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LAGRANGE’S EQUILATERAL TRIANGULAR CONFIGURATION:
COMPUTATION AND ANALYSIS
OF THE RIEMANNIAN CURVATURES

MIHAIL BARBOSU

Abstract. In this paper we study the Riemannian curvatures for the triangular
equilateral configuration of Lagrange in the case of the planar three-body prob-
lem. The curvature tensor is computed using symbolic computation systems and
a result regarding the sign of sectional curvatures is proven.
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1. INTRODUCTION

The interest in computing the Riemannian curvatures for a conservative
dynamical system and its applications are given in [4], [5], [6], [16], [17], [18].
The main ideas are the following:

- For any fixed value of the constant of energy, h, the trajectories of a conser-
vative dynamical system are the geodesics of the n-dimensional configuration
space, M"™, provided with the Riemannian Maupertuis’ metric.

- Using the symbolic computation program Maple, we compute the Rie-
mannian curvatures for any point Q) of M™.

- A discussion on the sign of the Riemannian curvatures leads to conclu-
sions concerning the behavior (convergence/divergence) of geodesics and, cor-
respondingly, of the trajectories of the configuration space.

We applied this method in the study of the homothetic triangular configu-
rations of Lagrange.

2. THE MAUPERTUIS’ METRIC

From Jacobi’s form of Maupertuis’ Least Action Principle, we know (see
[1], [2], [3], [11], [16]) that for any fixed value of the constant of energy, h,
the trajectories of a conservative dynamical system are the geodesics of the
configuration space M, provided with the Riemannian Maupertuis metric

(1) ds? = 2(U + h)ds3,

where ds? = 27°d#?, U is the force function (—U being the potential energy)
and T is the kinetic energy.
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In what follows we shall use Einstein’s summation convention, if not stated
otherwise. We note that we may also write ds% as:

(2) dsg = giy(q)dg'd¢’,

where g?j are the covariant components of the metric tensor of the space and
q=(q',¢% ¢, ...,q") the generalized co-ordinates.

3. COMPUTATION OF THE RIEMANN TENSOR AND RIEMANNIAN CURVATURES

Using the metric tensor (1), with Maple 12 we performed computations of
the Riemann tensor and Riemannian/sectional curvatures of the configuration
space. We passed through the following stages:

1) Computation of the Christoffel symbols of the second kind, Ffj:

1 g1 Oga  0gij
Ik = — gk J! L 29w
(3) W= 59 <8ql + 0¢0  Ogt

2) Computation of the Riemann tensor (or the covariant curvature tensor)

Ry
(4) Rijri = girRijp,
with

art.  ari
l () ik r 1l r 1l
Rige = 5f = 5ot + Tilsy =TT
3) Computation of the Riemannian curvatures (or sectional curvatures):

(95 - 9ik = Gy - gun) - 0 - 07 - ub 0!

(5) K(r) = K (u,v) = ,
where (u') and (v?) are respectively the components of two linear independent
vectors u and v of the tangent space TgM at Q € M. The vectors u,v
determine the 2-dimensional sectional plane, w. If (vy,v2,...,v,) is a basis
of the tangent space TgM, we define the “principal sectional curvatures” by
K;j = K(v;,vj), for i # j. Note that if the basis of TgM is orthonormal,
we have Kj; = R;j;;. We also remark that in the two dimensional case K ()
is the Gauss curvature of a surface spanned by a family of geodesics passing
through a same point.

The behavior of two close geodesics is related to the sign of the Riemann-
ian curvatures. A positive Riemannian curvature implies the convergence of
neighboring geodesics and a negative Riemannian curvature implies their di-
vergence (see [2], [4], [14], [15], [16]). As we saw, using Maupertuis’ metric, the
geodesics are the trajectories of the configuration space, so the convergence or
divergence of geodesics may be translated in terms of behavior of the trajec-
tories of the dynamical system in the configuration space. Complete proofs of
the above statements can be found in [5], [16], [19].
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4. THE PLANAR THREE BODY PROBLEM

Let us consider three points of masses mi, mo and ms moving in a plane
under the mutual Newtonian attraction.
In our study we used Jacobi’s co-ordinates, (11, ¢1, 2, p2) described below:

Y

1 *'

(G192 is the mass center of My and My;

rq is the distance My Mo;

1 is the angle between r; and Ox;

ro is the distance G1oMs;

(g is the angle between ry and Ozx.

