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THE FEKETE-SZEGO INEQUALITY FOR A SUBCLASS
OF ANALYTIC FUNCTIONS INVOLVING
HADAMARD PRODUCT

HALIT ORHAN

Abstract. For 0 < a<1,0<<A<1,0<0<1,0<v<landp>0,let
R(P,V; N, B, , b, v, p) be the class of analytic functions defined in the open unit
disk E by

ABZ2 " (2) + @AB+ A= B)2f"(2) + 2f'(2) ) ‘ T
s (X 3 O L )| < Cem
where g(z) = z + boz? + b3z + ... is analytic function on E and satisfies
9(2) * @(2) mp
arg(m—u) <5 (z € E),

for some ®(z) = z+ > 07, Tpz" and VU(z) = z+ > 7, 2" analytic in F
such that g(z) * ¥(z) # 0,T, > 0,7, > 0 and T,, > v,(n > 2). For f €
R(P, T; N, B, a, 6, v, p) and given by f(z) = z+ asz® +azz® +-- -, a sharp upper
bound is obtained for functional |a3 — ua§| when p > 1.
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1. INTRODUCTION

Let A denote the family of the functions of the form:

1) ) =243 "
n=2

which are analytic in the open unit disk £ ={z: 2z € C and |z| < 1}. Let S
denote the class of functions which are univalent in E.

Let the function f(z) be defined by (1). Also let the function g(z) be defined
by

) o) =243 b
n=2

Then the Hadamard product (or convolution) of the functions f(z) and g(z)
is defined by

(3) (fxg)(z)=z+ Z anbnz".
n=2
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Fekete and Szego [9] obtained sharp upper bound for functional ’ag — ,ua%‘
when p is real. For various subclasses of S, namely the class of starlike func-
tions, the class of convex functions, and the class of close-to-convex func-
tions denoted by S*, C and K , respectively, sharp upper bound for functional
‘ag - ,ua%! has been investigated by many different authors including ( [1]-[7],
[10]-[12], [14]-[18], [21]-[22] ). Obviously, the classical ones are from the work
done by Fekete and Szego [9], and Keogh and Merkes [14]. In the present pa-
per we obtain sharp upper bounds for functional ‘ag - ,ua2’ when f belonging
to the class of functions defined as follows:

DEFINITION 1. Let 0 < < 1,0 <A< A<1,0<d<1,0<v<1and
p>0,and let f € A. Then f € R(®,¥;\, 5, a,d,v, p) if and only if
(4)

<% (z € B)

AB22g"(2) + (A = B)zg'(z) + (1 = A + B) f(2)
with g € A and satisfies
9(2) x ®(2) Tp
(5) arg <g(z)*\II(z)_y>‘ <5 (z € EB),

where ®(z) = 2+ 7, Y2 and ¥(z) = z+ Y -7, 72" analytic in the open
unit disk F such that g(z) * U(z) # 0,1, > 0,7, > 0 and T,, > v, (n > 2).
Note that ER((I 5% T 120,0,1,0,0,p) = K(p) is the class of close-to-convex

functions defined in [3] and §R((1 7 T 125;0,0,1,0,0,1) = K (1) is the class of
normalized close-to-convex functions defined by Kaplan [13]. Whereas,
z

is the class of normalized close-to-convex functions defined in [6].

arg (Aﬁz?’f”’(z) + (2AB+ X — )22 f"(2) + 2f'(2) B 5) ‘

OOaOOp) K(a, p)

2. PRINCIPAL RESULTS

In order to derive our principal results, we have to recall here the following
lemma [20].

LEMMA 1. Let h € P i.e., h be analytic in the open unit disk E and be given
by
h(z)=1+ciz+cpz®+---,
and Reh(z) > 0 for z € E, then
2
c
© -3

2
<2 Lol

2|~ 2

Making use of the above Lemma, we get the following theorem.

