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GENERALIZATIONS OF HADAMARD PRODUCTS OF
FUNCTIONS WITH NEGATIVE COEFFICIENTS. II

H.E. DARWISH

Abstract. Let T(n) be the class of functions with negative coefficients which
are analytic in the unit disc U. For functions fi(z) and f2(z) belonging to
T'(n), generalizations of the Hadamard product of fi(z) and f2(z) denoted by
fiAfa(p, q; z) are introduced. In the present paper, some interesting properties of
these generalizations of Hadamard products of functions in T, (A, ) and C,, (A, @)
are given.
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1. INTRODUCTION

Let T'(n) denote the class of functions of the form

(1.1) fz)=2-= ap?¥ (ax >0,neN\ {1} ={2,3,...})

k=n

which are analytic in the unit disc U = {z : |z| < 1}.
Then a function f(z) in T'(n) is said to be in the class T, (), «) if satisfies
the condition

2 (2)
(12 Re{xzﬂz) - A)f(z)} -

for some a (0 <a<1), A(0<A<1)andforall z€U.
Also, let Cy, (A, ) denote the subclass of T'(n) consisting of all functions
satisfying the following condition

f(2)+f(2)
(1.3) Re { ) el (&) } >«

for some a (0 <a<1), A(0<A<1)andforall z€U.

Note that T5(0, ) = T*(«) and C(0, ) = C(«), and that f(z) € C,(\, @)
if and only if zf (2) € Th(\ ). Th(0,0) = Ty(a) and Cy(0,a) = Cyh(a)
studied by Duren [2] and Srivastava and Owa [3].

Let fj(z) (j = 1,2) in T'(n) be given by

(1.4) fi(z)=2=) ar;2" (n>2,j=1,2).
k=n
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Then the Hadamard product (or convolution) fi * f2 is defined by
(1.5) (fi* fo)(z) =2~ Z a1 apa 2F.
k=n

For any real numbers p and ¢, we define the generalized Hadamard product
(f1Af2) by

[e.9]

(1.6) (LA P a;z) =2 =) (ar1)(ar2)"2".

k=n

In the special case, if we take p = ¢ = 1, then

(1.7) (1Af)1A,1;2) = (fix f2)(2) (z€U).

In the present paper, we make use of the generalized Hadamard product
with a view to proving interesting characterization theorems involving the
classes T, (A, @) and Cp (), ).

Note: Putting A = 0 in all results we get:

T,(0,c) = 7 % (n, a) (Choi and Kim)[2]

Cn(0,a) = C (n, ) (Choi and Kim)[2]

2. MAIN RESULTS

In order to prove our results for functions in the general classes T, (), «)
and Cp (A, «), we shall need the following lemmas given by O. Altintas and S.
Owa [1]:

LEMMA 1. A function f(z) defined by (1.1) is in the class Ty(\, «) if and
only if

o0
(2.1) Y k—a(Mk+1-Na<1-a

k=n

LEMMA 2. A function f(z) defined by (1.1) is in the class Cp (X, @) if and
only if

(2.2) > K[k —a(Mk+1-Na <1-a.
k=n
REMARK 1. As pointed out earlier by O. Altintas and S. Owa [1], Lemma

1 and Lemma 2 follow immediately from a result due to O. Altintas and Owa
[1] upon setting ar =0 (k=2,3,...,n—1).

Applying Lemma 1 and Lemma 2, we shall prove the next result.
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THEOREM 1. Let the functions fj(z) (j = 1,2) defined by (1.1) be in the
classes Ty (A, «j) for each j, then

(23) o (3.0 e o)

where p > 1 and

pr =

mind 1 ; (k—1)(1-=)) -

kzn <k—a1()\k+1—)\)>p<k—a2(k)\—|—1—)\)> p—l—)\(k—l)
1—041 1—052

Proof. Since f;(z) € T,,(X\, o), by using Lemma 1 we have

o0

k—aj(ME+1—A .
(2.4) Z ]i ‘ ) ar; <1 (j=1,2)
k=n _aj
for n > 2. Moreover,
1
Zk—ay(Me+1-)) g
2.5 a <1
25 (e}
and
p—1
Lk —ag(Ak+ 1)) v
2.6 a <1
20 (She) 7

By the Holder inequality, we get

o 2

k=n

S =

<k:—a2()\k+1—>\)>ppl.

1*0&2

(ap)YP(ago)P VP < 1.

