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ON NEIGHBORHOODS OF CERTAIN CLASSES OF ANALYTIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS

S. LATHA and N. POORNIMA

Abstract. Let A(n) denote the class of functions of the form

f(z) = z −
∞∑

k=n+1

akzk (ak ≥ 0, n ∈ N = {1, 2, . . . } ),

which are analytic in the open unit disk U = {z : |z| < 1}. In this note, we define
certain subclasses S∗n(A, B), Cn(A, B), Rn(A, B), Qn(A, B), Sn(A, B; C, D)
and Cn(A, B; C, D) of A(n) and some properties of neighborhoods are studied
for these classes.
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1. INTRODUCTION

Let A(n) denote the class of functions of the form

(1) f(z) = z −
∞∑

k=n+1

akz
k (ak ≥ 0, n ∈ N = {1, 2, . . . } ),

which are analytic in the open unit disk U = {z : |z| < 1}. Denote by Ω
the class of analytic functions ω on U satisfying the conditions ω(0) = 0 and
|ω(z)| < 1, for z ∈ U .

For any function f ∈ A(n) and δ ≥ 0 we define

(2) Nn,δ(f) =

{
g ∈ A(n) : g(z) = z −

∞∑
k=n+1

bkz
k,

∞∑
k=n+1

k|ak − bk| ≤ δ

}

which is the (n, δ)-neighborhood of f.
For e(z) = z we see that

(3) Nn,δ(e) =

{
g ∈ A(n) : g(z) = z −

∞∑
k=n+1

bkz
k,

∞∑
k=n+1

k|bk| ≤ δ

}
.

The concept of neighborhoods was first introduced by Goodman and then
generalized by Ruschweyh [7].

In this paper, we consider (n, δ)-neighborhoods for functions with negative
coefficients in U .
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We designate Pn(A,B) as the class of functions defined on U , which are of
the form

1 + Aω(z)
1 + Bω(z)

, −1 ≤ A < B ≤ 1 and ω ∈ Ω.

2. NEIGHBORHOODS FOR CLASSES S∗N (A,B) AND CN (A,B)

In this section we obtain a necessary and sufficient conditions for functions
to be in the classes S∗n(A,B) and Cn(A,B). Further, neighborhoods of these
classes are determined. The classes S∗n(A,B) and Cn(A,B) are defined as
follows:

S∗n(A,B) =
{

f : f ∈ A(n) and z 7→ zf ′(z)
f(z)

is in Pn(A,B)
}

and

Cn(A,B) =
{

f : f ∈ A(n) and z 7→ (zf ′(z))′

f ′(z)
is in Pn(A,B)

}
.

Lemma 1. A function f ∈ S∗n(A,B) if and only if

(4)
∞∑

k=n+1

k(B + 1)− (A + 1)
B −A

ak ≤ 1, −1 ≤ A < B ≤ 1.

Proof. Suppose f ∈ S∗n(A,B). Then

zf ′(z)
f(z)

=
1 + Aω(z)
1 + Bω(z)

, −1 ≤ A < B ≤ 1.

That is,

ω(z) =
1− zf ′(z)

f(z)

B
zf ′(z)
f(z)

−A

, ω(0) = 0,

and

|ω(z)| =
∣∣∣∣ zf ′(z)− f(z)
Bzf ′(z)−Af(z)

∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣

∞∑
k=n+1

(k − 1)akz
k

(B −A)z −
∞∑

k=n+1

(Bk −A)akz
k

∣∣∣∣∣∣∣∣∣∣
< 1.

Thus

(5) <



∞∑
k=n+1

(k − 1)akz
k

(B −A)z −
∞∑

k=n+1

(Bk −A)akz
k

 < 1.
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Let z = r, with 0 < r < 1. Then, for sufficiently small r, the denominator of
(5) is positive and so it is positive for all r, with 0 < r < 1, since ω is regular
for |z| < 1. Then (5) gives

∞∑
k=n+1

(k − 1)akr
k < (B −A)r −

∞∑
k=n+1

(Bk −A)akr
k.