THEOREM 1. Let f(z) be given by (1). If f(z) € R(P,¥;\, 5, ,6,v,p);
0<a<1,0<8<A<1,0<6<1,0<v<],p>1and3uc(l+46) >
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2n(n + 27v2), where n = Yo — (1 +v), 0 = T3 —v3(1 +v) and pu > 0, then
we have the sharp inequality

2(1+46
|as — pa3| < ” éang ){3u0(1 +6) = 2n(n + 272)}

{3u[2(3)\ﬂ +A=0)+1{an+2p[2AB+ X —B) +1](1 + )}
3N[(2AB+ A —B) + 12230\ + X — 3) + 1]
m - ABILPlne0) 1))
I[N+ A= B) + 122308+ X — B) + 1]
Proof. Let f(z) € R(®,V; A\, B, a, 9, v, p). It follows from (4) that
ABZ2 " (2) + (2AB+ X — )22 f"(2) + 2f'(2)
(8) = [A32%¢"(2) + (A = B)z¢/(2) + (1 = A+ ) £(2)][a°(2) + 4]

for 2 € B, with ¢ € P given by q(2) = 1+q12+q22%+- - -. Equating coefficients,
we get

9) 2[2AB+ A= 08) + 1]ag = [2AB+ X = 8) + 1](1 + 0)bs + aq1

and

3120303 + A — B) + 1as = agz + aqi[2AG + A — B) + by

(10) +0‘(O‘2_ D2 4 (14 0)20A + A — 8) + 1bs.
Also, it follows from (5) that
(11) 9(2) x ®(2) = [g(2) * W (2)][p"(2) + V],

where p € P with p(z

) =1+p1z+p222+p3z®+--- for z € E. Thus, equating
coefficients, we obtain

(12) nb2 = pp1
and
+2) —
(13) obsy = p <p2 + pln+2%) = 4 2;;2) nlﬁ) :
From (9), (10), (12) and (13) we have
2 2
s a g, p(1+9) i
I e P TRR Y v wra AU Rt R Ve R

o?{2[(2A8 + A = B) +1]* = 3u[2(3AB + A = B) +1]} ,
[N+ A—B) + PRBANG+A—B) +1]
P*(1+8)[2n(n + 272) — 3po(1+9)] ,
12012 P1
ap{2[(2AB+ A = B) + 1) = 3u(1 + §)[2(3A\8+ X — B) + 1]}
6n[(2AB + A — 3) + 1][2BA\8 + X — () + 1]

(14) P1q1-
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Assume that a3 — a3 positive. Thus we now estimate Re(a3—pa3) by applying
the same technique done by London [17]. And so from (14) and by using
Lemma 1 and letting p; = 2re'?, g1 = 2Re!?, 0<r<1,0<R<1,0<6<
27 and 0 < ¢ < 27, we obtain

p(L+6) i

30 Re(p2 — E)

2
@ q1
DA e )t

2
Q2{2[2AB+ X = B) +1]2 = 3u2(3\8 + A — B) + 1]}

Re(ag — pa3) = 300

@B A A LRGN LA p v e
2 — 3uo
LP (1+90)[2n(n ;(277722) 3u (1+5)]Rep%
ap{2[2AB+ X —B) +1]2 = 3u(1 + 62BN\ + A — 3) + 1]}R
61203+ A —B) 1RGN+ A—B) + 1] Pl
2 2p(1+9)
S T N ey (U DR e mal Gl
2{2[(2AB+ X — B) +1]2 = 3u2(3\3 + X — 3) + 1]}R2 0326
3[2AB+ A — B) + 12[2B3A8+ A — B) + 1]
+p2(1 +0)20(n+27) =3po(143)] 5 og
3on?
2ap{2[(2A8 + X — B) + 1]2 = 3u(1 + §)[2(3A\3 + A — 3) + 1]}
+ 3[(2B+ A —B) + RGN+ A —B) + 1] ricos(d +¢)
2 2p(1+9)
= 323A3 + A — ) + 1] (1= R+ 30 (1=r%)
Q2 {3u[2BAB + X —B) +1] = 2[(2AB+ X — B) + 1]2}R2
3[(2A8 + A = B) +122(BA\3 + A — B) + 1]
+p2(1 +0)Buo(1+06) — 2n(n + 272)] »
3on?
20p{3pu(1 +0)2BAB+ A = B) + 1] = 2[(2AB+ A —3) + 1]2}TR _GirR).

