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DIFFERENCES OF WEIGHTED COMPOSITION OPERATORS
BETWEEN WEIGHTED BERGMAN SPACES AND WEIGHTED
BANACH SPACES OF HOLOMORPHIC FUNCTIONS
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Abstract. We give a characterization for the essential norm of differences of
weighted composition operators acting between weighted Bergman spaces and
weighted Banach spaces of analytic functions with sup-norms.
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1. INTRODUCTION

Let ¢1,¢2 : D — D be analytic mappings, where D is the open unit disk
in the complex plane. Through composition each such map induces a linear
composition operator Cy, (f) = fop1 resp. Cy,(f) = fopa acting on the space
H (D) of all holomorphic functions on D. Let now 1,9 : D — C be analytic
mappings. We want to study differences of weighted composition operators
(V1Cp, — 2Cs,)(f) = ¥1(f 0 ¢1) — 2(f © P2).

Next, let us describe the setting in which these differences operate. Let
v and w be strictly positive bounded continuous functions (weights) on D.
We are interested in differences 91 Cy, — 12Cy, acting between the weighted
Bergman space

Auy={F € HD): [flop = ( IRERE dA(z)) " <o} 1<p< 0,

where dA(z) is the area measure on D normalized so that area of D is 1 and
the weighted Banach space of holomorphic functions (weighted Bergman space
of infinite order)

Hy ={f € HD); |[fllw := jlelgw(Z)!f(Z)l < 0o}

These spaces appear in the study of growth conditions of analytic functions
and have been studied in various articles, see e.g. [14], [15], [1], [10], [11], [2].
Concerning general information on Bergman spaces we refer the reader to the
monographs [5] and [7].

Recently, Nieminen [12] characterized compactness of 11 Cy, —102C4, acting
on weighted Banach spaces of holomorphic functions generated by standard
weights.
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In [9] his results were generalized to more general weights and an expression
(up to equivalence) was given for the essential norm. In this article we want
to study the essential norm of differences of weighted composition operators
in the setting described above.

2. PRELIMINARIES

For notation and general information on composition operators we refer the
reader to the monographs [3] and [13]. By Bg® we denote the closed unit ball
of the space H’.

The formulation of many results on weighted spaces of analytic functions
and on operators between them requires the so-called associated weights (see
[2]). For a weight w the associated weight w is defined as follows

. 1
&)= @k Fe By

The associated weights have the following properties (see [2]):

(1) w is continuous and subharmonic,
(2) w>w>0,
(3) for every z € D there is f, € B with |f,(2)] = =

@(2)"
In order to handle differences of weighted composition operators we need
some geometric data of the open unit disk as well as of the involved weights.
First, recall that the pseudohyperbolic metric p(z, a) for z,a € D is defined

Z—a

by p(z,a) = [p-(a)|, where ¢.(a) = {==-. Furthermore we use the fact that

1—|af?
Pal(2) = m,
We denote by A ~ B that A/B is bounded from above and below by two
positive constants.

We are interested in radial weights w such that the following condition
(which is due to Lusky [11]) holds

zeD.

w(l —27F 1)
w(l —27F)

By Lusky [11] we know that each of the following weights has condition
(L1)

(L1) inf > 0.

vp(z) = (1—1z])!, 0<p < oo, the standard weights,
wi(z) = (1—-log(l—|z]))™", B>0,
wy(z) = (1—|z])P(1 —log(1—|z]))™®, 0<p<ooandf>0.

For radial weights v satisfying (L1), we have that v and ¢ are equivalent. For
example if v(z) = 1/maxy—; [f(Az)| is a weight for some f € H(D), then
0 = v (see [2]). From this we see that v, = 0, and w; = w;.
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Let v be a radial weight on D which is continuously differentiable with
respect to |z|. Then it is known (see [4], [11], [6]) that Lusky’s condition (L1)
is equivalent to each of the following three conditions:

(A) there are 0 < r < 1 and 1 < C' < oo with Eg < C for all p,z € D with

p(p;

z) <
(U) there is @ > 0 such that % is increasing near the boundary of D,
)

(B SUPr¢o,1 4(1_2)(7‘,}))/(”' < 0.

3. RESULTS

In the sequel we consider the following weights. Let v be a holomor-
phic function on D, non-vanishing, strictly positive on [0,1] and satisfying
lim, 1 v(r) = 0. Then we define the weight v as follows v(z) = v(|z|?) for
every z € D.