That is,
∞∑

k=n+1

[k(B + 1)− (A + 1)]akr
k < (B −A)r.

Letting r 7→ 1, we obtain (4).
Conversely, for |z| = r, 0 < r < 1, we have, by (4) and since rk < r,
∞∑

k=n+1

[k(B + 1)− (A + 1)]akr
k < r

∞∑
k=n+1

[k(B + 1)− (A + 1)]ak < (B −A)r.

So we get ∣∣∣∣∣
∞∑

k=n+1

(k − 1)akz
k

∣∣∣∣∣ ≤
∞∑

k=n+1

(k − 1)akr
k <

< (B −A)r −
∞∑

k=n+1

(Bk −A)akr
k <

<

∣∣∣∣∣(B −A)z −
∞∑

k=n+1

(Bk −A)akz
k

∣∣∣∣∣ .
This proves that

zf ′(z)
f(z)

is of the form

1 + Aω(z)
1 + Bω(z)

, (ω(z) ∈ Ω).

Therefore f ∈ S∗n(A,B). Thus the proof is complete. �

Lemma 2. A function f ∈ Cn(A,B) if and only if

(6)
∞∑

k=n+1

k[k(B + 1)− (A + 1)]
B −A

ak ≤ 1, −1 ≤ A < B ≤ 1.

Proof. A function f ∈ Cn(A,B) if and only if the function z 7→ zf ′(z)
belongs to S∗n(A,B), so the conclusion follows from Lemma 1. �

Theorem 1. S∗n(A,B) ⊂ Nn,δ(e), where

δ =
(n + 1)(B −A)

(n + 1)(B + 1)− (A + 1)

and S∗n(−1, 1) ⊂ Nn,1(e).
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Proof. It follows from Lemma 1 that, if f ∈ S∗n(A,B), then
∞∑

k=n+1

kak ≤
(n + 1)(B −A)

(n + 1)(B + 1)− (A + 1)
= δ.

This implies, S∗n(A,B) ⊂ Nn,δ(e).
Further, for A = −1 and B = 1, we have f ∈ S∗n(−1, 1) if and only if

(7)
∞∑

k=n+1

kak ≤ 1.

This gives that f(z) ∈ Nn,1(e). �

Corollary 1. For n = 1, S∗1 (A,B) ⊂ N1,δ(e), where

δ =
2(B −A)

2B −A + 1
and S∗1 (−1, 1) ⊂ N1,1(e).

Corollary 2. For A = 2α − 1 and B = 1, we obtain Theorem 2.1 in [4]
which reads as: S∗n(α) ⊂ Nn,δ(e), where

δ =
(n + 1)(1− α)

n + 1− α
,

and S∗1 (0) ⊂ Nn,1(e).

Theorem 2. Cn(A,B) ⊂ Nn,δ(e), where

δ =
B −A

(n + 1)(B + 1)− (A + 1)
.

Proof. It follows from Lemma 2 that, if f ∈ Cn(A,B) then
∞∑

k=n+1

kak ≤
B −A

(n + 1)(B + 1)− (A + 1)
= δ.

This implies that Cn(A,B) ⊂ Nn,δ(e). �

Corollary 3. For A = 2α − 1 and B = 1, we obtain Theorem 2.2 in [4]
which reads as: Cn(α) ⊂ Nn,δ(e), where

δ =
1− α

n + 1− α
.

3. NEIGHBORHOODS FOR CLASSES QN (A,B) AND RN (A,B)

In this section we obtain necessary and sufficient conditions for functions to
be in Qn(A,B) and Rn(A,B), and also neighborhoods of these classes are de-
termined. For −1 ≤ A < B ≤ 1 we define the classes Qn(A,B) and Rn(A,B)
as:

Qn(A,B) =
{

f : f ∈ A(n) and z 7→ f(z)
z

is in Pn(A,B)
}
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and
Rn(A,B) =

{
f : f ∈ A(n) and f ′ ∈ Pn(A,B)

}
.

