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Abstract. The aim of this paper is to construct an analogue of Marsden-
Weinstein reduction for k-symplectic manifolds.
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1. INTRODUCTION

One of the main results in the geometrical mechanics is, of course, the
symplectic reduction, which was built on the work of Jacob, Liouville, Arnold
and Smale. More exactly, we begin with a symplectic manifold (M, w). Let
G be a Lie group acting by symplectic maps on M and J : M — G* be an
equivariant momentum map for this action (where G is the Lie algebra of G).
Let G, = {g € G| g-i = p} be the isotropy subgroup of u € G* with respect to
the coadjoint action. As a consequence of the equivariance, G, leaves J ()
invariant. Assume, for simplicity, that u is a regular value of .J, so J~!(p) is
a smooth manifold and assume that G, acts freely and properly on J (),
so J7Yu)/G, =: M, is a smooth manifold. Denote by i, : J'(u) — M
the inclusion map and by 7, : J~!(u) — M, the projection. Then Meyer
[1973] and Marsden and Weinstein [1974] proved that M, is also a symplectic
manifold. Precisely, we have:

THEOREM 1. (Mayer-Marsden- Weinstein) There ezists a unique symplectic
structure w,, on M, such that

* _ ¥
Wuw# = zuw.

Moreover, if Xg is a Hamiltonian vector field on M, where the Hamiltonian
H : M — R is a G-invariant smooth function, then the trajectories of X
project to those of the reduced Hamiltonian vector field Xy, on My, where the
reduced Hamiltonian is defined by H = H, o m,.

Next we will recall the notion of k-symplectic manifold.

DEFINITION 1. [2] Let M be an (n + nk)-dimensional differential manifold.
A k-symplectic structure on M is a family (wa, V')1<a<g, where:

(1) wy is a closed 2-form, for every 1 < A < k;

(2) (k] ker wq = {0};
A=1
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(3) V is an nk-dimensional distribution, such that

WAly vy = 0,
for every 1 < A < k.

We call (M,wa,V)i<a<i a k-symplectic manifold.

The purpose of this paper is to obtain an analogue of Marsden-Weinstein
reduction for the case of k-symplectic manifolds. In order to do this, we need to
define an appropriate momentum map and the corresponding reduced spaces
M,.

We will prove that under certain conditions on the values p of the momen-
tum map, the reduced spaces M, are also k-symplectic manifolds. The difficult
part is to verify the condition 3 in the Definition (1). We can not control the
dimension of the reduced distribution V,,. It has to be an n,k-dimensional
distribution, where (n, + n,k) is the dimension of M,.

To overcame this difficulty, we will introduce, in the next section, an equiv-
alent definition for k-sympletic manifolds which is more appropriate for the
performed reduction.

2. K-SYMPLECTIC MANIFOLDS

For the case of the k-symplectic manifolds, there exists an analogue of Dar-
boux theorem that will be used in the followings.

THEQREM 2. Around any point x € M there exists a local coordinates sys-
tem (QZ7P§4)1§A§@, 1<i<n, such that:

(1) wa=> dg' Adpf!, 1< A<k
i=1
(2) V=< 8]% >1< A<k, 1<i<n -

Now, we will introduce an equivalent definition for k-symplectic manifolds,
more suitable for doing reduction.

DEFINITION 2. Let M be an (n + nk)-dimensional differential manifold. A
k-symplectic structure on M is a family (wa, V')1<a<k, where:

(1) wy is a closed 2-form, for every 1 < A < k;

k
(2) N ker wa ={0};
A=1
(3) V is an integrable distribution, maximal with the property that

wA'VxV = O’
for every 1 < A < k.

Now, we will prove the key result for our paper.
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LEMMA 1. The two definitions of k-symplectic manifolds are equivalent.

Proof. First, we check that the Definition (1) implies the Definition (2).
n
Indeed, using a Darboux chart, we have that wa = Z dq' A dpl-A for every 1 <

i=1
A < k. As the distribution V' has the property that wyj, , = 0, for every 1 <

A <k, we can choose either V =< 88i >i<i<p Or V =< OLA >1< A<k, 1<i<n-
q o D; I
Because dimV = nk, we obtain that V =< 0 >1<A<k, 1<i<n and

O
consequently, V' is the maximal distribution on M Zv)vlith the property that
WAy = 0, for every 1 < A < k.

