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FUZZY Q-ALGEBRAS WITH INTERVAL-VALUED
MEMBERSHIP FUNCTIONS
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Abstract. In this note the notion of interval-valued fuzzy Q-algebras (briefly, i-
v fuzzy Q-algebras), the level and strong level Q-subalgebra is introduced. Then
we state and prove some theorems which determine the relationship between
these notions and @Q-subalgebras. The images and inverse images of i-v fuzzy Q-
subalgebras are defined, and how the homomorphic images and inverse images
of i-v fuzzy Q-subalgebra becomes i-v fuzzy Q-algebras are studied.
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1. INTRODUCTION

In 1966, Y. Imai and K. Iseki [5] introduced two classes of abstract algebras:
BC K-algebras and BCI-algebras. It is known that the class of BC' K-algebras
is a proper subclass of the class of BCI-algebras. In [4] Q. P. Hu and X. Li
introduced a wide class of abstract algebras: BC' H-algebra. They shown that
the class of BCI-algebras is a proper subclass of the class of BC H-algebras.
In [8] J. Neggers and H. S. Kim introduced the notion of d-algebras, which is
generalization of BC' K-algebras and investigated relation between d-algebras
and BCK-algebras. Also J. Neggers, S. S. Ahn and H. S. Kim introduced
the notion of Q-algebras [6], which is a generalization of BCH/BCI/BCK-
algebras. The concept of a fuzzy set, was introduced in [10].

In [11], Zadeh made an extension of the concept of a fuzzy set by an interval-
valued fuzzy set (i.e., a fuzzy set with an interval-valued membership function).
This interval-valued fuzzy set is referred to as an i-v fuzzy set, also he con-
structed a method of approximate inference using his i-v fuzzy sets. Biswas
[1], defined interval-valued fuzzy subgroups and S. M. Hong et. al. applied
the notion of interval-valued fuzzy to BCI-algebras [3].

In the present paper, we using the notion of interval-valued fuzzy set and
introduced the concept of interval-valued fuzzy @-subalgebras (briefly i-v fuzzy
@-subalgebras) of a Q-algebra, and study some of their properties. We prove
that every ()-subalgebra of a ()-algebra X can be realized as an i-v level Q-
subalgebra of an i-v fuzzy ()-subalgebra of X, then we obtain some related
results which have been mentioned in the abstract.
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2. PRELIMINARY NOTES

DEFINITION 1.1. [6] A Q-algebra is a non-empty set X with a consonant 0
and a binary operation * satisfying the following axioms:

(I) xxx =0,

(I) x %« 0 = =z,

(III) (zxy) *x 2z = (z*2) x y,
for all z,y,z € X.

EXAMPLE 1.2. [6] Let X = {0, 1,2} be a set with the following table:

DO = O %
o= Ol
_= O N
SN o

Then (X, *,0) is a Q-algebra.

THEOREM 1.3. [6] In a Q-algebra X, then xxy = x % (0% (0 y)), for all
z,y € X.

A non-empty subset I of a Q-algebra X is called a subalgebra of X if xxy € I
for any z,y € I.

A mapping f : X — Y of Q-algebras is called a @-homomorphism if
flxxy) = f(z)* f(y) for all z,y € X.

We now review some fuzzy logic concept (see [10]).

Let X be a set. A fuzzy set A in X is characterized by a membership
function py : X — [0,1]. Let f be a mapping from the set X to the set ¥
and let @) be a fuzzy set in Y with membership function up.

The inverse image of @, denoted f~1(B), is the fuzzy set in X with mem-
bership function ji¢-1(py defined by py—1(p)(7) = pup(f(x)) for all z € X.

Conversely, let A be a fuzzy set in X with membership function p4. Then
the image of A, denoted by f(A), is the fuzzy set in Y such that:

sup  pa(z) if fH(y) = {2 fx) =y} #0,
iy (y) =4 =€/ '
0 otherwise
A fuzzy set A in the Q-algebra X with the membership function p 4 is said
to be have the sup property if for any subset 7' C X there exists xg € T such

that

pa(xo) = sup pa(t).
teT

An interval-valued fuzzy set (briefly, i-v fuzzy set) A defined on X is given
by
A= {(z, [uh(x), n(2)}, Vo € X.