3IN2AB+ A = B) + 123X+ X = 6) + 1]
Letting «, 6, v, p and p fixed and differentiating G(r, R) partially when 0 <
a<1,0<i<1,0<v <1, p>1and p > 1, we observe that

16ap(1 + 9)
90233 + A — ) + 1]

GT?”GRR - (GT‘R)2 =
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+4a2p2(1 + ) {3p2BA8+ A — B) +1] — 2[(2A8+ X — B) + 1]}
9on?[(2AB + A — 3) + 1]2

{3ou(1+6) — 2n(n + 2y2)}
[283A3+ A — ) + 1]

8a”p(1+0){3u[2BA8 + X = B) +1] = 2[(2A8 + A — B) + 1]*}
9o [(2AB + A — B) + 1]2[23\8 + A — 3) + 1]

_ 8ap*(1+96)[3uc(1 +9) — 2n(n + 272)]
9on?[2(3N\B + A — 3) + 1]

4a?p?3u(1+0)[2(3A8 + A = B) + 1] = 2[(2A8 + X = B) +1]*}?
I2[(2AB+ X — B) + 12[2(3A\3 + X — B) + 1)2

Therefore, the maximum of G(r, R) occurs on the boundaries. Thus, the
desired inequality follows by observing that

2(1+46)
772

< 0.

G(r,R) <G(1,1) = péa{‘sﬂa(l +6) — 2n(n + 272)}

o { 3p2BAB+ A —B) + 1{an +2p[2AB+ A — B) + 1](1 + )}
3N[(2AB+ A —B) + 122303+ X — 3) + 1]
C2[@A8+ A= B) + 11 {an+20[(2A8+ A — B8) + 1]} }
3IN[2AB+ A = B) + 122303+ X — 3) + 1]

The equality is attained when choosing p; = ¢1 = 2i and p2 = ¢ = —2 in
(14). O

(15)

From the proof of Theorem 1, we can easily have the following corollaries.
Letting 6 = 0 in Theorem 1, we have

COROLLARY 1. Let f(z) be given by (1.1). If f(2) € R(P,¥; \,0,,6,v, p);
0<a<1l,0<A<1,0<0<1,0<v<]1,p>1, =0 and3uc(l1+9) >
2n(n+ 27y2) where n = Yo —y2(1+v), 0 = T3 —v3(1 +v) and p > 0, then we
have

2
21 P (140)
|a3 - ,UzCLQ‘ < W
o 3u2A + D)an 4+ 2p(A + 1)(1 + )] — 2(A + 1)2[an + 2p(X + 1)]
3+ 1)2(2A + 1) '
Letting B =1 in Theorem 1, we have

COROLLARY 2. Let f(z) be given by (1). If f(z) € R(®,¥;\, 1,0, 6, v, p);
0<a<1,0<A<1,0<6<1,0<v<],p>1, =1 and3uc(1+9) >

{Buo(1+0) —2n(n +27v2) }
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2n(n + 27y2) where n = Yo —y2(1+v), 0 = T3 —y3(1+v) and p > 0, then we
have

p*(1+0)

3077 {3uo(1+6) — 2n(n + 272)}

|a3 - ,Ua%‘ <

3u(8X — 1)[an + 6pA(1 + )] — 18X%[an + 6p)]
o { 2TIAZ(8N — 1) }

Letting A = 3 =1 in Theorem 1, we have

COROLLARY 3. Let f(z) be given by (1). If f(z) € R(®,¥;1,1,q,6,v,p);
0<a<lL,0<6<1,0<v<lp>1,A=08=1 and3uc(l+3d) >
2n(n+ 27vy2) where n = Yo — v (1+v), 0 = T3 —y3(1 +v) and p > 0, then we
have

PP+ )

307 {Buo(1+0) —2n(n + 272)}

|a3 — ,ua%‘ <

21pfan + 6p(1 + 6)] — 18[an + 6p]
+« .
189n

REMARK 1. Letting

D(z2) = (1_2)2,¢() ﬁ,AZO,ﬁ:O,(S:OaHdV:O

in Theorem 1, we have the result given by Darus and Thomas [6].

REMARK 2. Letting

(1_%)27 zp(z):ﬁ’/\:075:0,5:0,V:0anda:1

in Theorem 1, we have the result given by Jahangiri [12].

O(z2) =

REMARK 3. Letting
A=0,0=0,d=0andv=0
in Theorem 1, we have the result given by Darus and Hong [8].
REMARK 4. Letting
=0, d=0andv=0
in Theorem 1, we have the result given by Darus [7].
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