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THE FARTHEST POINT PROBLEM IN NON-ARCHIMEDEAN
NORMED SPACES

MOHAMMAD SAL MOSLEHIAN, ASSADOLLAH NIKNAM and SEDDIGHEH
SHADKAM

Abstract. We study the farthest point mapping in non-Archimedean normed
spaces. We prove that a uniquely remotal subset M in a non-Archimedean
normed space X is singleton if for some Chebyshev center ¢ and some |a| < 1
the equality ¢,, (ac+ (1 —a)q,,(c)) = ¢,, (c) holds. We show that M is singleton

if and only if ||z — g, (z)l| = lly — ¢\ (y)|| implies that g, (x) = g, (y). We
also prove that if X,Y are non-Archimedean normed spaces and Z = X X Y is
equipped with the norm ||(z,y)|| = max{|z|, |y|}, then all uniquely remotal sets

in (Z,].]|) are singletons.
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1. INTRODUCTION

A non-Archimedean field is a field K equipped with a function (valuation)
|.| from K into [0, 00) such that for each r, s € K the following relations hold
Irs| = |r|ls|, |r + s| < max{|r|,|s|}, and |r| = 0 if and only if r = 0. An
example of a non-Archimedean valuation is the mapping |.| taking everything
but 0 into 1 and |0] = 0. This valuation is called trivial.

In 1897 Hensel [3] discovered the p-adic numbers as a number theoretical
analogue of power series in complex analysis. Fix a prime number p. For any
nonzero rational number x, there exists a number integer n, € Z such that
r = ¢p"*, where a and b are integers not divisible by p. Then |z|, := p~"=
defines a non-Archimedean norm on Q. The completion of Q with respect
to the metric d(z,y) = || — y||p is denoted by @Q, which is called the p-adic
number field; see [9]. During the last three decades p-adic numbers have gained
the interest of physicists for their research in particular in problems coming
from quantum physics, p-adic strings and superstrings (cf. [4]).

Now let X be a vector space over a scalar field K with a non-Archimedean
valuation |.|. A function ||.|| : X — [0,00) is said to be a non-Archimedean
norm if it satisfies the following conditions:

(i) ||z|| = 0 if and only if x = 0,

(i) e = [rlfle]l (7 € K,z € X),

(iii) the strong triangle inequality ||z + y|| < max{||z[, |y||} (z,y € X).
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Then (X, |.||) is called a non-Archimedean normed space. Throughout the
paper we assume that X is a non-Archimedean normed space over a non-
Archimedean filed K satisfying

(1.1) 1X0 = {ll=ll : 2 € X} = {[r] : 7 € K7},

see [6L [7]. Let X be a real normed space and M be a non-empty bounded
subset of X. The mapping Qur: X — 2M defined by

Qu(z) = {qy(x) € M : [lz — g, (z)[| = supllz —¢][}
teM

is called the farthest point mapping of M. We call M a remotal (uniquely
remotal) set if for each x € X the set Qpr(x) is not empty (is singleton). A
Chebyshev center of M in X is an element ¢ in X satisfying

r(M) = sup|lc — t|| = inf sup||z —¢t|.
teM r€XteM

In fact, r(M), the so-called Chebyshev radius of M, is the smallest ball in X
containing M. The space X is said to admit centers whenever any non-empty
bounded subset of X has at least one center; see [5].

We study the farthest point mapping in a non-Archimedean normed spaces.
Using the strategies of [1], 2], 8], we prove that a uniquely remotal subset M in
a non-Archimedean normed space X is singleton if for some Chebyshev center
¢ and some || < 1 the equality

Ay (e +(1— a)qu (c) = Ay (c)

holds. We show that M is singleton if and only if |z — ¢, (z)|| = |y —
q,,(y)|l implies that ¢,,(z) = ¢,,(y). We also prove that if X,Y are non-
Archimedean normed spaces and Z = X X Y is equipped with the norm
I(z,y)|| = max{||z]|, ||y||}, then all uniquely remotal sets in (Z, ||.||) are single-
tons.

2. THE MAIN RESULTS

LEMMA 2.1. Let X be a non-Archimedean normed space and let M be a
remotal subset of X. If o] > 1 then q,,(cx + (1 — a)q,,(z)) = q,, (x).

Proof. Let t € M. Then

HO&.%' + (1 - a)qu (I’) - t” = HQM (:B) —t+ O‘('r — Ay (.%'))H
< max{l|g,, (z) — ], [la(z — g5, ())]1}-

It [lgy, () = t]] < [la(z = gy, (2))]; then

lez + (1 = a)g, () =t < [la(z = g, ()] = [lex + (1 = a)g,, () = g, (2)]].
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If la(z — q,, ()] < lla, (z) — ]|, then
lax + (1= a)g, (x) =t < gy (x) -1

= |lay (@) -z +z -1
< max{[lz — ||, |z — g, (2)[[}
= |z —qy (@)
< ol flz = g, (@)
= |laz+ (1= a)q,, (z) — g, (@)].