3 Fuzzy (Q-algebras with interval-valued membership functions 75

Briefly, denoted by A = [,uﬁ, ,u%], where ,uf‘ and ,ug are any two fuzzy sets in
X such that p%(z) < p4(z) for all z € X.

Let 7i4(z) = [u4(2), uf(2)], for all x € X and let D[0, 1] denotes the family
of all closed sub-intervals of [0, 1]. It is clear that if u%(x) = pY(z) = ¢, where
0 < ¢ <1, then fig(x) = [¢,¢ is in D[0,1]. Thus fiy(z) € D[0,1], for all
x € X. Therefore the i-v fuzzy set A is given by

A= {(z,p4(x))}, Ve € X,
where
fia: X — DI[0,1].
Now we define refined minimum (briefly, rmin) and order “ <” on elements
Dy = [a1,b1] and D9 = [ag, be] of D[0, 1] as:

rmin(Dy, Do) = [min{ay, as}, min{by, bo}|

D1 <Dy<=a1<ax N b1 <by
Similarly we can define > and =.

DEFINITION 2.3. [2] Let u be a fuzzy set in a Q-algebra. Then p is called
a fuzzy @Q-subalgebra (Q-algebra) of X if u(x * y) > min{u(z), u(y)} for all
x,y € X.

PROPOSITION 2.4. [2] Let f be a Q-homomorphism from X into Y and
G be a fuzzy Q-subalgebra of Y with the membership function ug. Then the
inverse image f~Y(G) of G is a fuzzy Q-subalgebra of X .

PROPOSITION 2.5. [2] Let f be a Q-homomorphism from X ontoY and D
be a fuzzy Q-subalgebra of X with the sup property. Then the image f(D) of
D is a fuzzy Q-subalgebra of Y.

3. INTERVAL-VALUED FUZZY ()-ALGEBRA

From now on X is a (Q-algebra, unless otherwise is stated.

DEFINITION 3.1. An i-v fuzzy set A in X is called an interval-valued fuzzy
@-subalgebras (briefly i-v fuzzy @Q-subalgebra) of X if:

Ba(zxy) > rmin{frs (), ma(y)}
for all x,y € X.
ExaMPLE 3.2. Let X = {0,1,2,3} be a set with the following table:

3
0
0
0
0

W N = O %
W N = Ol
w oo O~
W O O O
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Then (X, *,0) is a Q-algebra, which is not a BCH/BCI/BCK-algebra.
Define i 4 as:

[ ]0.3,09] if ze{0,2),
fa(z) = { [0.1,0.6] otherwise.

It is easy to check that A is an i-v fuzzy @-subalgebra of X.
LEMMA 3.3. If A is an i-v fuzzy Q-subalgebra of X, then for all x € X

1A(0) > Jiy(x).

Proof. For all x € X, we have

4(0) = Tiyg(z*x) > rmin{fig(z), m4(z)}
= min{[p}(2), u%(@)], [n5(2), u5 (2)]}
= [phi(@), 14 (2)] = fia().

PROPOSITION 3.4. Let A be an i-v fuzzy Q-subalgebra of X, and let n € N.
Then

) Tial Hm xx) > fig(x), for any odd number n,

(ii) Ti4 Hx*ac > Ti4(0), for any even number n.

Proof. Let x € X and assume that n is odd. Then n = 2k — 1 for some
positive integer k. We prove by induction, definition and above lemma imply

2k—1
that fig(z*x) = 14(0) > 114(z). Now suppose that fiy (H x * x) > Ti4(x).

Then by assumption

2(k+1)—1 2k41
A H T*X = [ (H x*x)

Y
\

Which proves (i). Similarly we can prove (ii).
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THEOREM 3.5. Let A be an i-v fuzzy Q-subalgebra of X. If there exists a
sequence {xy} in X, such that

nh_{gOﬁA(xn) = [1,1]
Then Ti,(0) = [1,1].

Proof. By above lemma we have fi (0) > Tis(z), for all x € X, thus
74(0) > Tig(xy), for every positive integer n. Consider

[17 ” > ﬁA(O) > lim ﬁA(xn) = [17 ”'

n—oo

Hence 714(0) = [1, 1].

