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ON NEIGHBORHOODS OF CERTAIN CLASSES OF ANALYTIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS

S. LATHA and N. POORNIMA

Abstract. Let A(n) denote the class of functions of the form

f&)=z— > az® (x>0, neN={1,2,...}),
k=n+1

which are analytic in the open unit disk U = {z : |z| < 1}. In this note, we define
certain subclasses Sy (A, B), Cn(A, B), Rn(A, B), On(A, B), Sn(A, B;C, D)
and Cn(A, B;C,D) of A(n) and some properties of neighborhoods are studied
for these classes.
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1. INTRODUCTION

Let A(n) denote the class of functions of the form

o0

(1) fz)=2- Z arpz® (ap >0, neN={1,2,...}),

k=n+1

which are analytic in the open unit disk U = {z : |z| < 1}. Denote by Q
the class of analytic functions w on U satisfying the conditions w(0) =0 and
lw(z)| <1, for z € Y.

For any function f € A(n) and 6 > 0 we define

(2)  Nus(f) = {g e An):g(z)=2— Z by 2", Z klay — by| < 5}

k=n+1 k=n+1

which is the (n,d)-neighborhood of f.

For e(z) = z we see that

(3) Nn,g(e):{geA(n):g(z):z— PRI k]bk|§5}.

The concept of neighborhoods was first introduced by Goodman and then
generalized by Ruschweyh [7].

In this paper, we consider (n,d)-neighborhoods for functions with negative
coefficients in U.
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We designate P, (A, B) as the class of functions defined on i, which are of

the form
1+ Aw(z)

—— —-1<A<B<1 d Q.
1—|—Bw(z)’ < < < an w €

2. NEIGHBORHOODS FOR CLASSES S3/ (A, B) AND Cy(A, B)

In this section we obtain a necessary and sufficient conditions for functions
to be in the classes S} (A, B) and C,,(A, B). Further, neighborhoods of these
classes are determined. The classes S;(A, B) and C, (A, B) are defined as
follows:

Si(A,B) = {f :feAn) and z — zj:(/ij) is in P, (A, B)}

and

Cn(A,B) = {f :feAn) and z — (Z;/I((j)))/ is in Pn(A,B)}.

LEMMA 1. A function f € S§:(A, B) if and only if

. k(B+1)—(A+1)
2 "5 a

(4)

ap <1, —1<A<B<I.
k=n+1

Proof. Suppose f € S (A, B). Then
z2f'(z) 14 Aw(z)

i) "1t Buz)y =ABst
That is,
e
w(z) = Zf/(f)(z) w(0) =0,
B —A
f(z)
and
(k —1)agz*
|w(z)| = f(z) — (2) k::zn;i-l k <1
Bzf'(z) — Af(2) (B-A)2— Y (Bk— A)as
k=n+1
Thus
Z (k - 1)(1ka
(5) R k=n+1 _ o
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Let z =r, with 0 <r < 1. Then, for sufficiently small r, the denominator of
(5) is positive and so it is positive for all r, with 0 < r < 1, since w is regular
for |z| < 1. Then (5) gives

o0 o0

Z (k—Dapr® < (B— A)r — Z (Bk — A)agr*.
k=n+1 k=n+1
That is,
D k(B+1) = (A+ D]apr® < (B— A)r.
k=n+1

Letting r — 1, we obtain (4).
Conversely, for |z| =r, 0 <r < 1, we have, by (4) and since ¥ < r,

S KB+ = (A+Dlagr® <r > [k(B+1) = (A+1ay < (B— A)r.
k=n-+1 k=n+1
So we get
o (k=Dapzt| < Y (k= Dapr® <
k=n+1 k=n+1
<(B—=Ar— Y (Bk- A’ <
k=n+1
<|(B=A)z— Y (Bk- Ay
k=n+1
/
This proves that 2f(2) is of the form
f(z)
1+ Aw(2)
—_— ).
ey )9
Therefore f € S;(A, B). Thus the proof is complete. O
LEMMA 2. A function f € Cp(A, B) if and only if
— k[k(B+1)— (A+1)]
(6) > ) ar <1, —-1<A<B<I.
k=n+1
Proof. A function f € C,(A,B) if and only if the function z — zf’(2)
belongs to S (A, B), so the conclusion follows from Lemma 1. O
THEOREM 1. S¥(A, B) C Nys(e), where
(n+1)(B—A)

m+1)(B+1)—(A+1)
and Sk(—1,1) C N, 1(e).
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Proof. 1t follows from Lemma 1 that, if f € S;(A, B), then