Conversely, let (V, ) be a chart around an arbitrary point € M such that
¢ = (¢*,p)1<a<k, 1<i<n. From the Definition (2) we have that w, are closed
2-forms, for every 1 < A < k and due to the Poincaré Lemma, they are locally
exact. Locally, we have that

n
wa=d > P+ gltdg
1<B<k,1<i<n i—1
or
1 Z (afféi aféj> dnC A dpB
wa =5 9.C 5,8 | Pi NP
2 1<B,0<k,1<i,j<n Ip; Ip;
ogt  of .
> Gem 5% Add
1<C<k1<ij<n 9Pj q

1 agr  ogt ..
-5 aglj o )de A dg'
1<C<k1<ij<n 4 q

We have three possibilities for choosing the distribution V:

(i) V=< 9 >1<i<r is an r-dimensional distribution, where r < n;

oq"
(i) V =< 3% >1<A<r,, 1<i<r, 1S an (rq - rg)-dimensional distribution,
P; T T
where r1 < k and ry < n;
(iii) V =< 8%#-, 8’% >1§A§r1, 1<i<ry, 1<j<rs is an (T3+T1 -Tg)—dimensional
[

distribution where 1 < k and ro,73 < n.
In the first case (i), the condition 3 of the Definition (2) implies that
dgi* _ ;'

o¢’ B 8qi

from the local expression of w4, we obtain that w A(%, %)
q q

= 0, for every 1 < 4, j < r. Suppose that r < n. Then,

= 0, for every
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1 <i<r. We also have that wA(%, %) = 0. Using the maximality
q q

of V' in the Definition (2) and repeating this argument, we obtain that in the

case (i), V =< % >1<i<n is an n-dimensional distribution.

In an analogueqway we obtain for the case (ii) that V' is an nk-dimensional
distribution.

The same argument as before shows that in the case (iii), V' is an (n + nk)-
dimensional distribution, fact which implies that w4 = 0, for every 1 < A < k.
We rule out this case as a trivial one.

Using again the maximality of V' in the Definition (2), we obtain that V is

an nk-dimensional integrable distribution. O
k k
Let Va:= ] ker wp. Then VoNVp = () ker we = {0}, for every
B=1,B#£A c=1

1 < A, B<k. Itiseasy to see that
Vi=Viae..eV

is the distribution that satisfies the conditions of the Definition (2).

Next we will comment on the condition 2 of Definition (1). In the symplectic
case, the nondegeneracy of the symplectic form is expressed by w(X,Y) =0,
for any Y € x(M) implies X = 0. In the k-symplectic case, a similar situation

k

would be ZwA(X, Y4) = 0, for any Y4 € x(M) implies X = 0. This

A=1
is not true, in spite of the condition 2 of the definition of a k-symplectic

manifold. To see this, let M = RS with the following k-symplectic structure

2 2
w = Z:dqZ A dp} and wy = qul A dp?, where (¢',¢2, pl,ps,p3, p3) are
i=1 i=1
coordinates on R®. It is immediate to see that ixw; + ixws = 0, where
X — 61 + 0 0 0

~ Opi Opy Opt  Ops

3. MARSDEN - WEINSTEIN REDUCTION FOR K-SYMPLECTIC MANIFOLDS

Let TklM =TM® --- ®TM be the Whitney sum of k£ copies of T M.
Consider the bundle morphism:

QOF - TIM — T*M

k
Q#(Xl, e ,Xk) = Z iXAWA.
A=1

In order to introduce the notion of momentum map, we need to specify
what we understand by a Hamiltonian system in the case of the k-symplectic
manifolds.
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DEFINITION 3. [10] A k-Hamiltonian system is an ordered k-tuples of vector
fields (X)a = (X1,...,Xg) € T} M such that there exists a smooth function
H : M — R called the Hamiltonian of (X)4, with the property that

Q7 (X1,...,X;) = dH.

We will denote by (X)# = (Xf,...,X}?) a k-Hamiltonian system with the
Hamiltonian H.

DEFINITION 4. A k-symplectic action of a Lie group G on the manifold M
is an action ® : G x M — M such that

(Pg) wa = wa,

for any g € G and 1 < A < k, where ®; : M — M is defined by ®4(z) =
®(g,x).

Now we can introduce the notion of momentum map for the case of the
k-symplectic manifolds.

Let GF = Gx k. xG and G** = G*x .%. xG*, where G* is the dual Lie
algebra of the Lie algebra G of G.

DEFINITION 5. A momentum map for a k-symplectic action ® : GxM — M
isamap J: M — g*’“ defined by

J(@) (.., &) = JE8) (1),

where JE-&) . M — R is the Hamiltonian function for the k-tuple
(€)1, - -+, (&) ar) of infinitesimal vector fields generated by (&1, ..., &) € GF.

There exist different definitions for a Hamiltonian system in the case of the
k-symplectic manifolds and consequently, different notions of momentum map.

For g € G, define Ad,* : GF — GF Ad,*(&1,. .., &) = (Ady&, ..., Ady&y),
where Ad : G — Aut(QG) is the adjoint representation and Ad, = Ad(g), and
AdE G — G AdE (1) = o Adyk.