Lemma 3. A function f ∈ Qn(A,B) if and only if

(8)
∞∑

k=n+1

(B + 1)
B −A

ak ≤ 1, −1 ≤ A < B ≤ 1.

Proof. Suppose f ∈ Qn(A,B). Then
f(z)

z
=

1 + Aω(z)
1 + Bω(z)

, −1 ≤ A < B ≤ 1, ω ∈ Ω, z ∈ U .

That is,

ω(z) =
1− f(z)

z

B
f(z)

z
−A

, ω(0) = 0,

and

|ωw(z)| =
∣∣∣∣ z − f(z)
Bf(z)−Az

∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣

∞∑
k=n+1

akz
k

(B −A)z −
∞∑

k=n+1

Bakz
k

∣∣∣∣∣∣∣∣∣∣
< 1.

Thus

(9) <



∞∑
k=n+1

kakz
k

(B −A)z −
∞∑

k=n+1

Bakz
k

 < 1.

Let z = r, with 0 < r < 1. Then, for sufficiently small r, the denominator of
(9) is positive and so it is positive for all r, with 0 < r < 1, since ω is regular
for |z| < 1. Then (9) gives

∞∑
k=n+1

akr
k < (B −A)r −

∞∑
k=n+1

Bakr
k.

That is,
∞∑

k=n+1

(B + 1)akr
k < (B −A)r.

Letting r 7→ 1, we obtain (8).
Conversely, for |z| = r, 0 < r < 1, we have, by (8) and since rk < r,

∞∑
k=n+1

(B + 1)akr
k < r

∞∑
k=n+1

(B + 1)ak < (B −A)r.
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So we have∣∣∣∣∣
∞∑

k=n+1

kakz
k

∣∣∣∣∣ ≤
∞∑

k=n+1

akr
k < (B −A)r −

∞∑
k=n+1

Bakr
k <

<

∣∣∣∣∣(B −A)z −
∞∑

k=n+1

Bakz
k

∣∣∣∣∣ .
This proves that

f(z)
z

is of the form

1 + Aω(z)
1 + Bω(z)

(ω(z) ∈ Ω).

Therefore f ∈ Qn(A,B). Thus the proof is complete. �

Lemma 4. A function f ∈ Rn(A,B) if and only if

(10)
∞∑

k=n+1

k(B + 1)
B −A

ak ≤ 1, −1 ≤ A < B ≤ 1.

Proof. A function f ∈ Rn(A,B) if and only if zf ′(z) ∈ Qn(A,B) and
hence the conclusion follows from Lemma 3. �

Remark 1. From Lemma 3 and Lemma 4 we have Rn(A,B) ⊂ Qn(A,B).

Theorem 3. Qn(A,B) = Nn,δ(e), where

δ =
B −A

B + 1
.

Proof. The equality follows from Lemma 4. �

Corollary 4. For A = 2α − 1 and B = 1, we obtain Theorem 3.1 in [4]
which reads as: Qn(α) = Nn,δ(e), where δ = 1− α.

Theorem 4. Nn,δ(e) ⊂ Qn(A,B), where

A =
n + 1− 2δ

n + 1
and B = 1.

Proof. If f ∈ Nn,δ(e), we have

(11)
∞∑

k=n+1

kak ≤ δ,

which gives that

(12)
∞∑

k=n+1

ak ≤
δ

n + 1
= 1− n + 1− δ

n + 1
.

Thus we see that f ∈ Qn(A,B). �
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Corollary 5. For A = 2α − 1 and B = 1 we obtain Theorem 3.2 in [4]

which reads as: Nn,δ(e) ⊂ Qn(α), where α =
n + 1− δ

n + 1
.

4. NEIGHBORHOODS FOR CLASSES CN(A,B;C,D) AND SN (A,B;C,D)

Let f(z) = z −
∞∑

k=n+1

akz
k and g(z) = z −

∞∑
k=n+1

bkz
k, with ak, bk ≥ 0.