Hence q,,(az + (1 — a)q,,(x)) = q,, (). O

LEMMA 2.2. Let X be a non-Archimedean normed space and let M be a
remotal subset of X. If ¢ is a Chebyshev center and if for |a| < 1 the equality
q, (ac+ (1 —a)q,,(c) = q,,(c) holds, then M is singleton .

Proof. We know that

le=ay (@ = inf llo g, ()]

< HCVC + (1 - a)qM(C) — 4y (OéC + (1 - a)qM (C))H
= llac+ (1 = a)g,(c) = ¢, (@]
lac(e = a5, ()l
= lallle =gy (9.
If ¢ # q,,(c), then 1 < |a], a contradiction. So ¢ = g,,(c). Thus

sup [le — ¢ =0,
teM

whence M = {c}. O
THEOREM 2.3. If ¢ is a Chebyshev center in a non-Archimedean normed

space X and there exist x,a such that |a] > 1 and ax + (1 — a)q,,(x) = ¢,
then M is singleton.

Proof. By Lemma qy (@) = q,(azx + (1 — a)g,,(z)) = q,,(c). Since
1] < 1, we have

i (et 0= D) = ay (Sl (1= aday (@) + (-

(%

1

D)
= 4, (%) = q,(0).

It follows from Lemma [2.2] that M is singleton. O

ExXAMPLE 2.4. Let X be the field of rational numbers endowed with the
2-adic valuation. If M = {1} we have the following cases:

Case (i) z = 2™2, where m > 1 and (p,2) = (¢,2) = 1. Since p- 2mtl g
is an odd integer, we conclude that

omP _ 1
q 2

p_2m+1_q

2 2q

2
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Case (ii) = 272, where m > 1 and (p,2) = (¢,2) = 1. Since p—q-(2m71)
is an odd integer, we have that

P 1 2m—1

2mq 2

_ )p —q
2 2mq
Case (i) x = 2% where (p,2) = (¢,2) = 1. Since p — ¢ is an even integer,
we have that

=2,

2

p 1

2g 2

_ ‘p—q
> | 2

Case (iv) =z = g where (p,2) = (¢,2) = 1. Since 2p — ¢ is an odd integer,
we have that

=0 or 2" for some r < 0.
2

p_1 _ ‘21? —4
qa 2 2q
Hence x = % is a Chebyshev center.
It is clear that Theorem holds for ¢ = % with x = % and o = %. Note

that o] =4 > 1 and q,,(z) = 4.

=2
2

THEOREM 2.5. Let M be a uniquely remotal set of a mon-Archimedean
normed space X. Then M is singleton if and only if ||z —q,, (z)|| = |ly—q,, ()]l
implies q,,(v) = q,,(y) for every z,y € X.

Proof. If M is singleton then q,,(z) = q,,(y), for every =,y € X, therefore
lz—q,, ()| = lly —q,, W] = q,,(x) = q,,(y). Now suppose that the implica-
tion ||z —q,, ()| = llyv—q,, (W] = 9, () = q,,(y) holds. We will show that M
is singleton. If M is not singleton, there exist z,y such that q,,(x) # q,,(v),

thus ||z —q,, (2)[| # ly — q,, (y)[|. We assume that ||z —q,, (2)[| < ly — g, (¥)]|-
Let £k € K such that

’k’ — Hy_QM(y)” > 1.
[ — g, (@)
This follows easily from (1.1)) and the multiplicative property of |.| on K.
If 2 = q,,(#) +k(x — q,, (%)) then [[z—q,, (2)[| = [k] |z — g\, (2)[| = [ly—a,, W)
Also,
21) ly=au Wl = llz—ay @) < lz2—a, (2)[| < max{||z—z|, [z —q,, (2)]]}-
Since ||z — af| = [|(z — g, (#))(k = 1)|| = [k — 1] |lz — q,, ()| and [k — 1] <
max{[k], [1]} = [K], we get
22)  llz—zl=k=1lz —qy @) < [kl |z — qy @) = lly — a,, W)]-
If ||z — z|| < ||z — ¢q,,(2)], then inequality (2.1)) yields
ly = @ Wl = llz = ap, (@) < N2 = 4y (D) < llz = q,, (2)]]
<z —aq (@) < lly — gy, W)l
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a contradiction. Hence ||z — z| > ||z — ¢q,,(#)||- Now inequalities (2.1)) and
£2) yield
(2.3) 1y — g Wl = Iz = 4y ()| = |z = gy, ()],

whence ¢,,(y) = q,,(x) = q,,(2) (in fact the first equality of (2.3) implies
4y (y) = q,,(2), and the second equality of (2.3)) and the assumption that M
is uniquely remotal imply that g,,(z) = q,,(2)). O

The following lemma can be proved in a straightforward way and we omit

its proof.