Next, we give some illustrating examples of weights of this type:

(i) Consider v(z) = (1 — 2)%, o > 1. Then the corresponding weight is
the so-called standard weight v(z) = (1 — |z]?)°.
1
(ii) Select v(z) = ¢ =27, a > 1. Then we obtain the weight v(z) =
1
e (-[z1H)e
(iii) Choose v(z) = sin(l — z) and the corresponding weight is given by
v(z) = sin(1 — |z]?).
For a fixed point a € D we introduce a function v,(z) := v(az) for every
z € D. Since v is holomorphic on D, so is the function v,. By [2] Corollary
1.6 we have v = v and hence v is subharmonic.
We stated the following lemma already in [17], but for the sake of complete-
ness we want to repeat the proof of it here.

LEMMA 1. Let v be a radial weight as defined in the previous section (i.e.

v(z) = v(|2]?) for every z € D) such that

o()va(pa(2))] N
D S paz) =

Then there is C' > 0 such that

forallze D, feA,,.

Proof. Let a € D be an arbitrary point. Consider the map

2

To: Avp — Avp Talf(2) = F(0a(2))P0(2) 7 Valpa(2))7.
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Then a change of variables yields

[P /Dv(z)\f(wa(Z))V’!%(Z)\lea(%(Z))dA(z)

0(2)|va(@al2)) ,

/ Dot f(u DIl Polpa(2) dAC)
< sup ”‘g’;fa ) / F(@al2))PI6h(2) Po(galz)) dA(2)
< c [ ol an = CsIE,

Now put g(z) = Ta(f(z)). By the mean-value property we obtain

v(0)lg(0)]" < /DU(Z)IQ(Z)\” dA(2) = llglly,p < CullFI17 -

Hence
v(0)|g(0)[" = v(0)|f(@)P(L — |af*)?v(a) < Cullf15,
1
Thus |f(a)] < CF — Hf”“’pg — <C ”fHE”'L . Since « was arbitrary,
vP (0)(1=|af?)PvP (a) (1=laf?)PvP (a)
the claim follows. O

LEMMA 2. Let v be a weight on D as defined in the previous section (i.e.
v(z) = v(|2|?) for every z € D) such that

sup sup P (2a(D)

< (Cy < 00.
a€D zeD v(goa(z))

Moreover we assume that v satisfies the Lusky condition (L1). There is a
constant M < oo such that if f € A, p, then

(1 |a]?)Pvr (@) f(a) — (1 — |q|) P07 (g) F(g)] < M]|f]]opp(arq)
for alla,q € D.

Proof. Since v and the standard Welghts have condition (A), there exist

2
0<r<1and1<M1<oosuchthatw<M1forallz§€D
vP (§)(1-[¢?)P
with p(z,&) < r. An application of Cauchy’s formula and of Lemma 1 yields

for z € D,
f(€)
d
/s—zu—znr (€ —2)? 5‘

_ Clifllop / ]
21r2(1 = [2)? Jie—slmqoior w3 (€)1 — |€2)

1
2

1F()l =
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Since p(§,z) < |1§_Z|‘ =r, we get

CM, 2n(1 —[z)r — |[fllvsp _ CM|[fllo.p

2mr? (L= D i) = |22)r (1= |sor (2)(1 = [22)r

Let h(z) := v%(z)(l - \z|2)5f(z), where v(z) = v(z - Z). The total differential

of h is given by dh = %dz + %d?. Then

Oh ;o1 14 2 _ 1, 2 2

- — . —p 1 — . p — p . — 1 — . P

o (2) (v (z z)zpv (2)(1—=z-2)r —zZvPr (2 z)p( z+Z) ) f(2)
+ vr(z-7)(1—2-2)7 f(2) and

LY (RS U S VAP E SN YOS AR

5(2) = <v (z z)zpv (z-2)(1—2-%2) zvr(z z)p(l z-Z) > f(2)

yield using Lemma 1

dh(z)] < <;rv’<|z|2>|vi1<z><1—|zr2>irf<z>|+ivi<z><1—|z|2>i1|f<z>|

+ wr(2)(1 - 2P| £ (2)])]de]

|'(2)]

2C |v'(|2)] ¢ 1 CMi | fllop
< [ fllo.p + [ fllop + ——n | 1d2]
(p Co(z) P =TT (2]
By condition (B) there is C; > 0 With
! 2
(12171 < & for all z € D.
v(2) 1 —! |
Moreover, 1_12‘2 = (1_|z‘)1(1+|z‘) < 1_‘z| for every z € D. Therefore
2C,C  4C CMl) | fllv,p
dh(z)] < + — =—|dz|.
< (56 +5 -1 ™

