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Abstract. We associate two linear categories with two objects to a module over
the subalgebra of coinvariants of a Hopf-Galois extension, and prove that they are
isomorphic. The structure Theorem for cleft extensions, and the Militaru-Stefan
lifting Theorem can be obtained using these isomorphisms.
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INTRODUCTION

Our starting points are the following two classical results on Hopf algebras.
The first one is the structure theorem of cleft H-comodule algebras [6], stating
that a cleft H-comodule algebra is isomorphic to a crossed product, and,
conversely, every crossed product is cleft. A comprehensive treatment can be
found in [9, Ch. 7].

The second result is the Militaru-Stefan lifting Theorem. Let A be a faith-
fully flat Hopf-Galois extension over its ring of coinvariants B, and M a B-
module. Generalizing results due to Dade [4] on strongly graded rings, Militaru
and Stefan showed that the B-action on M can be extended to an A-action
if and only if there exists an H-colinear algebra map between H and the
A-endomorphism ring of M ®p A.

Let us now explain the philosophy behind this note. A k-algebra can be
viewed as a k-linear category with one object. Isomorphisms between k-
algebras can be obtained from equivalences between k-linear categories. Ex-
amples of such equivalences come from faithfully flat Hopf algebra extensions:
then we have a pair of inverse equivalences between modules over the ring of
coinvariants and relative Hopf modules.

Now we consider “double” k-algebras, namely k-linear categories with two
objects. For a right H-comodule algebra A, we introduce such a double algebra
Ca. One of its endomorphism algebras consists of k-linear maps from H to the
coinvariants, and on its homomorphism modules consists of H-colinear maps
H — A. This construction is given in Section 2.

Given a module M over the coinvariants B, we introduce another double
algebra Djs, as the full subcategory of the category of B-modules and H-
comodules, with objects M ® H and M ®pg A. Our main result, Theorem 3.1
states that the categories C4 and Dy, are isomorphic if A is a faithfully flat H-
Galois extension of B. In Section 5, we discuss how this category equivalence
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(or at least some variation of it) can be applied the structure Theorem for
cleft algebras, and in Section 6, we see how the Militaru-Stefan lifting result
can be obtained.

1. HOPF-GALOIS EXTENSIONS

Hopf-Galois theory was introduced in [3], and later generalized in [7, 10, 11].
We recall the definitions and the most important results. Let H be a Hopf
algebra over a commutative ring k, and assume that the antipode S is bijective.
We use the Sweedler notation for the comultiplication: A(h) = h(;) ® h(g), for
h € H. If M is a right H-comodule, then we use the following notation for
the coaction p: p(m) = mp ® myy), for m € M. In a similar way, we write
A(n) = nj_1j®njq for the left H-coaction on an element n in a left H-comodule
N.

Let A be a right H-comodule algebra, this is an algebra in the monoidal
category of right H-comodules. A relative right (A, H)-comodule is a right
A-module that has also the structure of a right H-comodule such that the
compatibility relation p(ma) = mpjap ® myap) holds for all m € M and
a€ A. M°H = {m e M| p(m) = m®1} is the submodule of coinvariants, and
is a right B-module, where B = A®4 is the subring of coinvariants of A. MU
is the category of relative Hopf modules, and right A-linear H-colinear maps.
We have a pair of adjoint functors (F,G) between the categories Mp and
M. F = —®p Ais the induction functor, and G = (—)“°“ is the coinvariants
functor. The unit 7 and counit € of the adjunction are the following (M € Mp
and N € M)y 2 M — (M@p A)°4, ny(m) = mepl;en : MPA®A —
M, e(m ®p a) = ma. The canonical map can associated to A is defined by

can: AQp A— A® H, can(a®pad’) = aal[o] ®a’[1].

If can is an isomorphism, then A is called a Hopf-Galois extension or H-Galois
extension of B.

We can also consider left-right (A, H)-modules: these are k-modules with
a left A-action and a right H-coaction such that p(am) = agmp ® apmpy,
for all a € A and m € M. We have a pair of adjoint functors (F/ = A ®p
—, G = (=) between pM and 4M* | the category of left-right (A, H)-
modules. The unit and counit are this time given by ), : M — (A®p M),
Ny(m) =1®gm; ey : Aepg N°H — N, &\ (a®pn)=an. The canonical
map can’ : A®p A — A® H is defined by the formula

can’(a ®p a') = aja’ @ ap).

It is well-known that can is an isomorphism if and only if can’ is an isomor-
phism: this follows from the fact that can’ = ®ocan, with ® : A®H — A®H
given by ®(a ® h) = ajp) ® apS(h) and @~ Ha ® h) = ajg ® apS(h).

THEOREM 1.1. Let A be a right H-comodule algebra, and consider the fol-
lowing statements:
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(1) (F,G) is a pair of inverse equivalences;

(2) (F,G) is a pair of inverse equivalences and A € pM 1is flat;

(3) can is an isomorphism and A € pM is faithfully flat;

(4) (F',G") is a pair of inverse equivalences;

(5) (F',G'") is a pair of inverse equivalences and A € Mp s flat;

(6) can’ is an isomorphism and A € Mp is faithfully flat;
Then (3) <= (2) = (1) and (6) <= (5) = (4). If H is flat as a k-module,
then (1) <= (2) and (4) <= (5). If k is a field, then the siz statements are
equivalent.

Let A be a faithfully flat right H-Galois extension. The inverse of the
canonical map can is completely determined by the map 74 = can " to(n a®@H) :
H— A®pA, h— ) li(h)®@pri(h). Then the element y4(h) is characterized
by the property

(1) Zz (W) @ ri(h)p = 1@ h.

For all h,h' € H and a € A, we have (see [11, 3.4]):

(2) va(h) € (A®p A)P;

(3) Ya(h(1)) ® heg) = Zl ) @B 1i(h)o) @ ri(h)q);
(4) Ya(h2)) Zl Jio) @B 1i(h) @ Li(h)ay;
(5) > li(h)ri(h) = e(h)1a;

(6) ZG[O]Z'( apy) ®p rilap) =1 ®p q;

(7) Zl (apy)) ®p ri(S(apy))ap = a®p 1;

(8) Zz h) @p rj(h)ri(h').