DEFINITION 6. A momentum map J : M — Q*k is called Ad*k—equivarmnt
if
J(@g(x)) = Ad'"1J(z), (V) g€G and (V)€ M.

As in the symplectic case, if the 2-forms wa, 1 < A < k are all exact, i.e.
wg = —df 4 with 04 invariant 1-forms with respect to the action ®, then there
is a particular simple formula for the momentum map. Moreover, it will be
Ad*k—equivariant.

Remark that the definition of the momentum map given above does not
coincide with the one given by Puta [10].
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LEMMA 2. If M is a k-symplectic manifold with wqg = —dfs, 1 < A <
k

k, then J : M — G, J(x)(&,...,&) = Y 0a(2)((Ea)n(x)) is an Ad™-
A=1

equivariant momentum map for a G-action which leaves invariant the 1-forms

04, 1 <A<E.

Proof. The invariance of the 1-forms 64 implies that L ,), 64 = 0, for any
€4 € G. On the other hand, we have

Lyta = dgq) (d0a) + dig,),0a)

= (g nwa + dig,),0a)-

As a consequence, we obtain that d(i(,), 04) = i(¢,),,
Next we will determine the Hamiltonian function for a k-Hamiltonian sys-
tem ((£1)ar,- -, (&) ar) of infinitesimal vector fields. Precisely,

J(&,...,ék)(x) = J(@)(&,. .., )

wA.

0.4(2)(((€4)ar(2)))

M- M-

04((€4)nr) (),

A=1
k
for any x € M, which shows that JE18r) = Z 0a((€a)m)-
A=1

Remains to prove that J€€) ig the correct Hamiltonian function for the
k-Hamiltonian system ((&1)ar, - .-, (€k)ar). Indeed, we have

k
dJE8) = d(> " 0a((6a)m))
A=1
d(0a((§a)nr))

d(i(EA)MHA)

Il
M- £ T

i(ga) WA

pN
I
—

= O ((E)ms- s (&) m)-
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The Ad*k—equivariance of J is a trivial extension of the Proposition 4.1.26
in [1]. O

Let J: M — g*’“ be an Ad*k—equivariant momentum map and pu € g*’“
a regular value of J. Then J~!(u) is a differential manifold and we will de-
note by i, : J~'(u) — M the canonical inclusion. Denote by G, = {g € G :
Ad;’il (1) = p} C G the isotropy subgroup of u with respect to the k-coadjoint
action. It is easy to see that, like in the symplectic case, G, leaves invariant
J ). If G, acts freely and properly on J~ (1), then the quotient space
M, = J71(n)/G,, is also a differential manifold, with the canonical projec-
tion 7, : J~1(u) — M, a surjective submersion.

In order to prove the main result of the paper, we need the further prepa-
rations. Recall the following result, which is the Proposition 4.1.28 in [1].

LEMMA 3. Let f: M — N be equivariant with respect to the actions ® and
U of G on M and N, respectively. Then for any £ € G,

Tfoly=Enof

where &y and &y denote the infinitesimal generators on M and N, respec-
tively.

Now we can prove the following lemma.

LEMMA 4. For every x € J~(u1), we have

(i) To(Gp-2) = To(G-2) N Tu(J M ();
k
(i) To(J 7 (W) = {Xe € ToM | Y wal@)((€a)n(2), Xa) =0,
A=1
for any (§a)1<a<k € G}
Proof. Let £ € G. Then &y (z) € Tp(G - x). The assertion (i) is that
Envr(x) € Tp(J () if and only if € € G, the Lie algebra of G,,.
Since J is Ad*-equivariant and using the Lemma (3), we obtain that
k
Tod(Em(2)) = (&g (1), - - -, &g+ (), where p = (p1,..., ) € G Then
Eu(a) = To(J () = ker TpJ = (&g-(m), ... &g () = (0,.%.,0),
which is equivalent to £ € G,,.

For (ii), we differentiate the relation that defines the momentum map
J(x) (&, ..., &) = JE8) (2). We have

k

dJ(z)(&, .. &) = dJE ) (@) = i,y walx).
A=1

Now we can prove a reduction result for k-symplectic manifolds.
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THEOREM 3. Let (M,wa,V)i1<a<k be a k-symplectic manifold on which we
have an action of a Lie group G such that the 2-forms wa, 1 < A < k are
invariant and there exists an Ad*k—equivariant momentum map J : M — g*’“.
Assume that p € G is a reqular value of J and that the isotropy group
G, under the Ad*" -action on G** acts freely and properly on J=*(u). Then
M, = JYu)/G, has a unique k-symplectic structure (M, (w,)a, Vyu)i<a<k
with the property that

FZ(MM)A = iZwA, (V)1 <A<k,

(where 7, : J~1(n) — M, is the canonical projection and iy, : J~'(u) — M
is the inclusion), if m, X € ker(wy)a implies that i,, X € kerwa, for every
Xex(J Y w),1<A<LE.