(n+1)(B—-A) B
2 kS e G (D

This implies, S;(A, B) C N,5(e).
Further, for A = —1 and B =1, we have f € §’(—1,1) if and only if

(7) Z kap < 1.
k=n+1
This gives that f(z) € N, 1(e). O
COROLLARY 1. For n=1, 8(4,B) C Ny s(e), where
5= 2(B—A)
2B—-A+1

and Sf(—1,1) C NMy1(e).
COROLLARY 2. For A=2a—1 and B =1, we obtain Theorem 2.1 in [4]
which reads as: S;i(a) C Ny 5(e), where

n+1)(1 -«
n+1—a«

and S7(0) C My1(e).
THEOREM 2. Cp(A, B) C N, s(e), where
B—A
T+ )B+)-(A+1)
Proof. Tt follows from Lemma 2 that, if f € C,(A, B) then

Z /mk < B-A = 4.
N (n+1)(B+1)—(A+1)
This implies that C,(A, B) C N, s(e). O

COROLLARY 3. For A =2a —1 and B =1, we obtain Theorem 2.2 in [4]
which reads as: Cp(a) C Ny, 5(e), where

I e’
Cn4+l-a
3. NEIGHBORHOODS FOR CLASSES Qn (A, B) AND Ry (A, B)
In this section we obtain necessary and sufficient conditions for functions to
be in Q,(A, B) and R, (A, B), and also neighborhoods of these classes are de-

termined. For —1 < A < B < 1 we define the classes O, (A, B) and R, (A4, B)
as:

On(A,B) = {f :feA(n) and z — fiz) is in Pn(A,B)}
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and

Rn(A,B)={f:f € An) and f' € P,(A,B)}.
LEMMA 3. A function f € Q,(A, B) if and only if

o0

(B+1)
<1, -1<A<B<1.
(8) k_;rlB_Aak_ ; <A<B<

Proof. Suppose f € Q,(A, B). Then
f(z) 14 Aw(z)

= —-1<A<BX<1 Q Uu.
z 1+ Bw(z)’ - S=h o wedh z€

That is,
G
w(z) = 2 ) w(O) = 07
NONy
z
and -
1) 2"
ww(z)] = |5 kenl <1
Bf(z) — Az s
(B—A)z — Z Bayz*
k=n+1
Thus
Z kakzk
(9) R hentl <1
(B—A)z— Z Bayz*
k=n+1

Let z =r, with 0 <r < 1. Then, for sufficiently small r, the denominator of
(9) is positive and so it is positive for all r, with 0 < r < 1, since w is regular
for |z| < 1. Then (9) gives

Zakr<B A)r ZBakr

k=n+1 k=n+1
That is,
[e.e]
Y (B+1Dapr* < (B- A)r.
k=n-+1

Letting r — 1, we obtain (8).
Conversely, for |z| =r, 0 <r < 1, we have, by (8) and since ¥ < r,

[e.e] [e.e]

Z (B+ Daprt < r Z (B+1)ap < (B—A)r.

k=n+1 k=n+1
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So we have

o0 o0
< Z apr® < (B — A)r — Z Bayr® <
k=n+1 k=n+1

i kakzk

k=n+1

<|(B-A)z— Z Bayz"| .

k=n+1

This proves that is of the form

f(z)
z
1+ Aw(z)
1+ Bw(z)
Therefore f € Q,,(A, B). Thus the proof is complete. O
LEMMA 4. A function f € R, (A, B) if and only if

o0

(10) Z M <1

a
B 4 k — )
k=n+1

Proof. A function f € R,(A,B) if and only if zf'(z) € Q,(A,B) and
hence the conclusion follows from Lemma 3. O

REMARK 1. From Lemma 3 and Lemma 4 we have R, (A, B) C Q,(A, B).
THEOREM 3. Q,(A, B) =N, 5(e), where

_B-A

- B+1
Proof. The equality follows from Lemma 4. O

(w(z) € Q).