2. THE CATEGORIES C4 AND C/,

Let A be a right H-comodule algebra, and B = A®4, as in Section 1. We
introduce a category C4, with two objects 1 and 2. The morphisms are defined
as follows.

Ca(1,1) = Hom(H,B)

= {v: H— A|p((h)=v(h)®1, forall h € H};
Ca(2,1) = Hom!'(H, A)

= {t: H— AJp(t(h)) =t(hn)) ®h), forall h € H};
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Ca(1,2) = {u: H— A|p(u(h)) =u(hi) @ S(hu), forall h € H};

CA(2,2) = {’LU : H—- A ‘ p(w(h)) = w(h(Q)) &® S(h(l))h(g), for all h € H}
The composition of morphisms is given by the convolution on Hom(H, A). We
have to verify that, for f: i —jand g: j — k, g*i € Ca(i,k). Let us do
this in the case where i = j = k = 2: for w,w; € C4(2,2) and h € H, we have

p(wxwy)(h) = p(w(h(l))wl(h(Q))
= w(h@))wi(hs) @ S(hy)he)S(ha)he)
= w(hg))wi(ha) @ S(h))ha)
= (wxwi)(h)) @ S(hay)hes),

and it follows that w * wy € C4(2,2), as needed. Verification in all the other
cases is similar and is left to the reader.

We also introduce the category C’y and show that it is isomorphic to C4. It
is introduced because it allows us to simplify slightly some of the computations
in Section 3. C’; also has two objects, 1 and 2. The morphisms are defined in
the following fashion.

C4(1,1) = Hom(H, B)

= {vV:H— A|p('(h) =2 (h)®1, forall h € H};
C’y(1,2) = Hom!(H, A)

= {t':H— A|p(t'(h)) =t'(hq)) @ hg), for all h € H};
Cu(2,1) = {u':H— A|p(h) =u(hg)®S(hq), forall h e H};
Ca(2,2) = {w':H — A|p(w'(h)) =w'(hg) @ hsS(ha), forall he H}.
The composition of two morphisms in C; is given by the convolution product

in Hom(HP, A): (f'x¢')(h) = f'(h@)g (h))-

PROPOSITION 2.1. We have an isomorphism of categories v : Cy — Ca,
which is the identity at the level of objects. At the level of morphisms, it is

given by y(f') = f'oS.

Proof. We have to show first that v(C’y(i,j)) C Ca(i,j). Let us do this in the
case 1 = j = 2, the other cases are done in a similar way. So take w’ € C4(2,2),
and let w =w' 0 S = ~(w'). Then for all h € H, we have that

p(w(h)) = p(w'(S(h)) = w'(S(h)) @ S(h)3S(S(h)))
= w'(S(ho)) @ S(hay)hs = wlhe) @ S(hay)hs),

proving that w € C4(2,2), as needed. It is easy to see that = respects the
composition of morphisms:

V(' g h) = (f*xg)(S(h) = f(S(hu)))g' (S(h))
= f(ha))g(he) = (f *g)(h).
Finally, v is an isomorphism. The inverse functor 7 is given by (f) = foS. O
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The functor v induces maps v;; : C/4(i,j) — Ca(i, j).

3. THE MAIN RESULT

Let A be a faithfully flat right H-Galois extension. We assume moreover
that H is projective as a k-module. This is always satisfied if we work over a
field k. Let P and @ be two right relative Hopf modules. We have a map

p: Homu(P,Q) — Homu(P,Q ® H), p(f)(p) = f(Pp)0) @ f(pjo)SPn)-

As H is projective, the natural map Homy (P, Q) ® H — Hom4(P,Q® H) is a
monomorphism, and we can consider Hom 4 (P, Q) ® H as a submodule of H —
Homa(P,Q®H). We call f € Homa(P, Q) rational if p(f) € Homa (P, Q)®H,
that is, if there exists an element fig ® fj;) € Homa(P,Q) ® H (summation
implicitely understood) such that p(f)(p) = fio)(p) ® f1), for all p € P, which
is equivalent to

9) p(f(p) = fio)(pjoy) @ frypp)-

The submodule of Hom4 (P, @) consisting of all rational maps is denoted by
HOM4(P,Q), and is a right H-comodule. END4(P) is a right H-comodule
algebra. Now we take P = M ®p A, where M € Mp, E = END4(M ®@p A)
and F = B« = ENDH (M ®p A) = Endg(M), in view of Theorem 1.1. Then
we can consider the categories Cg and Cf;, as in Section 2.

We have seen in Section 1 that M ®p A € Mﬁr is a relative Hopf module.
In particular, it is also an object in Mg , where B is considered as a right
H-comodule algebra with trivial H-coaction. In fact Mg is the category of
right B-modules with a right H-coaction such that p(mb) = m ® myyb, for
allmée M and b € B. M ® H is also an object of ./\/lg, with B-action and
H-coaction given by p(m ® h) =m ® A(h) and (m ® h)b = mb® h.

Now let Djs be the full subcategory of Mg with objects M ®p A and
M ® H. Out main result is the following.

THEOREM 3.1. Let H be a projective Hopf algebra, and A o faithfully flat
right H-Galois extension. For M € Mp, we have a commutative diagram of
isomorphisms of categories:

c, ! Cr
D

At the level of morphisms, the functors « and o/ are defined in the obvious
way: a(l) = d'(1) = M ® H; «(2) = o/(2) = M ®p A. In the subsequent
Lemmas, we will define o and o’ at the level of morphisms. The proof of the
following result is straightforward, and is left to the reader.
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LEMMA 3.2. We have an isomorphism of k-modules
6, : Homp(M ®@p A, M) — Hom& (M @5 A, M @ H),

given by 61(¢)(m ®p a) = ¢(m @5 ag) @ apy; 61(p) = (M @) 0. We have
an isomorphism of k-algebras

o : Homp(M ® H, M) — End2 (M ® H),
given by 02(0)(m ® h) = O(m @ h(1)) ® h); 62(0) = (M ®e)o0. The

multiplication on Hompg(M @ H, M) is given by the formula ©-0' = ©065(0'),
or, more explicitly,
(10) (©-0)(m®h)=0(0"(me h(1y) ® ha))-
LEmMA 3.3. We have an algebra map
Bi1: Cr(1,1) = Hom(H, F) — Homp(M ® H, M),
given by B11(v)(m @ h) = 0y, (v'(h)(m ®p 1)).