(1—lgl*)(A—]al?)

aq? — We have that 1— |z| ~

If p(a, q) < r, then by using 1—p(a, q)? =

1 — |a] for all z on the line between a and ¢ and that ‘1(1 |Z‘| ~ p(gq,a). Here

the constants only depend on r. By integration on both sides of the above
inequality we can find constants Cs, C3 > 0 with

ha) = b < Collfllopy—r

< Cslfloppl. @)

for all p(q,a) < r. If p(a,q) > r, then

¥ (@)1 — lal*)? £(@) — v7 (a)(1 — [a]?)7 £ (a)]
2max{v7 (q)(1 - g2)7]£(g)], v7 (a)(1 — |al*)7 |f(a)]}
< 200l < 22N flopola, )

1
q—
al

S

IN

A
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and the claim follows. ]

For weights of another form the following theorem was stated in [16]. There
we obtained the same conditions.

THEOREM 1. Let w be a radial weight and v be a radial weight as de-
fined in the previous section (i.e. v(z) := v(|z|?) for every z € D) such that
SUP,cp SUP.ep W < Oy < 00. In addition we assume that v satisfies
condition (L1). Moreoverlet ¢ : D — D and ) : D — C be analytic mappings.
Then the weighted composition operator YCy : A, — HpY is bounded if and
only if

w(2)|P(z)]

sup < 00

b (1 |§(2)[2) 707 (6(2))

Proof. By [2] we know that under the given assumptions v and ¢ are equiv-
alent. First suppose that

M,y = sup w2y < 00.
2€D (1 — |¢(2)]2)rv(9(2))

[
RS

By Lemma 1 we know

Cllfllv,p
(1~ [2]2)7 05 (2)
for every z € D and every f € A, ;. Thus, for z € D, we get

[WCofl = supu(l(z)1f(@()
. Cu()l(2)

sup

€D 7 (§(2))(1 — |$(2)|?) 7

For the converse let a € D be arbitrary. There exists f§ € B such that
2

|fa(a)P = ﬂ(la). Now put ¢o(z) := fa(2)¢,(2)?. Then a change of variables

yields

lgal2, = / 9a(2)Po(2) dA(2 / (P (2)P0(z) dA()
< supv(2)|fulz \p/m )2 dA(2) /m )2 dA(z) = /dA<t>=

z€D

[F(2)] <

Next, we assume that there is a sequence (2, )nen C D such that |¢(z,)] — 1

and
9 (2n)[w(2n)
(6(2n)) (1 = |B(2n)[?)

>n

3 =
BN

v

for every n € N.
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Thus consider now g, (z) = gg(.,)(2) for every n € N as defined above.
Then we obtain that (g,), lies in the closed unit ball of A, , and
w(zn)|¢(zn)|
¢ 2 w(zn)[Y(2n)llgn(d(zn))| = — Sz
07 (¢(20)) (1 — |p(zn)[?) 7
for every n € N, which is a contradiction. O

THEOREM 2. Let w be a radial weight and v be a radial weight as defined
in the previous section (i.e. v(z) := v(|z|?) for every z € D) such that

s sy L (2a(2))
acD zeD U((Pa(z))
Moreover, we assume that v satisfies the Lusky condition (L1). Let 11,19 €
If ¢1,¢2 : D — D are analytic maps such that max{||¢1||ec, ||P2]lcc} = 1
and P1Cy,,2Cy, + Ay — HyY are bounded, then the essential norm

[11C, — 1h2C, e
s equivalent to the mazximum of the following expressions:

i) Hmsup)y, (y_ w(z)|91(2)] p(e1(2), pa2(2)),
® @I T R 1) 4

i) limsupyg, ()| w(z)[P2(2)| d1(2), P2(2)),
E>) = T tontard PP #2(2))
111

B SUP i, (2)), | (2)]3—1 W(2)

< (C, < 0.

. $1(2) ;- P2(2) .
vP (¢1(2))(1-[81(2)2)P  vP(¢2(2))(1—-|2(2)[*)P
Proof. We first prove the lower estimate of the essential norm.

(i) We can find a sequence (zy,), € D with |¢1(z,)| — 1 such that

le — |wl(2n)|w(zn) gp(él(zn)y(éQ(zn))
TP (01(20)) (1 — [d1(2n)?)7
= limsup w2l (z)] >0(01(2), P2(2)).