-1< A< B<I1.

COROLLARY 4. For A =2a—1 and B =1, we obtain Theorem 3.1 in [4]
which reads as: Qn(a) = Ny 5(€e), where 6 =1— .

THEOREM 4. N, 5(e) C Qn(A, B), where

1-2
A= ntl-2 and B =1.
n+1
Proof. If f € N, 5(e), we have
o0
(11) > kap <6,
k=n+1
which gives that
oo
) 1-0
(12) Y ar< =0
it n+1 n+1

Thus we see that f € 9, (A, B). O



7 Neighborhoods 81

COROLLARY 5. For A =2a —1 and B = 1 we obtain Theorem 3.2 in [4]

1—
which reads as: Ny 5(e) C Qn(a), where o= n—|-+15
n

4. NEIGHBORHOODS FOR CLASSES Cn (A, B;C, D) AND Sy (A, B;C, D)

Let f(z Z akz and ¢g(z Z bkz with ag, by > 0.
k=n+1 k=n+1
If a function f € A(n) satisfies the conditions

!/
fE;eP(A,B), for —1<A<B<1, zel,
g

and g € S§;(C, D), for —1 < C < D <1, then we say that
feCu(A,B;C,D).

If we take g(z) = z, then C,(A,B;C,D) becomes R,(A,B). Further, a
function f € A(n) is said to be in the class S, (A4, B;C, D) if it satisfies

f(2) B-A
-1 < ,
9(2) 1+B
and g € S;(C,D), for -1 < C < D < 1. If we put g(z) = %, then
Sn(A, B;C, D) becomes Q,(A, B).
We prove the following results for the classes C, (A, B;C, D) and S,,(4, B; C, D).
THEOREM 5. Cy,(A, B;C, D) C N, 5(¢), where
n(B—A)(D+1)+(D—-C)(B+1)
(B+1D[(n+1)(D+1)—(C+1)]
Proof. If f € C,,(A, B;C, D), then we have

1-— i kakzk_l 1-— i kay,

(13)

(14) for —1<A<B<L1, zel,

0=

=n =n 1+ A
(15) R k oo+1 S k oo+1 > 113_
L= > kb2t L= > kby
k=n-+1 k=n-+1

It follows from (15) that

IN

B-A 1+ A D-C
1+B>+<1+B> [(n+1)(1+D)—(1+C’)} =
n(B — A)(D+1)+ (D —C)(B+1)

(n+)(D+1) - (C+D|(B+1) 0.

IN
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This yields f € N, s(e). O

COROLLARY 6. For n =1 we have Ci1(4, B;C, D) C N1 (e), where
2B-A+1)(D+1)—-(C+1)(B+1)

(B+1)(2D - C +1) ‘

COROLLARY 7. For A=2a—-—1C =26—-1 and B =D =1, we obtain
Theorem 4.1 in [4] which reads as: Cy(cv, ) C Ny 5(e), where
n(l —a)+ (1 - p)

n+1—-p

THEOREM 6. N, 5(9) C Su(A, B;C, D), where g € S:(C,D), for —1 <
C<D<1,

5= !

o=

2[(n+1)(D+1)—(C+1)]
n(n+1)(D+1)

Proof. Let f € N, s(g), for g(z) € S(C, D). Then we know that

> klag — b <6
k=n+1

A=1-— and B =1.

and

= D-C
k:ZnHM mi)D+)_(Cr1)

Thus we have

] < 2 = () ()

ln+1)(D+1)-(C+1)}d B-A
N n(n+1)(D + 1) - B+1°
This implies that f € S, (A, B; C, D). O

COROLLARY 8. For n =1 we obtain N1 5(9) C S1(A, B;C, D), where

. B 2D —C +1 B

COROLLARY 9. For A=2a—1,C =28—-1 and B=D =1, we obtain
Theorem 4.2 in [4] which reads as: Ny, 5(g9) C Sp(a, ), where g € S):(8) and
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