Proof. For all h € H, we have that v/(h) € F = E°°H. Using (9), we find
that p(v'(h)(m®pl)) = v'(h)(m®p1)®1, hence v'(h)(m®@pl) € (M@ pA)©°H.
We knov&i from Theorem 1.1 that ny; : M — (M ®p A)°H is an isomorphism,
so that (11 is well-defined, and is characterized by the formula

(11) B m@h)@pl=1'(h)(mopl).

Let us now show that (1(v) is right B-linear. For all m € M, b € B and
h € H, we have

B0 (mb® h) @1 =1 (k) (mbop1l) =1 (h)(mepz1)b
= Bu()(meh)@pb=F1(0)(meh)begl.
We will now show that 311 has an inverse, given by
(B11(©)(h))(m ®p a) = O(m & h) @5 a.

We have to show first that (11 is well-defined, that is, Bn(h) € F, for all
h € H. To this end, we compute that

p((Bu®)W)(m@p ) = O(m @ h) ©5 g @ ayy
= (Bu(9)(h)(m &5 ag) @ apy),

and conclude from (9) that p(511(8)(h)) = 411(0)(h) ® 1.
We now show that 31, and Bll are inverses. For all © € Homp(M ® H, M),
v € Hom(H,F) m € M, h € H and a € A, we have
gn(ﬁn(@))(m ®h)®pl= (Bll(@)(h))(m ®p 1)
= O(m®h)®p1;
(B (B () (M) (m @5 a) = (Bia(v)(m @ h) @p a
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= V'(h)(m®p1)a="2(h)(m®p1).

Let us finally show that 311 is an algebra map. For vl H—F,meM
and h € H, we have

(B11(v) - Bra(vh)) (m @ h) ®p 1 = 11 (v') (Brr (v])(m @ h1)) @ hz)) @ 1
= V(b)) (B (v)(m © hay) @p 1) = (V' (hz) o vi(hw))(m @5 1)
= (Wxo))(R)(mopl) =710 *v))(meh)®p1,
and it follows that 811 (v' xv}) = B11(v') - B11(v}). O
COROLLARY 3.4. We have algebra isomorphisms
Bi1 =020 B11 ¢ Cr(1,1) — End(M @ H);
a1 =0g0 B ot Cr(1,1) — Endd (M © H).
LEMMA 3.5. We have an isomorphism of k-modules
Bo1 : Cz(1,2) = Hom(H, E) — Hom¥ (M @ H, M @5 A),

given by Bo1(tY(m@h) =t'(h)(m®p 1), fort' € Hom(H,E), me€ M, h € H.
Consequently, we also have an isomorphism

ag1 = Pa1 075+ Cr(1,2) — Homf (M @ H,M o5 A).
Proof. Tt is easy to see that [(91(¢') is right A-linear:
Bar(t)(mb@ h) =t (h)(mb@p 1) =t'(h)(m @p b)
= t'(h)(m@p b= (Ba(t")(m @ h))b.
Bo1(t") is right H-colinear:
p(Bar(t)(m @ h)) = p(t'(h)(m @p 1)) =t'(h)g(m @5 1) @t'(h)y
= t'(ha))(m®@p 1)@ hey = Ba(t")(m @ ha)) @ he).

This shows that 31 () € Hom (M ® H, M ®p A), as needed. Now we define
a map

Boy : Homi (M @ H,M ®p A) — Hom(H, E)

by the formula (35 (1)) (h)(m ®p a) = (m @ h)a. We first show that 3y, is
well-defined, and then that it is inverse to (o1.
(91 (1) is right H-colinear: we first compute

p((Ba1 (1)) (h)(m @B a)) = p(¥(m @ h)a)
= Y(m @ hw)ag) @ hap
= (Ba1(¥))(ha1))(m @5 ag)) @ hap,

and we conclude from (9) that p((By(1))(h)) = (Ba1(¥))(ha)) @ ha), as
needed.
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Let us finally show that 821 and (o, are inverses. For all ' € Hom (H, E),
¢ € Hom (M @ H M ®@p A), m € M, a € A and h € H, we have

(B21 © Ba1) () (m @ h) = (Bay (h))(m @p 1)
= Y(m®pl)a=v¢(mepa);

((Bax o B0) (1)) (0) ) (m @5 @) = (Bar () (m @ )
= t'(h)(m®p 1)a=1t(h)(m @5 a).

LEMMA 3.6. We have an isomorphism of k-modules
Bi2: Ci(2,1) — Homp(M ®p A, M),
given by Bra(u')(m ®p a) = ny; (v (ap)(m @5 ap)).

Proof. First, we have to show that u'(ap))(m®paj) € (M ®p A)oH | This
can be seen as follows:

p(u'(ap)(m @p ag))) = '(a@)(m @ apg) @ S(ag))ap)
= '(ap))(m @5 ag) @ 1.
Remark that Si2(u/)(m ®p a) is characterized by the formula
(12) Bira(u)(m ®p a) @p 1 = u'(ap))(m @5 ag)).
Now we show that Blg(u’) is right B-linear: for b € B, we have
Bra(u')(m @p ab) ®@p 1 = u/(apy))(m @p aggb) = ' (a;))(m @5 ajg)b

= B (mopa)®@pb= [ ) (mopa)bop 1.

Now we construct a map
G : Homp(M ®@p A, M) — Cg(2,1) = Hom* (H, E).

as follows:
(13) (G12(¢)(h))(m ®@p a) = qu (m @ 1;(h)) ®@p ri(h)a.