61211 55 (¢1(2)) (1 — |¢1.(2)[2)7

Since |¢1(z,)| — 1, by going to a subsequence if necessary, we can use the
proof of Theorem 3.1 in [8] to find functions (gy), € H* such that

(o.9]
Z lgn(2)| <1 forall ze€ D,
n=1

and |gn(¢1(2n))| > 1—(3)" for every n. Hence limy, |gn(¢1(2,))| = 1. For every

n there is f} in BS° such that f5(¢1(z,)) = m Put

ha(2) 1= n(2) (o) (D) (5 (2)7 Ful2)
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for every z € D and every n € N. Then a change of variables yields

Ihal, /|h Pu(z) dA(2)
- /D P16l o) () PLPn(en (2 Pln(2) Polz) dA(2)

< sup 0 Fu (DI D 25, () 50 ()P [ [,y (A dAC)
zeD z€D zeD D

- /D dA(t) =

Thus, hy, € Ayp with [|hy||vp < 1, and the map (§g)k — D x Ekhi is a well-
defined, bounded operator from ¢y into A, ,. Since the standard basis (ey)y
for ¢ tends weakly to zero, this implies that so does (hy,)y.

Now let K : A, , — H’ be a compact operator. Then

lim ||Khy||w = 0.
n—oo
For each n,

101Cs, = $2Co, — K[ 2 [[($1Cs; = $2C0,)hnllw — [[ K hn|w,

and thus we conclude that

lecﬁbl - w2c¢2 - KH > limsup le (hn © (bl) - wQ(hn o ¢2)Hw
> lim Supw(zn)Wl (Zn)hn(¢1 (Zn)) - ¢2(2n)hn(¢2(2n))‘

n

= lim sup w(2n)[¥1(2n)] - [gn (1 (20))] - [Pps(20) (B1(20)) fr(P1(2n))]

n

Ny oy (S1.(z0))] 7

=lim sup — w(zn)l¥r(zn) 5 P(2(2n), #1(2n)),

m 07 (d1(2n)) (1 — [d1(2n)[)?

and we obtain the claim.
(ii) follows analogously.
(iii) Let (2zp)n be a sequence with |¢1(z,)| — 1 and |p2(2,)| — 1 such that

(1 (Zn) _ ¢2(Zn)

5 (61 (2)) (1= [$1(20)[2)7 57 (d2(2)) (1 — |a(20)[?)
1im SUPmin {|g, (2)],|¢2(2) [} —1

lim w(zy,)
n—oo

SRS
’EM—‘
SIS

w(z) | = Y1(2) S ¥a(2) ny
v (¢1(2))(1 = [d1(2)P) 7 07 (P2(2))(1 = |p2(2)[?)7
If p(¢1(2n), P2(2n)) — 0 # 0 when |¢1(2,)| — 1 and [¢2(2,)| — 1, then (iii)
follows from (i) and (ii). Therefore we can assume that p(¢1(zn), ¢2(2n)) — 0
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if [¢1(zn)| — 1 and |¢2(z,)| — 1. Proceeding by choosing (f)n, and (g, )y as
above we set

hn(2) := gn(2) fn(2) 0, (2, (2)-

Then hy, € Ayp, ||hnllvp < 1, and h, — 0 weakly in A,,. Take a compact
operator K : A,, — H;°. Hence lim, ||Khy|/, = 0. By assumption ¢»Cy, is
bounded, hence by Theorem 1 we can find a constant M7 > 0 such that

w(z)[Ya(2)|

sup < M;.

2D v (¢a(2)) (1 — |pa(2)]?) 7

Thus, an application of Lemma 2 and the assumption ¢ = v yield

lecflﬁ - ¢20¢2 - KH
> limnsup w(zn) |01 (2n) hn(D1(2n)) — Y2(2n) hn(d2(2n))|

=lim SUP w(2n)|[P1(2n) fr(01(20)) gn (1 (zn))So;jl(zn)) (¢1(2n))

—dﬁz(Zn)fn(cf)z(Zn))gn(@(zn))%l (2n)) (D2(20))]
Y1(2n)gn(@1(2n)) _ Y2(2n)gn(P1(2n))

> lim sup w(zy)

n 57 (61(20)) (1 [@1(20)[2)7 57 (d2(2n)) (1 — |2 (20)[2)7
— limsup w(zn )| — Y2(zn)gn(¢1(zn)) 3

n 7 (d2(20)) (1 — |@2(20)[2)
—2(20) fa(D2(20))9n (D2(20)) 2l (20 (D2(z0))]
zlimsup\ i w( n)wl(zn) S w(zn)¢2(2n) _

n i (Ga(2n)) (1= 61(2n)[2)7 57 (da(zn))(1 — da(zn)[2)7
|gn(¢1(zn))|
—limsup w(zn)|w2(zn)|

SN

55 (da(2n)) (1 — [da(zn))2)
157 (61 (20)) (1 = [61(20)2) 7 (1 (2)
)

— 57 (02(20)) (1 = |@2(20))[2) P o (62(20))]
=limsupw(z,) |— Y1(zn) T — 3 V2(zn) 5|
n 57 (01(20)) (1 — [@1(20)[2)7 57 (d2(2n)) (1 — |2 (20)[2)7

which proves the claim.