Proof. As in the symplectic case, define (w,)a by

(wa)alz]([v], [w]) == wa(@)(v,w), (V) v,w € Tu(J ™ (n)),

where [v] = 7., (v), [w] = 7., (W) and [z] = 7, (z) with z € J71(u). Because
7, and 7, are surjective, the 2-forms (w,)a, 1 < A < k are unique.
The next thing to be proved is that the 2-forms (w,)a, 1 < A <k are well
defined. Let £4,m4 € T;(G),- ) and by Lemma (4) (i) we obtain that £4,m4 €
A

T.(J~(p)). Using again Lemma (4) (ii), we have that ZwA(ﬁA,w) =0, for

k=1
A

every (£4)1<a<k and ZwA(nA, v) = 0, for every (n4)1<a<k. In particular, if
k=1

we take (£4)1<a<k = (0,...,84,...,0) and (na)i<a<k = (0,...,7m4,...,0), we

obtain that w4 (€4, w) = 0 and wa(na,v) = 0. The same argument also gives

us that wa(€a,n4) = 0. The equality

wa(@)(v+E€a,w+na) = walz)(v,w) +wa(x)(a,w)
+ wa(z)(v,n4) + wa(x)(€a,na)

shows us that the 2-forms (w,)a, 1 < A < k are well defined.

In order to prove that (w,)a are closed, 1 < A < k, remark that from the
definition of (w,)a we have 7, (w,)a = ijwa. Taking the differential, we have
dm(wu)a = dijwa or m,(d(wu)a) = ij,dwa = 0. Consequently, since m, is
surjective, d(wy,)a = 0, for every 1 < A < k.

- k
Next we will prove the condition 2 in the Definition (2). Let X € [ ker(w,)a
A=1
or equivalent (w,)4(X,Y) =0, for every 1 < A < k and every Y € x(M,).

Using the definition of (w,)a, we have that

0= (WM)A(X:v Y) = (WM)A(WM*Xv WM*Y) = WA(iu*Xa Z'M*Y),



9 Area of a surface 157

for every 1 < A < k and every Y € x(M,), where Y = 7, Y and X = T, X.

k
This implies that i,, X € () kerwq = {0} and consequently, X = 0 and
A=1

X=m,X=0

Using the forms (w,)4, 1 < A < k we will construct the distribution V),
needed for the definition of a k-symplectic structure on M,,.

k
Let (Vy)a:= (] ker (w,)p. It isimmediate to see that (V,)aN(V,)p =
B=1,B#A
k
ker (w,)c = {0}, for every 1 < A, B < k. Define

Cc=1

V= V)1 & . & (V-
We will prove that V), is the distribution that verifies the conditions of
the Definition (2). Take Z = (Zi,...,2Z) € V, with Z € (V,)a. Then
k

. k
Zy € (N ker (wu)B, or equivalent 7,,Z4 € (] ker (w,)B, where
B=1,B#A B=1,B+#A
~ k
Za =Ty, Za, implies that i,, Z4 € (]  ker wp.
B=1,B#A

This shows that for any Z € V,., there exists Z € x(J(u)) withi,,Z € V.
It is easy to see that V), has the same properties in the Definition (2) as
V. O

THEOREM 4. Assume that the hypothesis in Theorem 3 hold. Let (X)H =
(XH,...,X,f) be a k-Hamiltonian system with the Hamiltonian function
H: M — R IfX 1< A<k are G-invariant vector fields, H is a
G-invariant function and J is an integral for all Xf, 1< A<LE, then on M,

we obtain a reduced k-Hamiltonian system ()?)IIZ“ = ()?fl“, . ,)?,f“), where
Hoi,=H,om, and )Aff“ omy, :ﬂu*Xf.
Proof. The condition that J is an integral for all X f , 1 < A < k implies

that the flow F{* of every vector field X ¥ leaves the manifold J~!(u) invariant.
These flows F/*, 1 < A < k are also G invariant and consequently, they induce
the reduced flows HtA on M,,. If we denote by X f“ the vector field generated by
HtA, where we define H,, : M, — R by Hoi, = H,om,, since H is a G-invariant
function, we have the obvious relation )Z'f“ omy = mu, X f . Since we also have

inwa = T (wu)a, it is immediate to see that (X)," = ()?f[“, . ,)?,f“) is a
k-Hamiltonian system on M, with the Hamiltonian H,, : M,, — R. O
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