It is clear that (G&12(¢))(h) is right A-linear. Then we need to show that dq2(¢)
is right H-colinear. To this end, we need to show that

(14) p(@12(d)(h)) = d12(d) (b)) ® ha),
for all h € H. For all m € M and a € A, we compute
p((@12(0)(0) (m 95 )

= Z p(m @ 1i(h)) @p ri(h)gap @ ri(k)pan

3
= Y dm@li(hyy) @p ri(ha)ag @ hap)
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= (q12(¢)(h))) (m ®5 ap)) ® hyap),
and (14) follows as an apphcatlon of (9).

Now we define B12 = Q19 ory12 , and show that 512 and &9 are inverses. 512
is given by the formula

(Br2(e)(h)(m @p a) = Z¢m®Bz (h)) @5 r:(S(h))a.

Now we compute
(B2 Br2))) () ) (m @ @)
> (Bia(w))(m @5 1(S(h) ©@p ri(S(h))a

(W' (L:(S(h)) (m @B Li(S(h) o)) ri(S(h)a
(u'(S(S(h2)))) (m @5 L

' (h()) (m @5 L:(S(hay)ri(S(ha))a)
u'(h)(m ®p a);

—
o~
=

—~
ot
=

((312 © Bl2)<¢))(m ®B a) ®pl
= (B12(9))(a 1])(m ®p aj))
Z¢ (m@g Li(S(ay))) ©5 ri(S(ap)ay)

—
~
-

qﬁ(m ®pa)®@p 1.

COROLLARY 3.7. We have the k-module isomorphisms
Bia =10 P1a: Cr(2,1) — HomZ (M @p A, M @ H));
a1g =010 Pz 0y ¢ Cp(2,1) — HomE (M @5 A, M ® H)).
LEMMA 3.8. We have an algebra isomorphism oz : Ci(2,2) — Endf (M®p
A), given by the formula (B22(w’))(p) = w'(pp)) (Ppo)), for allp € M®@pA. Con-

sequently, we also have an algebra isomorphism ags = Pa2 0 72_21 0 Cp(2,1) —
End(M o5 A).

Proof. We first show that (2(w’) is right B-linear. For p € M ®p A and
b € B, we have p(pb) = pjg)b ® pp1}, and

(Ba2(w")) (pb) = w'(pp)) (ppod) = w'(P11)) (Plo))b-
Bo2(w’) is right H-co-linear. Since w’ € C;(2,1), we have
p(w'(h)) = w(h)) ® hiz)S(hay),
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hence
(15) p(w'(h)(p)) = w(h) (Pp) © hs)S(ha))pp)-
Now we have
p((Baz(w'))(p)) = p(w'(p [1])(1?[0}))(5) "(pe3)) (P10) @ Py S (Pp2p) oy
= w'(pa))(P)) @ P = (Baz2(w')) (o)) @ ppa)-

We next show that a9 is an algebra morphism, that is, it preserves multipli-
cation and unit. Mulitplication:

(Baz(w' x wh))(p) ((w" % w?)(ppy) (Ppoy)
= (w'(p) o wy(pp))) Pro))
= w'(pp)) (Ba2(w1)(pp))

)(p
= o (ﬂQQ(w ))m)( Bz (wy) (p ))[0})
= foa(w')(Baz(w))(p))
= (ﬁgg( ) /822( /1 )(p)

In the fourth equality we used the fact that 522(11) ) is right H-colinear.

Unit: (B22(ns o cm))(p) = (n(e(pp))) (o)) =
Now we consider the map @ag : Endg(M ®@p A) — Cg(2,2), defined as
follows: for x € End(M ®p A), let

(@22(k)(h)) (m @p a) = > k(m®p Li(h)ri(h)a.
We have to show that @j2(k) € Cg(2,2), that is,
(16) p(aiz(x)(h)) = (@2(k)(hez)) © S(hay)hs)-
We proceed as follows: for all m € M and a € A, we have
p(@i2(k)(h)(m ®p a) = p(z k(m @p l;(h))ri(h)a)
= D _u(m@plih)g)ri(h)gag @ Li(h)yri(h)yay
= Y s(m@p liha)o)rithayag @ Liha)phe o
)
= Y w(meplilh))rihe)ag @ S(ha)hEap)
= @22(/4;)(}1(2))(771 KB a[o]) & S(h(l))h(:g)a[l}
In the second equality, we used that k is right H-colinear. (16) then follows

as an application of (9). Let us now show that By = @12 0 V5, and By are
inverses.

((B22 0 By) () (m @ a) = (Baa(k)(ap)))(m @p ap)
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= k(m®pl (g(a[l]))n(g(am)a[o]@m(m ®pa);
(((Baz © Ba2)(w)) (h ))(m ®pa)
= 2522 (m @p Li(S(h)))ri(S(h))a

= Z(w (L:(S(h))) (mosli(S(h))0) ri(S(h))a
DS W (S (hew)) (m @ (S (h))ri(S(hay)a

= 3w (hw) (m ©p L(S(hay)riS(hay a)

O

Proof. (of Theorem 3.1). In the preceding Lemmas, we have shown that
there exist isomorphisms

Clp(i,J) —> C(i,j) — Hom¥ (a(i), a(j)

The proof of Theorem 3.1 will be finished if we can show that, given f: i —j
and g: j — k in Cg, we have

(17) a;(g) o aji(f) = ari(g = f)

We already know that (17) holds if i = j = k, see Corollary 3.4 and Lemma 3.8.
We now fix the following notation.

vV elp(1,1) v=n(v)eCe(1,1) O=an(v): M®H —-M®H
t'eCh(1,2) u=921(t')eCp(1,2) Y=anlv): MH—>M®epA
U/EC/E(Z,].) t:"}/lg( )ECE( 1) 4,0:0412(1)): MpA—M®H
w' € Cp(2,2) w="92w)eCr(2,2) rk=apnw): MgA—-M®epA

Furthermore, let © = §5(6) and ¢ = d1(¢), see Lemma 3.2. The six remaining
identities that we have to prove are

(18) azi(vxu) = ag(u)oair(v) =

(19) ag1(w*u) = ag(w)oas(u)=ro w7
(20) aqi(t*u) = oa(t) o agi(u) = oy
(21) ap(txw) = aga(t) o ag(w) =y o k;
(22) app(vxt) = a11(v)oaia(t) =00 p;
(23) aga(uxt) = ag(u)oaia(t) =1 o0 ;.

