of X, F :
D—Y,and ®: D — Y. Assume that there exist c1,co > 0 such that for

F
(21) = C2H (I‘O)H7
C1
operators F' and ® are Fréchet differentiable on U(xg,r). Also assume that

for all y € U(xg, 1), the following conditions hold:

(2.2) (F'(»)2(y). F(y) < —alF)IP,

(2.3) 1)l < cal F (),

(2.4) U(zo,7) C D.

Then there is a global solution x = x(t) to system (1.3) in U(xzg,r), such that
. %

(2.5) tllinoox(t) =z,

where x* is a solution of equation F(x) =0 in U(xg,r).
Moreover, the following estimates hold:

(2.6) lo(t) — 2™ < re”,
(2.7) IF (2 ()| < [1F(zo)lle™".

Note that if D = X =Y, Lemma 2.1 reduces to the corresponding one in
[14, p. 40].

We shall show the following semilocal convergence theorem for (MNM)
which relates the asymptotic behavior of a solution z(t) to (1.2), and solu-
tions to (1.1).

THEOREM 2.2. Let X,Y be real Hilbert spaces, D be a closed subset of X,
F:D —Y. Assume that the operator F is Fréchet-differentiable, its Fréchet
derivative satisfies (1.5) on U(xo,T),

(28) re {Tl,T2}7

where provided that

(29) ha = AMgmd|F@o)l <1, m1 = [|F'(e0)],
1 —+/1—4Mom3||F

(2.10) py = Lo VI = AMom[ Fzo)]|

2M0m1

_ L+ /1 = 4Momi[|F (o) |
2M0m1 ’
(2.4) holds, and hy # 0, when r = rs.

(2.11) ro
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Then there ezists a unique solution x = x(t), t € [0,400), to system (1.3) in
U(xo,r), and limy_, oo 2(t) = x*, where x* is a solution of equation F(z) =0
Moreover, the following estimates hold:

(2.12) |z(t) — z*|| < re” 0 ¢y (r) =1 — Mymyr,
(2.13) IE(z(®))]] < [|F (o) e "

Proof. As in [14], set
(2.14) B(a(t)) = —F'(z0)” F(a(t).

Using (1.5) we can obtain in turn for all y € U(zo,r):
(F'(y)2(y). F(y) = —(F' ) [F'(20)] " F(y), Fy))

= —[IF@)II” + ({I = F'(y)[F'(x0) "} F(y), F(y))
(2.15) = —[FWI? + ({(F'(x0) = F'(y)) F' (x0) " }F(y). F(y))

< —IF@)I* + Momar || F ()|

= —(1 = Momur) [ F()|* = —ex(r) [ F ()%,
(2.16) [2(y)]| < mil|Fy)l-
Choose
(2.17) ci=ci(r) and co=my.
We have:
o9 Pl _ millFa)l| _

c1 cr(r)

which holds true by (2.9), and the choices of r; and 2. The result now follows
by Lemma 2.1. That completes the proof of Theorem 2.2. O

REMARK 2.3. (a) If D =X =Y, and My = M, then Theorem 2.2 reduces
to Theorem 2.3 in [14].
(b) The conditions used in [14] under (1.4), and D = X =Y are

(2.19) hr = 4Mmi| F(zo)[| < 1,
whereas the corresponding error estimates are:
i

(2.20) lz(t) = 2| < 2ma | F(xo)le”2,

_t
(2.21) [E (@) < [1F(xo)lle™>.
By comparing (2.9) to (2.19), we see that
(2.22) hr<l = ha<l,

but not necessarily viceversa unless My = M. In view of (2.22), the appli-
cability of (MNM) has been extended. Moreover, in view of (2.12), (2.13),
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(2.20), and (2.21), our error estimates are tighter, and the information on the
location of the solution at least as precise.
(c) In order to obtain a result for the continuous Newton method

(2.23) i(t) = —[F @) F(a(t)), 2(0) =20 € X,
set ®(y) = —[F'(y)] "' F(y),
m1
(2.24) co = —— and ¢} =1
Indeed, in view of (1.5), we have:
(2.25)  [|F (o) I F'(x0) — F'(x)|| < maMollx — wol| < muMor < 1.

It follows from (2.25) and the Banach lemma on invertible operators [5], [6],
[7] that F'(x)~! exists and
2.26 Flla) < —2
(2.26) 1@ <
from which the definition of ¢y follows.
(d) A simple iteration method is obtained for ®(y) = —F(y). Simply, choose
F'>¢; >0,and cg = 1.
(e) The gradient method is obtained for ®(y) = —[F’(y)]*F(y). Choose ¢y =
M, = SUPgeU (20,r) ”F/(.T)H, and ¢ = M1_2' Here 11 = SUPgeU (20,r) ”F/(‘T)_IH
(f) The continuous Gauss-Newton’s method is obtained for

O(y) = —[F* () F' ()] F* () F(y).