If a function f ∈ A(n) satisfies the conditions

(13)
f ′(z)
g′(z)

∈ Pn(A,B), for − 1 ≤ A < B ≤ 1, z ∈ U ,

and g ∈ S∗n(C,D), for −1 ≤ C < D ≤ 1, then we say that

f ∈ Cn(A,B;C,D).

If we take g(z) = z, then Cn(A,B;C,D) becomes Rn(A,B). Further, a
function f ∈ A(n) is said to be in the class Sn(A,B;C,D) if it satisfies

(14)
∣∣∣∣f(z)
g(z)

− 1
∣∣∣∣ < B −A

1 + B
, for − 1 ≤ A < B ≤ 1, z ∈ U ,

and g ∈ S∗n(C,D), for −1 ≤ C < D ≤ 1. If we put g(z) = z, then
Sn(A,B;C,D) becomes Qn(A,B).

We prove the following results for the classes Cn(A,B;C,D) and Sn(A,B;C,D).

Theorem 5. Cn(A,B;C,D) ⊂ Nn,δ(e), where

δ =
n(B −A)(D + 1) + (D − C)(B + 1)
(B + 1)[(n + 1)(D + 1)− (C + 1)]

.

Proof. If f ∈ Cn(A,B;C,D), then we have

(15) <


1−

∞∑
k=n+1

kakz
k−1

1−
∞∑

k=n+1

kbkz
k−1

 >

1−
∞∑

k=n+1

kak

1−
∞∑

k=n+1

kbk

≥ 1 + A

1 + B
.

It follows from (15) that

∞∑
k=n+1

kak ≤
(

B −A

1 + B

)
+
(

1 + A

1 + B

)( ∞∑
k=n+1

kbk

)
≤

≤
(

B −A

1 + B

)
+
(

1 + A

1 + B

)[
D − C

(n + 1)(1 + D)− (1 + C)

]
≤

≤ n(B −A)(D + 1) + (D − C)(B + 1)
[(n + 1)(D + 1)− (C + 1)](B + 1)

= δ.
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This yields f ∈ Nn,δ(e). �

Corollary 6. For n = 1 we have C1(A,B;C,D) ⊂ N1,δ(e), where

δ =
(2B −A + 1)(D + 1)− (C + 1)(B + 1)

(B + 1)(2D − C + 1)
.

Corollary 7. For A = 2α − 1 C = 2β − 1 and B = D = 1, we obtain
Theorem 4.1 in [4] which reads as: Cn(α, β) ⊂ Nn,δ(e), where

δ =
n(1− α) + (1− β)

n + 1− β
.

Theorem 6. Nn,δ(g) ⊂ Sn(A,B;C,D), where g ∈ S∗n(C,D), for −1 ≤
C < D ≤ 1,

A = 1− 2[(n + 1)(D + 1)− (C + 1)]δ
n(n + 1)(D + 1)

and B = 1.

Proof. Let f ∈ Nn,δ(g), for g(z) ∈ S∗n(C,D). Then we know that
∞∑

k=n+1

k|ak − bk| ≤ δ

and
∞∑

k=n+1

bk ≤
D − C

(n + 1)(D + 1)− (C + 1)
.

Thus we have∣∣∣∣f(z)
g(z)

− 1
∣∣∣∣ <

∞∑
k=n+1

k|ak − bk| ≤
(

δ

n + 1

)(
(n + 1)(D + 1)− (C + 1)

n(D + 1)

)

=
[(n + 1)(D + 1)− (C + 1)]δ

n(n + 1)(D + 1)
=

B −A

B + 1
.

This implies that f ∈ Sn(A,B;C,D). �

Corollary 8. For n = 1 we obtain N1,δ(g) ⊂ S1(A,B;C,D), where

g ∈ S∗1 (C,D), A = 1−
(

2D − C + 1
D + 1

)
δ and B = 1.

Corollary 9. For A = 2α − 1, C = 2β − 1 and B = D = 1, we obtain
Theorem 4.2 in [4] which reads as: Nn,δ(g) ⊂ Sn(α, β), where g ∈ S∗n(β) and

α = 1−
(

n + 1− β

n(n + 1)

)
δ.
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