(18) is equivalent to By (1 0 #) = ' xv'. This can be shown as follows
(%)W) m @5 @) = (¢ (hgay) 0 v/ () (m @5 0)
= (t/(h(2)))(@(m & h(l)) @B a)
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= Y(0(m @ h)) ® hg))a
(1 0 8)(m @ h)a
= (By(¥08))(m@p a).

(19) is equivalent to Bo1(w' xt') = Kk o 1.
1 is given by the formula (see Lemma 3.5): ¢»(m @ h) =t/ (h)(m ®@p 1).

t' is right H-colinear, hence p(t'(h)) = t'(h(1)) ® h(2), and p(¢y(m @ h)) =

t'(h(1))(m ®p 1) ® h(z). Then we have
(ko) (m®h) = (W'(P(m @ h)y))) (W (m @ h))
= (W' (h)) (' (ha)(m @5 1))
= (W xt)(h)(mxp1l) =G «t')(me h).

(20) is equivalent to 31 (p o) = u’ xt'.
First observe that

(Bulpo¥)(h)(m®pa)=((M&e)opor)(m®h)®pa

— (bov)meh)@pa.
Now write 1)(m ® h) = 3, m; @y a;. Since ¢ is right H-colinear, we have
(24) $(m @ b)) ® hay = >_(m; On ajo) N ajpy)-

J
Then we compute
(W * ) () (m @ 0) = (u (hgzy) o' (hiyy)) (m @15 )
= ' (h)(¥(m @ ha)a)

> (ajp) (¢(my @n aji))a)
7

= > o(my @5 Li(S(a;n)) @5 ri(S(ajm))ajga
irj

—~

DS (my @p aj) ©pa = (o d)(m@h) ®p a.

J
(21) is equivalent to Bi2(u * w') = ¢ o k.
We apply Lemma 3.8 and write

K(m @p a) =w' (ay))(m @p ay)) Zm] ®pB aj.

Since « is right H-colinear, we have
(25) Kk(m ®p CL[O]) ®ap = Z(m] B aj[o]) ® ajn)-
J
Recall from Lemma 3.6 that ¢(m ®p a) ®p 1 = u'(ap))(m ®p ay)). Then
(M®e)opor)(m®pa)dpl=(pok)(mRpa)dp1
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= D _u(am)(m@s ajp)
J
(25)
= W(ap)(k(m ®p ap)))
"(ag)) o w'(ap)) (m @5 afg))
u' xw')(ap))) (m @p ajg)
M ®@¢€)o Pra(u xw'))(m ®p a).
It follows that 61 (¢ok) = (M®e)opok = (M®e)oB1a(u/xw') = &1(B12(u'*w")),
and then ¢ o k = B12(u * w').
(22) is equivalent to v xt = @12(f o ). Recall from (13) that

(t(h))(m @p a) = Zd)m@l )) @5 ri(h)a,

(u
= ('~
(
) =

and from Lemma 3.3 that
(v(h))(m®pa) = (V' (S(h))(m@pa) =60(m® S(h)) @p a.
Then we compute
(v t)(h))(m ®pa)= (v(h(l) o 'U(h(z))) (m®pa)
= Z¢ (m @ li(h(g))) @5 ri(h))a)

Z@ d(m @ 1i(h))) © S(hqy)) @5 ri(hz))a
@ Ze $(m ® (M) © i(h))) @5 ri(h)a
Z@ (m®1i(h)) @p ri(h)a

= Z((M ®e)obop)(m®li(h)@pri(h)a

Y (i 0o (mepa).

Finally, (23) is equivalent to fao(t' xu') = 1) 0 . From Lemma 3.5, we have
that Y (m® h) = t/(h)(m ®p 1), and from Lemma 3.6 that ¢(m ®pa) ®p 1 =
u'(a[l])(m XpB CL[O}), hence

(o) (m®pa)=y(d(mp ag) @ ap))
= t'(ay)(o(m@p ag) @p 1)
= ((ag) o v'(ap)))(m @5 ajg))
= ((t"*u)(ap))(m @5 ap)
= (ﬁgg(tl * u’))(m KB a).
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4. THE LEFT-RIGHT CASE

Assume that H is projective as a k-module. Assume that A is a left faithfully
flat H-Galois extension of B, that is, A satisfies conditions (4) and (5) of
Theorem 1.1. A left A-linear map between left=right (A, H)-modules is called
rational if there exists a (unique) fjo ® fi; € aAHom(P, Q) ® H such that
p(f(p)) = fio)(pp)) ® Py fry- AHOM(P, @), the submodule of rational maps is
a right H-comodule and 4END(P)°P is a right H-comodule algebra.

Now take M € gM, and let E = 4END(A ®p M)°P. Then F = E°H =
AEndH(A ®@p M)°P = gEnd(M)°P. Let £y be the full subcategory of g M
with objects B® H and A ®p M.

THEOREM 4.1. With notation and assumptions as above, we have a duality
a: Cg— Eum.

Proof. Let (1) = M ® H and a(2) = A®p M. Below we present the
descriptions of the maps «a;; : Cg(i,j) — Dum(j,1) and their inverses @;;. All
the other verifications are similar to corresponding arguments in the proof of
Theorem 3.1 and are left to the reader. Observe that we have two natural
isomorphisms

61 : pHom(A®p M, M) — gHom™ (A ®p M, M @ H);
o : pHom(M ® H, M) — pEnd (M © H)
defined as follows:

61(¢)(a ®pm) = dplag) @ m) @ap ; 61(p) = (M @¢) 0 @;
52(0)(m @ h) = O(m ® h)) @ hg) ; 92(0) = (M ®¢) 0.
We have an isomorphism
a11: Cp(1,1) = Hom(H, E«°?) — zHom(M ® H, M),
given by the formulas
1®p ai(v)(m® h) =v(h)(1®@pm);
a11(0)(h)(a®@pm) =a®p O(m® h).