Set ¢ =1, and ¢p = ,u%Ml, where p1 and M are the same as in (e) above.

(g) In order to make the comparison easier with the results in [14], we also
provided the results in non-affine invariant form. However, we note that the
results can be immediately obtained in affine invariant form if the operator F
is replaced by F'(xg)~!F. In this case one should set m; = 1.

The advantages of presenting results in affine instead of non-affine invariant
form are well-known in the literatures (see e.g. [7]).

3. LOCAL CONVERGENCE: ILL-POSED CASE

A problem is ill-posed when the Fréchet derivative is not boundedly invert-
ible. It was then suggested in [14] the regularized version of (MNM):

&(t) = —[F'(x0) +e()I] 7 (F(z(t)) +e(t)(2(t) —0)), 2(0) = z0 € H, 0 < &(t),

where z is chosen so that (F”(x¢)y,y) > 0 for all y € D.
By simply exchanging hypothesis (1.5) in Theorem 3.1 [14] by the analog
of (1.4) for the local case, we arrive at:

THEOREM 3.1. Let F, D, X, Y be as in Theorem 2.2. Assume that:
(1) =* is a solution of equation F(x) = 0;
(ii) There exists a positive function e(t) € C1[0,+00) converging monoton-

ically to zero as t — +oo, such that z% is nondecreasing, and €(0) > |£(0)|;
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(iii) The operator F is Fréchet-differentiable, and My-center-Lipschitz:
[1F'(z) = F'(2¥)|| < Mollz — 2],

with F'(z) = F'(x0)G(xo,x), G(zo,z) € L(X), ||G(zo,z)—I|| < C(G)|z—z0]
for all x,xo € U(z*,p), C(G) >0,

e(0) —[£(0)]
P = My + C(G)=(0)

(iv) F'(xg) is non-negative definite: (F'(xo)y,y) >0 for ally € X;
(v) there exists v € X such that * — xq = F'(xo)v,

2]

£(0) = [€(0)] = [Mo + C(G)e(0)]e(0) My

and U(zg, p) C D.
Then there exists a unique solution x = x(t) of (3.1) for all t € [0,+00)

such that
. £(0) — [€(0)]
() —x
120 =1 = o + o@)=0)
COROLLARY 3.2. Let the operator F' in (1.1) have the form F(x) = ¥(x)—z.

Assume that ¥ is given, and instead of z, we have a d-approximation zs:
Iz — z5|| < 0. Then the following estimates hold:

e(t).

3 3720 = 2" < (1= C@alt) ~ 2" + (o) ol + ) lete) = a”]
MO *
+ o loft) — I,
oy <~ - c@p - SEhse 21l + P, 0 =1l

|2 (rs) — a*|| < — L2157,

1
(0)lv|2
provided that the hypotheses of Theorem 3.1 and the following hold:

. v
£(0) = [50)] = 20y + C(@)e(0)e(0)y| 1oL

REMARK 3.3. If D = X =Y, and My = M, then Theorem 3.1 and Corol-
lary 3.2 reduce to the corresponding ones in [14]. Otherwise these results
constitute an improvement with advantages as stated in the local case of the
introduction of this study.
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4. APPLICATIONS

We provide two examples in a Hilbert space setting where Lipschitz condi-
tion (1.4) does not hold but center-Lipschitz condition (1.5) does.

ExAMPLE 4.1. Let X =Y = R. R is a Hilbert space with the inner product

(4.1) <z,y >=xY.
In fact, from (4.1) we obtain:
(4.2) |zl =< 2,2 >3= ()2 = |a].
Using (4.2) the Euclidean metric is defined by
1
(4.3) lz =yl =<z —y,z—y>2=|z—y|
Let D = [0,4+00), 9o = 1, and define function F' on D by
21
(4.4) F(z) = + iz +ca,

1
i

where ¢1,c2 € R, and 7 > 2 is an integer. Then using (4.4), we get:
(4.5) Fl(z) =27 +ci,

which is not Lipschitz in any neighborhood of 0. That is, the operator F’
is not Lipschitz on D, i.e. (1.4) is not satisfied. However, center-Lipschitz
condition (1.5) holds for My = 1. Indeed, using (4.2) we have in turn:

, 1
IF@) - Pl = et -z
(46) . |z—x0|
- imli2 I -2 -

zyt 4wyt wiotrjr T a1l

1 < HJ} —.CL'()H,

which shows (1.5).

EXAMPLE 4.2. Let X = H'[a,b], Y = L?[a,b], where Y is the completion
of the normed space which consists of all continuous real-valued functions on
[a, b] with the norm defined by

(47) ol = ( | b |a:<t>|2dt)% .