With these co-ordinates, Maupertuis’ metric becomes:

(6) ds® = (U + h)[ (dr] + r7de]) + pa(dr + r§e3)]
with
o Ly = e _ ms(m +ma)

— > M2 = .
my +msa’ mi + mg + mg

Note that, comparing (6) with the general forms described by (1) and (2),
the coordinates are

=r, F=¢1, C=¢2, ¢'=nr

and the covariant components of Maupertuis’ metric in the configuration space
of the planar three-body problem are:

g1 =1 (U+h);  goa=mri(U +h);
(8) g33 = po(U + h);  gaa = por3(U + h)
gij = 0, for i # j.

The force function U reads as:

mimsa mims mams
(9) U= + + :
r1 13 T23
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where

(10) 7“%3 = (617“1)2 + r% + 2e17179 COS (P, ng, = (527“1)2 + 7“% — 297179 COS ¥

ma mia
EL=—"F"—", &= —F—, P=¢2—¥1.

mi + ms mi + m2
The kinetic energy, 7' is given by:
dry \? 5 (de 2 dro \? o [ dea 2
11 2T = — . -z 2 )
(11) ’“[(dt) AT dt 2\ "at
The configuration space of the planar three-body problem is a 4-dimensional
space; the vectors corresponding to the principal sectional 2-planes are:

1 1
v1 | —,0,0,0), wv2{0,——,0,0],
' <\/M1 ) ? ( 14/ M1 >
1
v3 (0,0, —, |, 0,0,0,
3< V2 > ( 24/ H2 )

where |lv;]| =1,i=1,...,4 and (v;,v;) =0, i # j.

Using the Maple 12, from (5) we obtained the six principal Riemannian
curvatures, K (v;,v;) = Kjj:

+ p2

(12)
[ ,0°U 92U 1
2uor2(U 4+ h
p2ry (U + )( 62+ 181 &p%)
AN o\ oU\” oU \?
—2p9rir3 (87“1> — 2por3 (8@) + parirs (%> + par? (M)
Ko = — i
” 4 prorir3 (U + h)3
[ 9*U 92U 1
ITQ(U+ h) <N28r% +M18r§) —
AN oU \? oU\? oU \?
oL —2porir3 (67“1> + par3 (3@1) — 2u17rir3 (%> + par? (3@2) ]
v 4 puorir3 (U + h)3
[ 92U oU 9*U !
2 h _
ri(U + )<M27'282 + par 2 Oy +M18302>
oU \ > U \? oU \ 2 oU \ 2
_ 2..2 _ 2 I 2 9 e B 2 ouv
o Lt et i (22 ()
14 —

A porir3(U + h)?

ou 02U , 02U |
2r3(U + h) (uzha -l-,uz8 5 + pary o 2>+

2 (P9 oz (20 ez (20N 4 e (2U
o L H2T1T3 o H2Ty don H17'17"2 Oy 1Ty s |
23

- dpaporir3(U + h)?
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2V < Hamrs SU + pars gz 2 + parire SU + p1ry ?)2 > + ]
4N1/~L2T1T2(U +h)?
i (o 2
L) () () (2

33U R

5. LAGRANGE’S EQUILATERAL SOLUTION FOR UNEQUAL MASSES

For the particular homothetic solution of Lagrange’s equilateral triangle
configuration, we consider m; > mg > ms3 (comparable masses), the gravita-
tion constant equal to 1 and 1 = r13 = 193 = r = r(t), t being the time and
r the common side of the equilateral triangle M;MsM;s. Taking into account
the shape of the triangle, we also have

3(m1+m rv/m? + mimso + m3
© = arctan —\[( ! 2) and 79 = \/ 1 1772 2,
mip — mg mi1 + mso
The elliptic trajectories of the three points have the same focus, O, the same

eccentricity e and the same period P, such that:

3/2 3/2 3/2
(13) P_a e g
1/2 1/2 1/2°
o Ul/ 712/ Ug/
where a; is the semi-major axis of M;
_ (m3 + mj + mamg)3/? Vo = (m3 + m3 + mims)3/>
V1 = M2 ; 2 = M2
2 2 3/2
mi + ms + mim
’03:( 1 2M2 ! 2) s M:m1—|—m2+m3.
The energy constant verifies:
1< V;
(]
=1
We have also:
|OM7,| =T-Qy,
v 11/3
with o = [sz} ,i=1,2,3.
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Analytical computation led us to the following estimation of r:
(15) Tmin <7 < Tmag,

with
(16)

3
M(1—e)? [Z mm?] M(1+e)?
i=1

2

3
E mia?
i=1

P2 = and r =
T myme + mamsg + mamy M mymg + mamg + mamy
We denote
(17) E=hr and \=mims+ moms+ msmy.

For the equilateral triangle, from U + h > 0, we get the condition:

(18) E+A>0.

THEOREM 5.1. For Lagrange’s triangular configuration of the planar three
body problem, there is always at least one negative principal sectional curva-
ture.

Proof. From (12), sectional curvatures were computed in the particular case
of Lagrange (11 = r13 = ro3). As a result of these computations, after simplify-
ing and factoring positive terms, we concluded that each principal Riemannian
curvature can be written as a product of a positive function and a function
Si:

(19) 57« = _[éfl(mlv m27m3) + gi(m17m27m3)]7

where S1,59,53,S54, 55 and Sg give respectively the signs of Ko, Ki3, K14,
K23, K24 and K34.
Specifically, we have:
For S;:
fi(ma,ma, m3) = 2(m1 + ma),

g1(m1,ma,m3) = 3mg(m3 + mimg + m3).
For Ss:
fa(my, mg, mg) = 7m%m3 + myimg(Tmy — 2mg) + 16m§’
+ 23mym3 + 23mimsg + 16mS3,
g2(m1,ma, m3) = 3(mamg + mimg + mimz)[m3ms

+ mimg(5my — 2ms) + mims + 4m3 + smyma + 4m3].
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For S3:

fa(mi,ma, mz) = (my + ma)[m3(1Tmy — 5mg) + 4mymams
+ m2(17mg — 5mg3) + 4m3 + 4m3),

g3(m1, ma, m3) = 3[mams(2ma — m3) + 2mym3ms(8my — ms)
+ 2mimams(8my — m3) + mims(6ma — ms) + 6mymams
+ 2mimg + 3mim3 + 6m3ims + 3mim3]

For Sy:

fa(mi,mo, m3) = (mq + mg)[l?’m%mg + 4dmimoms + 13m%m3
+ 4m3 + mq(2m2 — m2) +mi(2my — ma)],
ga(m1,ma, m3) = 3(3mam3 + 8mymim3 4+ Smimam3
+ 8mimam3 + 3mim3 + 4mimiyms
+ 2m2m3ms + 2mim3ams + 4mimoms
+ 2mym3 + 3mims + 2m3m3 + 3mim3 + 2mims).
For Ss:

f5(m1, ma, mg) = —[m%(Smg — m3) + m%(8m1 — m3>
+ m1m2(7m2 — 577’L3) + m1m2(7m1 — 5m3)],
g5(m1,ma, m3) = 3(mamgz + mims + myma)(mams + dmymams

+ mimg — 2m3 — mim3 — mimg — 2m3).
For Sg:

fe(m1,ma, m3) = 2(my + ma),

gﬁ(ml,mg,mg) = Smlmg(mg + mo + ml).

Let us analyze the sign of the above functions, S; (i =1,...,6). From (19),

& = —%, i=1,...,6, therefore S; < 0 & € > & fori=1,...,6. As for
i

the condition (18), we have & > A, & >, {3 > A, & > A, while the condition
(my > mg > mg3) does not imply &4 > A, §g > A. Furthermore, if & < & < &,
then Sy < 0 and S5 > 0. Additionally, if & > &, = max{&1,&2,&3,&4, &6} and
&€ [&m, &) NN oof then S; <0,i=1,...,6.

Consequently, we have proved that there will always be at least one S; < 0.
Thus, there is at least one negative principal Riemannian curvature. U

The interest of studying the signs of sectional curvatures is justified by the
connection between the signs of the curvatures and the stability of trajectories,
which will be the subject of a future work.
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