We now prove the upper estimate. Take the sequence of linear operators
Cy:H(D)— H(D), k € N, defined by Cif(z) = f(k-krl ), that are continuous
for the compact open topology and Cyf — f uniformly on every compact
subset of D and the operators C}, : A, ), — A, ) are well-defined and compact
with [|Ck]| < 1.
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For fixed k € N we have, |[11Cy, —102C4p,||le < ||(¢¥1Cy, —102Cy,)(Id—Cy)]|.
Fix f € Ay p with || f|],p < 1andr € (0,1). Put g := (Id—C%)f,s0 gx € Ay
and ||gk||vp < 2. Then

[1%1Cs, — 12C0, |l < Hfﬁup<1 [(¥1Cs, — ¥2Cp,) gkl w
v,p>

< sup sup  w(2)[Y1(2)gr(P1(2)) — Y2(2)gr(@2(2))|
[1f1lv,p<1{z;|$1(2)|>r}

+ sup sup  w(z)[Y1(2)gk(01(2)) — 2(2)gk(92(2))]
[1f1lo,p<T{25]d2(2)[>7}

+ sup sup w(2)|v1(2)gr(01(2)) — Ya(2)gr(d2(2))]
[1£1lo,p<1 {25101 (2)|<m,|@2(2)| <r}

::Ik,r + Jk,r + Lk,r-

To estimate the first term Iy ., for z € D with |¢1(2)| > r we use Lemma 2 to
get
w(2)[$1(2)gk(01(2)) — a(2)gk(P2(2))]
w(z)¢1(z) __ w(z)ta(2)
0 (¢1(2))(1 = [o1(2)P)r 07 (2(2))(1 — |¢2(2) )
07 (¢2(2))(1 — [62(2) *) 7 gr(2(2))]

*u\»—‘
SR

PO 0]
5 (61(2))(1 = [61(2) )7
57 (61(2))(1 = |61(2)[2) 7 gi(61(2)) — 57 (da(2))(1 = |2(2)]?) 7 g (62(2))
<|— w(2)Y1(2) : w(z)Y2(2) ;
57 (61(2))(1 = ¢ (2) 2 >p 7 (¢2(2)) (1 = |6a(2)[2) 7
55 (62(2)) (1 — [62(2)2) 7 g(2(2))]
ron——ENEL 0 (e,

’U\'—'

57 (61(2))(1 — |61 (2)[2)

Analogously we can estimate the term Jj .

The sequence of operators (Id — Cy )y, satisfies limy(/d — Cy)g = 0 for each
g in H(D), and the space H(D) endowed with the compact open topology co
is a Fréchet space. By the Banach-Steinhaus theorem, (Id — C})i converges
to zero uniformly on the compact subsets of (H (D), co). Since the closed unit
ball of A, , is a compact subset of (H (D), co) we conclude that

lim sup sup [(({/d— Cy)f)(§)] =0.
k1 f 1o p<1 l€l<r
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If |¢2(2)] < 7 in the term Iy ,, then by boundedness of 1)1Cy, and 12Cl4,,
we conclude that

lim lim sup I, < 2M lim sup — w61 (2), ().
r— k

#1(2)[=1 07 (41(2)) (1 — |p1(2)[?)7

In the case |¢p2(z)| > r, we have that

lim lim sup Iy, ,»

7"—)1 k
<2 lim sup w(2)
min{|¢1(2)|,|$2(2)|}—1

bi(2) ) Ua(2)
or (d1(2))(1 = [¢1(2)[2)r 07 (d2(2))(1 — [¢2(2)[?)?
+2M lim sup — w(z)l¥1(2)] 30(91(2), $2(2)).
#1)=1 07 (¢1(2)) (1 — [¢1(2)[?)

Analogously we consider the cases |¢1(z)| < 7 and |¢1(z)| > r in the term
-

Since 1,2 € Hy°, we have that lim,_,q limsupy Ly, = 0, and the state-
ment follows. 0
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