The norm in (4.7) can be obtained from the inner product defined by

b
(4.8) <z,y>= / x(t)y(t)dt.
Hence X, Y so defined are Hilbert spaces. Let us consider the integral equation:
b
(4.9) u(s) = f(s) + )\/ G(s,t)u(t)l‘*‘%dt, n € N.

Here, f is a given continuous function satisfying f(s) > 0, s € [a, b], A is a real
number, and the kernel G € L>(]a, b]?).
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For example, when G(s,t) is the Green’s kernel, the corresponding integral
equation is equivalent to the boundary value problem

(4.10) W =T, u(a) = fa), ulb) = f(b).

These type of problems have been considered in [7], [8]. Equations of the form
(4.9) generalize equations of the type

b
(4.11) u(s) = / Gls, u(t)"dt 8],

Instead of (4.9) we solve equation F(u) = 0, where FF : D C X — Y,
D={ueX:u(s) >0,s € [a,b]}, and

b 1
(4.12) F(u)(s) = u(s) — f(s) — )\/ G(s,t)u(t) Twdt.

The derivative F’ of the operator F is given by

b 1
(4.13) F'(u)v(s) = v(s) — A <1 + 711> / G(s,t)u(t)nv(t)dt, v e D.

We shall first show that the operator F’ does not satisfy (1.4) in D. Let
us consider for instance, [a,b] = [0, 1], G(s,t) = 1, and y(t) = 0. Then using
(4.13), we have:

414)  ||F(2) — F(y)|2% = ()\] (1 + le>>2/01 (Alx(e)ide))zdt.

If the operator F” satisfies (1.4), then:
(4.15) 1F () = F'(y)ll 12 < Allzw =yl

for some A > 0, or equivalently:

(4.16) (/01 </01x(9)id9>2dt>é < Bz,

would hold for all x € D, and some constant B > 0. But this is not true.
Consider, for example the functions

(4.17) zi(t)=~, j>1, telo1].

Note that z;(t) € L?[0,1] j > 1, ¢t € [0,1]. If these are substituted in (4.16),
we have:

0
<
3=

1 B
(4.18) Y
J

T S
gn (1+4)

which does not hold when j — oo. Therefore, condition (1.4) fails in this case.

1
§B<1—|—> for all j > 1,
n
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However, condition (1.5) holds. In order to show this, let xg = f(t), d =
minge(qp) f(8), d > 0, di = ||G|| L. Then we have using (4.7):

IF" () — F'(20)]1 72
2

< <|/\\ <1+ i))Q/b Uaba(s,e)(x(e)i — 20(0)7)do]| dt
<d (W (1 " D)Q /ab /ab (z(6)"% + ch:;:)(e);jF;)e))ided: 20(0)")?

1 2 b pb
<& (W(142) [ [ 10 - aato)Pasat = Lollo - al

where

(A1 + 1))*a3
2(n—1)

(4.19) Lo =

1
That is (1.5) holds for My = L§.

EXAMPLE 4.3. Let X = H'[0,1], and Y = L?(0,1). Consider the operator
F defined on X by F(z)(s) = [i K(s,)P(t,x(t))dt — v, s € [0,1], where
K(s,t) € L*=((0,1)?), P(t,u) is continuously differentiable with respect to u
on (<t s<1, —o0o<u<+00,and v € X is given. Then we get:

1
(4.20) (F'(2)h)(s) = /0 K (s, ) Pa(t, 2(£))h(t)d.
Moreover, assume
(4.21)  |Pulta(t) = Py(t,y(®) 2 < Mla —yllz= for all 2,y € X.

Let 29 € X be fixed. Then it follows from (4.21) that there exists My such
that M € [0, M], and

(4.22) | Pe(t, z(t)) — Puy(t,20(t)) |12 < Moz — 20|~ for all x € X.
Using (4.20), and (4.21) we obtain in turn:

-

1 1 2 2
I(F'(z) — F' ()] 2 = { / [ / K(1,0)Py(t,2(6) — Pyu,y(e))h(t)de)} dt}
< TTK el — gl e 1l 2.
Set M = M|/ K || . Similarly, using (4.20) and (4.22) we get:
1(F' (&) = F'(w0))hl| 2 < M| K| o< || — o] o 1B 2.

Set My = My||K||p~. Note that the L>(0,1)-norms of x — y, z — zg, and h
can be estimated by their X-norms times some constants, due to Sobolev’s
embedding theorems. Conditions (1.4), (1.5) are now satisfied with the above
choices of M and Mj. Clearly, one can now choose K, P, xy so that: My < M
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holds as a strict inequality, our condition (2.9) holds but the condition (2.19)
given in [14] is violated.