THEOREM 3.6. An i-v fuzzy set A = [uk, 1Y) in X is an i-v fuzzy Q-
subalgebra of X if and only if uﬁ and ,u% are fuzzy Q-subalgebra of X.

Proof. Let ,ufl and ug are fuzzy Q-subalgebra of X and z,y € X, consider

falrxy) = [Galr*y),Ba(T*y)]

min{pf(z), nk(y)}), mm{.“A( ), 1 (y)}
rmin{ [ (z), u% ()], [0 (), 15 ()]}
rmin(fiy (@), 1 a(y)]-

IV

This completes the proof.
Conversely, suppose that A is an i-v fuzzy @Q-subalgebras of X. For any
x,y € X we have

[z y), iz y)] = Falexy)
> rmin(fiy (), fia(y)]
= min{[pfi(z), u%(@)], (05 (@), k5 ()]}
= [min{pf(2), u5(y)}, min{p 4 (2), L5 () }.

Therefore ik (z+y) > min{p (@), i& ()} and p§ (@ y) = min{ud (@), 4 (1)},
hence we get that ,uﬁ and u% are fuzzy ()-subalgebras of X.

THEOREM 3.7. Let A1 and As are i-v fuzzy Q-subalgebras of X. Then
A1 N As is an i-v fuzzy Q-subalgebras of X .
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Proof. Let x,y € A1 N As. Then z,y € A1 and As, since Ay and A, are i-v
fuzzy @-subalgebras of X by above theorem we have:

Bana,(T*y) = [MﬁmAQ(CU *Y), /’LglﬂAg (z*y)]
= [min(uf, (@ * ), g, (@ * y)), min(uy, (z + y), u%, (z * y))]

> [min((ph, 0, (), 1,04, ), min((uG, qa, (€), 15,04, ()]
= tmin{fig,na,(T), Ba,na, (Y)}-

Which Proves theorem.

COROLLARY 3.8. Let {A;|i € A} be a family of i-v fuzzy Q-subalgebras of
X. Then ﬂ A; is also an i-v fuzzy Q-subalgebras of X.
€A
DEFINITION 3.9. Let A be an i-v fuzzy set in X and [01,02] € D[0,1].
Then the i-v level Q-subalgebra U(A;[d1,02]) of A and strong i-v Q-subalgebra
U(A;>,[01,02]) of X are defined as following:

U(A;[01,02]) :=={z € X | a(z) > [61, 2]},

U(A; >, [51,52]) = {:B eX ’ EA(.Q?) > [(51,(52]}.

THEOREM 3.10. Let A be an i-v fuzzy set of X and Q) be closure of image
of ua. Then the following condition are equivalent:

(i) A is an i-v fuzzy Q-subalgebra of X .

(ii) For all [61,02] € Im(pa), the nonempty level subset

U(A; [61,62])

of A is a Q-subalgebra of X.
(iii) For all [01,062] € Im(pa) \ B, the nonempty strong level subset

U(A; >, [51, (52])

of A is a Q-subalgebra of X .
(iv) For all [01,02] € D[0,1], the nonempty strong level subset

U(A; >, [51, 52])

of A is a Q-subalgebra of X.
(v) For all [01,02] € D|0, 1], the nonempty level subset

U(A; 61, 062])
of A is a Q-subalgebra of X.

Proof. (i = iv) Let A be an i-v fuzzy ()-subalgebra of X, [01,d2] € DJ[0, 1]
and z,y € U(A4; <, [d1,02]), then we have

Ba(z+y) > rmin{fiy (), a(y)} > rming[d1, d2], [01, 02]} = [01, da],
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thus x xy € U(A; >, [01,02]). Hence U(A;>,[d1,02]) is a Q-subalgebra of X.

(iv = iii) It is clear.

(iii = ii) Let [01,02] € Im(pa). Then U(A;[d1,02]) is a nonempty. Since
U(A;[01,082]) = (1 U(4;>,[61,8)), where [o1,02] € Tm(pa) \ B.

[01,02]>[ov1 2]
Then by (iii) and Corollary 3.7, U(A; [01, 62]) is a Q-subalgebra of X.