We then define 11 = ﬁg ] 6511-
The isomorphism

a2 : Cp(2,1) = Hom (H, E) — gHom®™ (M ® H,A®p M)
is given by the formulas
arp(t)(m@h) =t(h)(1®@pm) ; (@12(¥)(h))(a®pm) = ap(m & h).
We have an isomorphism
ao1: Cp(1,2) — pHom(A ®@p M, M),
given by the formulas

1 ®p ag1(u)(a ®p m) = u(ap)(ajg @ m);
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(621(8)(0))(a@pm) = ali(h) ©p ¢(ri(h) @5 m).

i
We then define 91 = 61 ] 0~421.
Finally, the isomorphism

Q99 CE(2,2) — BEIldH(A ®B M)
is given by the formulas
agg(w)(a KB m) = w(a[l])(a[o] XpB m);

(@22(k))(h)(a@pm) =Y al;(h)r(ri(h) @ m).

i

5. CLEFT EXTENSIONS

Recall that a right H-comodule algebra A is called cleft if there exists a
convolution invertible t € Hom® (H, A). This means precisely that 1 and 2
are isomorphic objects in C4.

There is a Structure Theorem for cleft extensions, see [6] or [9, Theorem
7.2.2]: cleft extensions are precisely the crossed product. We will present a
proof of this Theorem, based on the duality from Theorem 4.1. First let us
recall the precise definition of a crossed product, following [9, Sec. 7.1].

Let H be a Hopf algebra measuring an algebra B: this means that we
have a map w: H® B — B, w(h®b) = h-b such that h-1 = ¢(h)1 and
h-(bc) = (hy - b)(h(g) - c), for all h € H and b,c € B. Let 0 : H® H — B
be a map with convolution inverse o. A#,H is A#H with multiplication

(26) (0#h)(c#k) = b(hq) - c)o(h2) @ k) #hs)k2)-

The following result originates from [1, 6], see also [9, Lemma 7.1.2]. The
proof is straightforward.

PROPOSITION 5.1. With notation as above, B#,H is an associative algebra
with unit 141 if and only if the following conditions hold:

1) B is a twisted H-module, this means that 1-b=0b, for allb € B, and
(27) h(k-b) = o(hay ® k) ((h2)k@)) - )T (hE) ® ks),

forall h,k € H and b € B;

2) o is a normalized cocycle; this means that c(h ® 1) = o(1 ® h) = e(h)1
and
(28)  (hqy - o(kay ®la))o(he) @ ke)le) = o(ha) @ ka)o(heke) @ 1),

for oll hyk,l € H. Then B#,H 1is called a crossed product; it is an H-
comodule algebra, with coaction induced by the comultiplication on H.
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Now we present the Structure Theorem for cleft H-comodule algebras. But
first we make the following remark. Assume that t € Hom! (H, A) has convo-
lution inverse u. Then ¢(1)u(1) = u(1)#(1) = 1. Then ¢ = u(1)t € HomH, A)
has convolution inverse ut(1), and satisfies ¢/(1) = 1. So if A is cleft, then
there exists a convolution invertible ¢ € Hom! (H, A) taking the value 1 in 1.

THEOREM 5.2. Let H be a projective Hopf algebra, A a right H-comodule
algebra, and B = A . Then the following assertions are equivalent:
(1) A is cleft;
(2) A is isomorphic to a crossed product B#,H ;
(3) A is a faithfully flat left Hopf-Galois extension of B, and A is isomor-
phic to B® H as a left B-module and a right H-comodule.

Proof. (1) = (2). Theorem 4.1 holds under the assumption that A is an
H-Galois extension. However, if M € pM is such that 7}, is an isomorphism,
then we we still have the functor . This happens in the particular situation
where M = B. In this case E = 4END(A ®p B)°® = 4END(A)°? = A, and
F = EcoH — AcoH — B.

If A is cleft, then there exists a convolution invertible ¢t € Hom™ (H, F),
with ¢(1) = 1, and then ag2(t) : B® H — A®p B = A is an isomorphism
in pMH. We transport the multiplication on A to B ® H, and write B#,H
for A ® H with this multiplication. We can easily make this explicit: with
notation as in Theorem 4.1, let aq2(t) = v, u the convolution inverse of t,
ao1(u) = ¢ and ag;(u) = ¢. Using the formulas in the proof of Theorem 4.1,
we find

Y@ h)=0bt(h) ; ¢(a) = apulay)) : ¢la) = agulag)) @ ag-

Now we transport the multiplication:

(b#h)(c#tk) = @ (b(b#tk)p(c#k)) = p(bt(h)ct(k))
= bt(h(l))ct(k(l))U(h(Q)k(g)) ® h(g)k(3)
= bt(hq))cu(hz))t(h@))t (k) ulhake) @ hs)ks)
Now define
(29) w: H® B — B, wi(h®b)=t(hu)bu(hi)="h-b,
and
o: H® H — B, o(h®k) = t(h))t(kq))u(he)yke)).

Then the multiplication is given by formula (26). The unit of the multiplication
is (1) = u(1)#1 = 1#1. It is obvious that w; measures B and that o
is convolution invertible, with inverse o(h ® k) = t(ha)k))u(ke))u(h(g)).
Straightforward computations show that the conditions of Proposition 5.1 are
satisfied, so A is isomorphic to the crossed product B#,H.

(2) = (3). Consider a crossed product A = B#,H, as in Proposition 5.1.
Since H is projective, and therefore faithfully flat, as a k-module, A is faithfully
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flat as a left and right B-module. Now A®p A = (B® H)®p (B® H) =
B®H®H, and then it is easy to see that the canonical map can : BRH®H —
B ® H ® H is given by the formula

can(a @b k) = aa(h(l) & k(l)) & h(Q)k(Q) ® k(g).
can is bijective, with inverse
Can_l(a Rb®k)= aE(h(l)S(k(g)) & k‘(g)) & h(g)S(k‘(l)) & ]4:(4).