Since
(28) (hAbM;pglw)=z—§3wmf”mmV””f(n22%
we see that :
(2.9) i - ﬁ(i\k_zl —2) (ar,1)P(ar2)P" /P <1 (n > 2)
k=n

with
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B <
—1)(1 =
i {1 - . (k-1 -A) —
= k—al()\k:—i—l—)\) P k-a2(k>\+1—)\) p—l—A(k)—l)
1—og 1—as
Thus, by Lemma 1, the proof of Theorem 1 is completed. ]

COROLLARY 1. If the functions fj(z) (j = 1,2) defined by (1.1) are in the
class Ty (A, «), then

1 p—1
(2.10) nap (3.0 enove) >0
Proof. In view of Lemma 1, corollary 1, follows readily from Theorem 1 in
the special case aj = «. ]

THEOREM 2. If the functions f;j(z) (j = 1,2) defined by (1.1) are in the
classes Cp (X, aj) for each j, then

(2.11) (f1Af2) (;p — 1;z> € Cu(A, 9),
where p > 1 and
8=
min< 1 — (k=D =) i
k2n k—ar(Me+1—-M\Y? (k—as(Ak+1—X\)\ "7 NV
< 1—0&1 ) ( 1—0(2 > T ( B )

Proof. Since f;(z) € Cp(X, o), by using Lemma 2, we get

= k—a;(Mk+1-N) ,
(2.12) k;k ]1_% ar; <1 (j=12), (n>2).

Thus the proof of Theorem 2 in much again to that of Theorem 1 detailed

already; instead of Lemma 1, it uses Lemma 2. O

COROLLARY 2. If the functions fj(z) (j = 1,2) defined by (1.1) are in the
class Cp (N, ), then

1 p—1
(2.13) (AR, pT ) €Cu(Va)  (p>1).
THEOREM 3. Let the functions f;(z) (j =1,2,...,m) defined by (1.1) be in
the classes Ty, (X, a;) for each j, and let Fy,(z) be defined by

o m

(2.14) Fu(z)=2=Y | ) (a;) | 2" (n=p>2 2€0).

k=n \j=1
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Then

(2.15) Fin(2) € Ta(\, Bm) (n>2),

where

=1 (k= 1)1 )/ (2L

P —(Ak+1-X)

1—«a

and

o () 2

Proof. Since f;(z) € T,(\, o), using Lemma 1, we observe that

o0

k—a;(M+1— A
(2.16) 3 O‘”i;r )ak,jg1(j:1,2,...,m,n22)
k=n g

and

> —a;(ME+1=)N)\"

Z( ]1—a )) (akaj)p

— J
(2.17) =

00 p
Zk—a»(AkH—A)
S ( .71 . ak,j) S 1
J

k=n

If follows from (2.17) that

)1 &K (k—aj(Me+1— M)\ »
. - j < °
(2.18) > - Z < 1—a) > (ar;)P p <1
k=n j=1
Putting
(2.19) a= min oj,

1<5<m

and by virtue of Lemma 1, we find that

3 k= Bm(Me+1—)) 3™ ()

k=n 1= j—l
1 E—aMk+1-2)\" <&
S
k=n j=1

aigy [ —a;(ME+1=X)\"
ZZ( ik )> (ar;)’ <1
m 1—aj ’

k=n j=1
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it
(k—1)(1— )
B <1— p (k >mn).
;(k_a(fk_zl_AU k1)
Now let
(k—=1)(1 -7
(2.20) g(k) =1— .
D ! /YRR

Then ¢'(k) > 0 if p > 2. Hence
(2.21) B < 1—(n—1)(1-N) / (1 (" —alnt1- )‘)>p —(Ant1- A)) .

m 11—«
By
-1 [n —a(An+1-— )\)]p >
(1-a) -
we see that 0 < 3 < 1. Thus the proof of Theorem 3 is completed. O

THEOREM 4. Let the functions fj(z) (j = 1,2,...,m) defined by (1.1) be in
the class Cy (X, aj) for each j, and let Fy,(2) be defined by (2.14). Then

(2.23) Fn(z) € Cp(N, Bm) (zeU),

where

B =1= (=0 =x) ) (et (PEEIEIY L - ),
“= 2,

and

ot (1A LN

Proof. Since f;(z) € Cy (X, ¢y), by using Lemma 2, we obtain

[e.o]

(2.23) Z(k[k — Oa(lj/\af)l — )
k=n J

ak’j S 1.

Thus the proof of Theorem 4 uses Lemma 2 in precisely the same manner as
the above proof of Theorem 3 uses Lemma 1. The details may be omitted. [
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