(i = v) Let [01, 62] € D|0, 1] and U(A;[d1,02]) be nonempty. Suppose x,y €
U(A;[61,02]). Let [B1,P2] = min{pa(x),na(y)}, it is clear that [51,F2] =
min{yia (), pa(y)} = {[61,02], [01,02]} = [61,02]. Thus 2,y € U(A;[b1, f2])
and (01, 82] € Im(pa), by (ii) U(A4;[B1, f2]) is a Q-subalgebra of X, hence
zxy € U(A;[B1,F2]). Then we have

Pa(z*y) > rmin{pa(x), pa(y)} > {[B1, Bal, [B1, Bo]} = [B1, B2] > [61, 2]

Therefore x x y € U(A;[d1,92]). Then U(A;[01,02]) is a Q-subalgebra of X.
(v = i) Assume that the nonempty set U(A;[01,d2]) is a Q-subalgebra of
X, for every [d1,02] € D|[0,1]. In contrary, let zg,yo € X be such that

Tia(wo * yo) < rmin{fia(zo), 4 (v0)}-
Let 7ia(z0) = [y1,72], Fa(yo) = [73,74] and Ji4(xo * yo) = [01, d2]. Then
(01, 62] < rmin{[y1,72], [3,74]} = [min{v1,7s], min{~ye, 4 }].

So 01 < min{~;,v3} and do < min{vya,v4}.
Consider

1_ o _
(A, Azl = STia(zo * yo) + rmin{Zia(wo), Fa(y0)}-
We get that

Pusdel = (001,82 + min{on, s}, mindrz, )

= [%(51 + min{v1,73}), %(52 + min{ye,v4})].

Therefore

min{y1,v3} > A1 = (01 +min{y1,73}) > 01

N = o=

min{y2,y4} > A2 = = (d2 + min{7ya,vy4}) > 0.
Hence

[min{fyl) 73}7 min{f)/% '74}] > [)‘17 AQ] > [517 52] = ﬁA(xO * yO)
so that xg * yo & U(A;[01,d2]), which is a contradiction, since

Ta(wo) = [v1,72] = [min{v1, 3}, min{y2,74}] > [A1, Aa],

Ba(yo) = [v3,74] = [min{~y1,y3}, min{vya, v4}] > [A1, A2
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imply that zg,yo € U(A;[01,02]). Thus fiy(x *xy) > rmin{z,(z),74(y)} for
all z,y € X. Which completes the proof.

THEOREM 3.11. FEach Q-subalgebra of X is an i-v level Q-subalgebra of an
i-v fuzzy Q-subalgebra of X .

Proof. Let Y be a Q-subalgebra of X, and A be an i-v fuzzy set on X
defined by

74 (@) = a1, 0] if €Y,
HAVE) = [0, 0] otherwise,

where aq, a2 € [0,1] with a; < as. It is clear that U(A; a1, a2]) = Y. Let
x,y € X. We consider the following cases:
case 1) If z,y € Y, then x *y € Y therefore

fa(z*y) = [a1, ag] = rmin{[aq, azl, [on, o]} = min{ps (2), 74 (y) }-
case 2) If z,y € Y, then i (x) = [0,0] = 114 (y) and so
fra(z *y) = [0,0] = rmin{[0, 0], [0, 0]} = rmin{zi, (x), 7 (y)}-
case 3) If r € Y and y € Y, then 14 (z) = [a1, a2] and 114 (y) = [0, 0]. Thus
Fia(z *y) = [0,0] = rmin{[on, o], [0, 0]} = rmin{za(z), a(y) }-
case 4) If y € Y and = ¢ Y, then by the same argument as in case 3, we

can conclude that i 4(z * y) > rmin{fi4(x), 74 (y)}-
Therefore A is an i-v fuzzy Q-subalgebra of X.

THEOREM 3.12. Let Y be a subset of X and A be an i-v fuzzy set on X
which is given in the proof of Theorem 3.11. If A is an i-v fuzzy Q-subalgebra
of X, then'Y is a Q-subalgebra of X .

Proof. Let A be an i-v fuzzy @)-subalgebra of X, and z,y € Y. Then
Tia(x) = [o, az] =Tis(y), thus

Ba(zxy) =2 mmin{fiy(z), 14 (y)} = rmin{[a1, ao], [0, az]} = [a1, az]

which implies that x xy € Y.