Then can’ is also bijective, and A is a faithfully flat left and right H-Galois
extension, clearly isomorphic to B ® H as a left B-module and a right H-
comodule.

(2) = (3). Since A is a faithfully flat left H-Galois extension, we can
apply Theorem 4.1. We have an isomorphism ¢ : B® H — A in gpMH,

and t = aj2(¢)) is then a convolution invertible element in Hom! (H, A). This
shows that A is cleft. O

REMARK 5.3. Let A = B#,H be a crossed product. From the formulas in
Theorem 4.1, we can explicitly compute t = a12(¢)) and u = &12(¢). First,
Y: B H — A= B#,H is the identity map, and then we see easily that
t(h) = 1#h. In the proof of (2) = (3), we constructed the inverse of the
canonical map, and from this we deduce that

Zli(h) ®ri(h) = (5(5(/1(2)) ® h(3))13#5(h(1))) ®B (13#/1(4))‘

Now we have that ¢ = (B®¢): A= B#,H — B, and then we see that
u(h) = 7(S(he)) ® he))1a#S(hay)-

Of course these formulas are well-known, see for example [9, Prop. 7.2.7].

If t € Hom" (H, A) is an algebra map, then ¢ is convolution invertible, with
convolution inverse t o S. Then the cocycle o constructed in the proof of
Theorem 5.2 is trivial, and (27) reduces to h - (k- b) = (hk), so that B is an
H-module algebra. Then A is isomorphic to the smash product B#H. This
proves (1) = (2) in the next theorem.

THEOREM b5.4. Let H be a projective Hopf algebra, A a right H-comodule
algebra, and B = A" . Then the following assertions are equivalent:

(1) there exists an algebra map t € Hom! (H, A);
(2) A is isomorphic to a smash product B#H .

Proof. (2) = (1). The map t constructed in Remark 5.3 is an algebra
map. O

Consider the space Q4 = {t € Hom! (H, A) | t is an algebra map}. We have
the following equivalence relation on Q4: t; ~ t9 if and only if there exists
b € U(B) such that bt (h) = ta(h)b, for all h € H. We denote Q4 = Q4/ ~.
With some extra assumptions, we can give a categorical and cohomological
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interpretation of Q4 and Q4. Throughout the rest of this Section, we will
assume that H is cocommutative, B is commutative and A is cleft. In this sit-
uation C4(2,2) = Hom(H, B). For a convolution invertible ¢ € Hom* (H, A),
we consider the map wy, see (29).

LEMMA 5.5. w; is independent of the choice of t, and makes B into a left
H-module algebra.

Proof. The second statement follows immediately from (28), taking into
account that B is commutative. Let t,to € Hom (H, A) be convolution in-
vertilble, with convolution inverses u and ug. Using the commutativity of B
again, we find

uo(h(1))t(h2))bu(hs))to(h)) = buo(h))t(he))ulhe))to(he) = b.
Then
wto(h®b) = to(h(1)>bUQ(h(2))
= to(h))uo(hz))t(hes))bu(hy)to(hes))uo(he))
= t(ha))bu(hp)) = wi(h @D).
O

Since B is a left H-module algebra, we can consider the Sweedler cohomol-

ogy groups H"(H, B) with values in B, see [12].

THEOREM 5.6. Assume that H is cocommutative, B is commutative and H
is cleft. Then we have the following subcategory Xa of C4. X4 has two objects
1 and 2, and

XA(lal) = Zl(HaB);
Xa(2,1) = Qu;
X4(2,2) = {wecHom(H,B)|woSeZ (H B)};

X4(1,2) = {toS|teQ}.

Proof. Recall that a convolution invertible v : H — B is a l-cocycle in
ZY(H,B) if v(hk) = (hqy - v(k))v(h)), for all h,k € H. A convolution
invertible w : H — B lies in X(2,2) if w(hk) = (S(k(1)) - w(h))w(h(y)), for
all h,k € H. Tt is well-known that X4(1,1) = Z'(H, B) and X4(2,2) are
groups. Take v € Z1(H, A), w =vo S € X4(2,2), t,t/ € Qq,u=toSu =
t'oS € X4(1,2).

1) t*uy € ZY(H, B): for all h,k € H, we have

(trxu)(hk) = t(ha))t(kq))ur(ke))u(he)
t(he1)) (t * wr) (k)u(ha))t(ha))u (b))
= (hqy - (Exu)(R))(t * u)(k).
2) vkt € Qy: forall h,k € H, we have

(vxt)(hk) = (hq)-v(ka)))v(he)t(hetke)
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t(hy)v(kay)u(hi))v(he))t(hayt(key)
= t(hay)ulh)v(he)t(huyv(ka)t(ke)
(B is commutative)

= (vxt)(h)(v=*t)(k).
3) txw € Qy: for all h,k € H, we have
(txw)(hk) = t(ha))t(ka))(S(ke)) - wlh))w(ks)
= t(ha))t(kqy)ulke))w(he))t(ke))wkes)
= (txw)(h)(t*w)(k).

4) We know from 1) that t x u; € Z'(H, B), hence (t*uj)oS = ux*t; €
Xa(2,2).

5) We know from 2) that vt € Q4, hence (v*t)oS =w*u e Xs(1,2).

6) We know from 3) that txw € Q4, hence (txw)oS = uxv € X4(1,2). O

Obviously X4 is a groupoid: every morphism in X4 is invertible. Assume
now that Q4 # (), and fix typ € Q4. Then the map F : Z'(H,B) — Qu,
F(v) = v tg is a bijection. The inverse is given by F~1(t) = t * ug, with
Uy = t() oS.

PROPOSITION 5.7. F sends equivalence classes in Z1(H, B) to equivalence

classes in Qa, and a similar property holds for F~1. Hence F induces a
bijection H'(H, B) — Q4.