These advantages extend in the case of the example given in Remark 3.3
[14] related to problem 3.1. Indeed, on top of the above choices of My and
M, consider an operator T : H'[0,1] — H'[0, 1], and solve equation T'(z) = 0.
Clearly, T"(xg) is non-negative definite. Under the additional assumptions
|Py(t,20)] >~ > 0 for any t € (0,1), and y(t,u) € C3((0,1) x (—o0, +0c0)),
we can set as in [14]: (G(xo,z)h)(t) = %h(t) to obtain (T'(z)h)(t) =
(T'(x0)G(x0,2)h)(t). Then for any h € H we get in turn [10], [14]:

sz L
1(Glzo,a) — D]y < ’V”r:c ~ ollzllhll e,

d Pl
|5 Gany—nn| < Iz

i o' — g 2 [|hl Lo + ||z — ol oo ||| 2] -
L

In the remaining examples we work on the more general Banach space set-
ting to show that My < M. One can replace, e.g. the space (Cla,b], max
norm) appropriately to obtain in particular examples in the special case of a
Hilbert space (see, for instance Example 4.3).

EXAMPLE 4.4. Let X =Y =R, 9 = 0, and define scalar functions F' by
(4.23) F(z) = cox + ¢1 + casine®?,

where ¢;, i = 1,2,3 are given parameters. Using (4.23), it can easily be seen
that for c3 large and co sufficiently small, % can be arbitrarily large.

EXAMPLE 4.5. Let X =Y =R, 290 =1, Uy = {z : |z — x| < 1— [},
B €10, 3), and define function F on Uy by

(4.24) F(z) =2 - 3.

Using (4.24), (1.4), and (1.5), we get M = 6(2— ), My = 3(3— 3). Note that
My < M.

EXAMPLE 4.6. Let X =Y = C|0, 1] be the space of real-valued continuous
functions defined on the interval [0, 1] with norm ||z|| = maxo<s<i |z(s)|.
Let 6 € [0, 1] be a given parameter. Consider the “cubic” integral equation

1
(4.25) u(s) = u3(s) + Au(s) /0 q(s, t)u(t)dt + y(s) — 6.

Here the kernel ¢(s,t) is a continuous function of two variables defined on
[0,1] x [0,1]; the parameter A is a real number called the “albedo” for scat-
tering; y(s) is a given continuous function defined on [0,1] and z(s) is the
unknown function sought in C[0, 1]. Equations of the form (4.25) arise in the
kinetic theory of gasses [7]. For simplicity, we choose ug(s) = y(s) = 1, and

q(s,t) = J, for all s € [0,1], and ¢ € [0,1], with s +¢ # 0.
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If we let D = U(ug,1 — 6), and define the operator F' on D by
1
(4.26) F(z)(s) = 23(s) — x(s) + )\x(s)/ q(s,t)x(t)dt + y(s) — 6,
0
for all s € [0, 1], then every zero of F satisfies (4.25). We have the estimate:

1
/ °_at
0 S+t

Hence it follows from (1.4), (1.5), and (4.26) that M = 2(|\|In2+3(2—0))
and My = 2|A\|In2+ 3(3 — ). Note also that My < M for all § € [0, 1).

=In2.

max
0<s<1

EXAMPLE 4.7. Consider the nonlinear boundary value problem [1], [7], [8]:

u// — _u3 _ 'YUQ
{ u(0) =0, wu(l)=1.

It is well known that this problem can be formulated as the integral equation:

(4.27) —s+/ Q(s, t)(u3(t) + yu?(t))dt,
<
where @ is the Green function Q(s,t) = { (( i;’ Z;fﬁ We observe

that maxo<s<1 fol Q(s, t)|dt = §. Let X =Y = (]
maxo<s<1 |2(s)|. Then problem (4.27) is in the form (

Pa)(s) = (s —s—/Qst £) + ya2(8))dt.
It is easy to verify that the Fréchet derivative of F' is defined in the form
1
[F' (z)v](s) = v(s) —/ Q(s, )(32%(t) + 2y (t))v(t)dt.
0

If we set ug(s) = s, and D = U(zo, R), where R > 0 is a real number, then
since ||ug|| = 1, it is easy to verify that U(ug, R) C U(0, R+ 1).
On the other hand, for z,y € D, we have

1
[(F'(z) — F'(y))v](s) = —/O Q(s, £)(3%(t) — 3y2(t) + 2y(x(t) — y(1))u(t)dt.

Consequently,

0,1], with norm |z| =
1.1), where F : D —= Y,

=yl @y + 3= + [lyll)
1P) - Pl < .
|z —yll(2y + 6R + 6[juol]) _ v+3R+3
< = 2 —yll,
8 4
— 2

_ o —woll(2y + 3R +6]uol) _ 2v+3R+6
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We have M = %R% and My = W. Note also that My < M.

1]
2]
3]

[10]

[11]

[12]
[13]
[14]

[15]
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