LEMMA 2.6. Let (X,|.]), (Y,|.]) be arbitrary non-Archimedean normed
spaces. Then Z = X xY, endowed with the norm ||(z,y)| = max{||z|, ||y|},
s also a non-Archimedean normed space over the non-Archimedean field K.

LEMMA 2.7. Let Z = X XY and ) # M C Z be a uniquely remotal bounded
set. [fpl')pQ S Z; Di = (%:Z/z) (Z - 172)7 qM<pZ) =z = (a/i7bi) (7' - 172)7
C1 = llpr — ay (POl = llz1 — axl and Cy = [lp2 — 45, (p2)|| = [ly2 — b2, then
Z1 = Z9.

Proof. Assume Cy > Cy, and set A = % Let k € K be such that k| = A >
1. We set

p3 = (23,y3) = kp2 + (1 — k)22,
thus
(2.4) Ip3 — 22|l = llk(p2 — 22)I| = [K[ [l(p2 — 22)|| = Ch
and
Ips = p2ll = [|(1 = k) (p2 — 22)[| = [1 — k| [|p2 — 2|
< max{[k|, 1} [[p2 — 2|l = [k [[p2 — 22|l = C1.
It follows that

Ip3 — a5 (p3)ll < max{|lps — pall, [Ip2 — 4, (p3) I}
< max{[|ps — pzl|, [[p2 — ¢, (p2) ||}
(2.5) < max{C},Cy} = Ci.
Then and yield g,,(p3) = 2z2. In view of
ps = (kxa + (1 — k)ag, ky2 + (1 — k)b2)

we have that

C1 = |lps — 22| = [[k(p2 — 22)|| = max{||k(z2 — a2)||, [|[k(y2 — b2)|}
= |kl max{[|ze — az|, [ly2 — b2} = [k [|y2 — bal| = [[ky2 — kb
= |lyz — ba2]|.

Set py = (x1,y3) and let w = (wy,w2) € M. Since

|21 — a1l = [lp1 — (P =sup{llpr — ]| : t = (w1, w2) € M}
= sup{max{”xl —wil|, [Jly1 —wal|}: t = (w1, ws) € M}
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and since |ys — wzl| < |lps — q,,(p3)|| = [lps — 22/| = [lys — bz||, we have
P4 — wll = max{[|z1 — w1, lys — w2}
< max{||z1 — a1, |lys — b2||} = max{C1,C1} = C4.

But

P4 — z1]] = max{[[z1 — a1l [lys — b} = [lo1 — aa]| = C4
and

P4 — 22| = max{[[z1 — az||, lys — b2} = [lys — b2l| = C1,
therefore q,,(Py) = 21 = 22, since M is uniquely remotal. O

LEMMA 2.8. Let M be a subset of X and let
Qv ={te M: 3z e X with q,,(x) =t}.
Then M is singleton if and only if Qs is singleton.
Proof. It Qn = {to} is singleton then g,, (to) = to. Then
sup{|[to — || : £ € M} = |[to — q,, (to)|| = 0,
whence we conclude that M is singleton. Conversely suppose that M = {to},

then obviously Q= {to}- O

THEOREM 2.9. Let (X,|.|1), (Y, ||.]l) be arbitrary non-Archimedean normed
spaces over a nontrivial non-Archimedean field K. Then all uniquely remotal
sets in Z = X XY are singleton.

Proof. Suppose that M is a uniquely remotal set in (Z,||.||) which is not
singleton. Then there exist p1 = (z1,y1), p2 = (22,y2) € Z and 21,29 € M
such that q,,(p1) = 21 = (a1,b1) # (a2,b2) = 22 = q,,(p2). Using Lemma

we can assume that
Ipi — zill = [lzi —ail  (i=1,2).

Let p = (z,y) be an arbitrary element of Z with ¢q,, = (a,b). If |[p—q,,(p)|| =
lly — b, then z; = q,,(p) = 22, a contradiction. Hence ||p —q,,(p)| = ||z — al.
Fix 0 # yo € Y and let sup,cp/ [|2|| = A. Since K is nontrivial, there exists

llyoll

an element ng € K such that |ng| < 1. Hence Mg 7

p= (07 ,%?L

> A for some m. Taking

) and q,,(p) = (ao,bo), we have
P = a5 (DI = 110 = aol| < [[(a0, bo)|| < sup |[],
ze€M

whence
Yo Yo
sup [|z]| < [[=; | = max{0, | ==} = |Ipl|
zeK Ng Ng

< max{|[p — q,,®)Il, g, ()1} < sup [|z]],
zeEK

a contradiction. Hence M is singleton. O
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