Proof. For each invertible b € B, we have a l-cocycle f, : H — B,
fo(h) = (h-b)b='. Then BY(H,B) = {f, | b € U(B), and H'(H,B) =
ZY(H,B)/B'(H,B). First assume that v ~ vy in Z'(H,B). Then there
exist b € U(B) such that v = f, xv;. Let F(v) = t, F(v1) = t1, then
t=vxty= frxvy xtg= fp *t; and

t(h) = b (hqy - D)t (h()) = b~ "t (hy)bur (Bt (hs)) = b~ 1 (h)b,

for all h € H, so that t ~ t1. Conversely, if ¢ ~ t1, then there exists b € U(B)
such that t(h) = b='t1(h)b, for all h € H, and

(txuo)(h) = b t1(ha))buo(hizy) = b~ t1(h))bu(ho))t(hs))uo(hy)
= b (hy - b)(t1 * uo) (k) = (fo * t1 % ug)(h),

for all h € H, and then ¢ * ug is cohomologous to t1 * ug. ]

6. STABLE MODULES AND THE MILITARU-STEFAN LIFTING THEOREM

We return to the setting of Section 3: A is a right faithfully flat H-Galois
extension, B is the subalgebra of coinvariants, and M is a right B-module.
Recall from [11] that M is called H-stable if M ® H and M ®p A are iso-
morphic as right B-modules and right H-comodules. From Theorem 3.1, we
immediately obtain the following result, originally due to Schneider [11] in the
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case where H is finitely generated and projective, and to Militaru and Stefan,
[8, Lemma 3.2] in the general case.

PROPOSITION 6.1. M € Mp is H-stable if and only if E = END4(M®BA)
is cleft, that is, there exists an H-colinear convolution invertible t : H — E.

As we have seen in Section 5, an H-colinear algebra map is convolution
invertible. Militaru and Stefan proved that the existence of an H-colinear
algebra map ¢t : H — FE is equivalent to the existence of an associative
action of A and M extending the right B-action. This can also be derived
from Theorem 3.1, which is what we will now discuss. We fix the following
notation: ¢ : M ®p A — A is a right B-linear map, ¢ = §1(¢), Blg(qﬁ) =/,
t =wuoS = da(¢p). We also write ¢(m ®p a) = m - a. From Lemma 3.6, we
recall the following formulas (see (12-14):

(30) m-a®pl = u'(ap)(m @5 aj);
(31) t(h)(m®@pa) = Z d(m @pl;(h)) @p ri(h) = Z m - 1;(h) @p ri(h).

We then immediately have the following result:

PROPOSITION 6.2. With notation as above, the following assertions are
equivalent:

(1) (1) = 1;
(2) W(1)=1;
3) m-1=1.
Proof. (1) = (2) is obvious. (2) = (3) follows immediately from (30),
and (3) = (1) follows from (31). O
ProprosITION 6.3. With notation as above, the following assertions are
equivalent:
(1) t is multiplicative;
(2) w is anti-multiplicative;
(3) the right A-action on M defined by ¢ is associative.

Proof. (1) = (2) is obvious.
(2) = (3). For all m € M and a,b € A, we have
(m-(ab) @51 & o/ (apbpy) (m @5 ajbyg))
= (o) o w/(ap) (m @5 agbyg))
ooy ) () m @5 ap0)b)
= u(bp)(m-a®@pbg = (m-a)-b.
(3) = (1). For all h,k € H, m € M and a € A, we have

thk)mopa) E S me1(hk) @ ri(hk)

%
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® > (LR (h) @ rj(h)ri(k)
4,J

— Z(m 1i(k)) - 1;(h) @p i (h)ri(k)
= Zt(h)(m li(k) ®p ri(k))
=" (t(h)ot(k))(m®pa).
]

Combining these results, we obtain the Militaru-Stefan lifting Theorem, see
[8, Theorem 2.3].

THEOREM 6.4. With notation as above, the following are equivalent:

(1) t is an algebra map;
(2) u is an anti-algebra map;
(3) ¢ makes M into a right B-module.

Now consider the set Ay consisting of all right B-linear maps ¢ : MQ@pA —
M defining a right A-module structure on M. It follows from Theorem 6.4
that G101 Apyr — Qp is a bijection. ¢1, g2 € Ay are called equivalent if the
resulting right A-modules M; and Ms are isomorphic. Let A be the quotient
set.

PROPOSITION 6.5. [8, Theorem 2.6] Let ¢1,¢2 € Ay, and t1 = &i2(h1),
to = &12(p2) the corresponding H -colinear algebra maps H — E. Then ¢1 ~
¢o if and only if t; ~ t. Consequently Qp = A classifies the isomorphism
classes of right A-module structures on M extending the right B-action on M.

Proof. Let M; = M with right A-action m-;a = ¢;(m®pa), and u, = t;05™!
Recall from Section 5 that t; ~ t9 if and only if there exists an invertbile
f € Endg(M) = E°°H such that

(32) ti(h)o (f ®p A) = (f ®p A) o ta(h),
or, equivalently,
(33) uy(h)o (f ®@p A) = (f @5 A) o uy(h),

¢1 ~ ¢o if and only if there exists an invertible f € Endpg(M) such that
fim-ga)= f(m) - a, for all m € M and a € A.
If t1 ~ t9 then

12
f(m 2 a)©p 1 E=§ (( ©5 A) 0 uhapy))(m ©5 ag
32
= (uilapy) o (f ®p A)(m @5 ag = f(m) 1a®p 1,
and it follows that ¢ ~ ¢o. Conversely, if ¢1 ~ ¢o, then

(f @5 A) o ta(h)(m @5 )2 3" F(m 2 1i(h)) @ 4(h)
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(33) Z f(m) -1li(h) ®@p ri(h) = (t1(h) o (f @B A))(m @B a),

and it follows that ¢t ~ to. O

If H is cocommutative, Endg(M) is commutative and Qp # (), then we
can apply Proposition 5.7, and we obtain a cohomological description of Qp,
namely Qp = Ay = H(H,Endg(M)). This result is one of the key arguments
in [2].

(1]

[9]
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