THEOREM 3.13. If A is an i-v fuzzy Q-subalgebra of X, then the set

X, ={z € X | alz) =1a(0)}

s a Q-subalgebra of X.

Proof. Let z,y € Xg,. Then fis(z) = 714(0) = fi4(y), and so

fia(e y) = mmin{fiy(2), 74 (y)} = mmin{7i4(0),74(0)} = 74(0).

By Lemma 3.3, we get that fis(x *y) = i4(0) which means that zxy € Xy,.

THEOREM 3.14. Let N be an i-v fuzzy sub set of X. Let N be an i-v fuzzy
set defined by Tis as:

. | [oa,02] if x €N,
fin (@) = { [ﬂll,ﬂj] otherwise
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for all [aq, s, [B1, B2] € DI[0,1] with [a1,a0] > [B1,02]. Then N is an i-v
fuzzy Q-subalgebra if and only if N is a Q-subalgebra of X. Moreover, in this
case Xg, = N.

Proof. Let N be an i-v fuzzy @-subalgebra. Let x,y € X be such that
z,y € N. Then

pn(z o+ y) = rmin{ziy (2), iy (y)} = rmin{fon, as], [on, ao]} = [on, as]
and so zxy € N.

Conversely, suppose that N is a Q-subalgebra of X, let x,y € X.
(i) If z,y € N then z xy € N, thus

By (@ xy) = [a1, ag] = rmin{fiy (), An (y) }
(ii) If x ¢ N or y € N, then

iy (@ xy) = [P1, fo] = rmin{iy (2), iy (y) }-

This show that N is an i-v fuzzy @-subalgebra.
Moreover, we have

Xy = {z e X | un(r) =0n(0)} = {z € X [Fiy(2) = o1, 2]} = N.

DEFINITION 3.15. [1] Let f be a mapping from the set X into a set Y.
Let @ be an i-v fuzzy set in Y. Then the inverse image of (), denoted by
f~YB], is the i-v fuzzy set in X with the membership function given by
Br-p(w) =np(f(x)), for all z € X,

LEMMA 3.16. [1] Let f be a mapping from the set X into a set Y. Let
m = [m¥, mY] and n = [n",nY] be i-v fuzzy sets in X and Y, respectively.
Then:

(i) f~H(n) = [f~H ("), FH(Y)],

(ii) f(m) = [f(m"), f(m")].

PROPOSITION 3.17. Let f be a Q-homomorphism from X into Y and G be
an i-v fuzzy Q-subalgebra of Y with the membership function pug. Then the
inverse image f~1[G] of G is an i-v fuzzy Q-subalgebra of X .

Proof. Since B = [uk, u¥] is an i-v fuzzy Q-subalgebra of Y, by Theorem
3.6, we get that ,ué and ug are fuzzy (J-subalgebra of Y. By Proposition
2.4, f~Ypk] and f1[uY] are fuzzy Q-subalgebra of X, by above lemma and
Theorem 3.6, we can conclude that f~Y(B) = [f~1(uk), f~1(uB)] is an i-v
fuzzy @-subalgebra of X.

DEFINITION 3.18. [1] Let f be a mapping from the set X into a set Y, and
A be an i-v fuzzy set in X with membership function p4. Then the image of
A, denoted by f[A], is the i-v fuzzy set in Y with membership function defined
by:
— ( ) _ rsupzeffl(y)ﬁA(z) if fﬁl(y) # (Z),Vy €y,
KAl [0,0] otherwise.
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Where f~(y) = {z | f(z) = y}.
THEOREM 3.19. Let f be a Q-homomorphism from X onto Y. If A is ani-v

fuzzy Q-subalgebra of X, then the image f[A] of A is an i-v fuzzy Q-subalgebra
of Y.

Proof. Assume that A is an i-v fuzzy @Q-subalgebra of X, then A =
(1%, 1Y) is an i-v fuzzy Q-subalgebra of X if and only if p% and uY are
fuzzy Q-subalgebra of X. By Proposition 2.5, f[u%] and f[uY] are fuzzy
Q-subalgebra of Y, by Lemma 3.16, and Theorem 3.6, we can conclude that
fIA] = [flph], FIe4]] is an i-v fuzzy Q-subalgebra of Y.
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