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APPLICATIONS OF THE SOLUTIONS OF TWO ABSTRACT
MOMENT PROBLEMS TO THE CLASSICAL
MOMENT PROBLEM
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Abstract. We apply Theorems 1 and 4 [12] to some classical moment problems
in spaces of analytic or real-differentiable functions, considered as real ordered
normed vector spaces. Our solutions are operator-valued and satisfy some nat-
ural sandwich-type conditions. The present work is related to the papers [6],
[10], [12], [13], [14], [16], [17].
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1. GENERAL-TYPE KNOWN RESULTS ON THE ABSTRACT MOMENT PROBLEM

THEOREM 1. (Theorem 4 [12] or Theorem 2.1 [13]). Let V be a preordered
vector space, let Y be an order-complete vector lattice, {vj;j € J} C V,
{yj55€JyCY, F,G e L(V,Y) two linear operators. Consider the following
assertions:

(a) there exists H € L(V,Y') such that

H(vj) =y;, j€J;

G(p) S H(p) < Fp) Ve Vi
(b) for any finite subset Jy C J and any {cy;j € J1} C R, the implication

(1) Z ajv; = P2 — o1 with 1,2 € Vi = Z a;y; < F(p2) — G(e1)
JeN Jjeh
holds.
If V is a vector lattice, we also consider the assertion
(b)) G(p) < F(p) Yo € Vi, and for any finite subset J; C J and any
{57 € i} C R, we have

+ —
(1/) Z ajvj S F Z Oéj’l)j -G Z Oéj’l)j
JjEJ Jj€I j€N
(where v = sup{v,0}, v~ := sup{—v,0}, v = v —v~, Jv| = vt + v,

Vv € V). Then (a) < (b) holds and, if V is a vector lattice, we have (b') <
(b) & (a).
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This theorem was published for the first time in [12], without proof. Its
proof may be found in [13]. For some of its applications see [10], [13], [14],
[17], [18]. Theorem 1 may be considered as a generalization of a result of
M.G. Krein [6] (see also [13]).

Now we recall another abstract moment problem, in which the solution H
is nonnegative.

THEOREM 2. Let V.Y, {v;;j € J}, {yj;5 € J} be as in Theorem 1. Let
P:V —Y be a conver operator. The following assertions are equivalent:
(a) there exists H € L(V,Y) such that

H(vj) =y;, je,
H(p) >0, Vo eV,
H(v) < P(v), YveV;
(b) for any finite subset Jy C J and any {a;;j € J1} C R we have
Zajvj <veV= Zajyj < P(v) inY.
jeN1 JjeN1

Theorem 2 was published for the first time in [12], without proof. Its proof
can be found in [14]. For some of its applications see [10], [12], [14], [15], [16],
[17].

2. APPLICATIONS TO THE CLASSICAL MOMENT PROBLEM

For the first applications stated below, V will be the space of all functions
v which can be represented as an absolutely convergent power series

o0
v(z) = Zajzj, a; € R
=0

in the open disc |z| < b, v being assumed to be continuous in the closed disc
|z| <b. Endowed with the order relation defined by the convex cone

Vi=(qveV;v(z)= Zajzj, |z| <b, a; >0VjeN,,
jeN
V' is a real ordered vector space. On V we consider the norm

|[v]| := sup |v(2)], veV.
|2/ <b

On the other hand, let E' be an arbitrary Hilbert space, and Uy € A(E),
where A(F) is the real vector space of all self-adjoint (linear bounded) oper-
ators acting on F. Denote

-Al = {U c A(E), UOU - UU0}7
Y ={UeA; UV=VU VYVeAl
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and
Y, ={UeY; (Uh),h) >0 VheE}.
It is well known that Y is an order-complete vector lattice, and a commutative

algebra of operators (see [4], pp. 303-305).
Now we can state the first application of Theorem 1.

THEOREM 3. Let V,Y,Uy be as above. Denote vj(z) := 27, |z| <b, j € N.
Assume that b > 1 and let A € Y be such that ||A]| < b. Let € > 0 and
{Bj}jEN cY.

The following assertions are equivalent:

(a) there ezists a linear operator H € L(V,Y') such that

H(’Uj) = Bj Vj € N;
(2) p(A) —ep(I) < H(p) < p(A) +ep(l) Vo eV,

(3) HH (Pl < 2[llell +ep(1)] Vo eVy
(b) we have A
Al —el <B;j<Al+el, jeN.
Proof. (a)=(b) is almost obvious, since (a) implies

B = H(v) '€ [v5(4) — evy(T), v3(4) +evy(D)] =

=[AT —el, AV +el], jEN.

(b)=(a) We use Theorem 1, (b)=-(a), for J = N. Let J; C N be a finite
subset, such that

(4) Y= =1 =Y aju;— Y bvy,
jeJ jeN jeN

where 1,2 € Vi, ie. aj,b; >0, j €N (p2 = Z a;vj, o1 = Z bjvj).
jeN jeN
Then we have
aj:aj—bj Vi e Ji, (Lj:bj VjEN\Jl.

Since aj, b; are nonnegative, we have

—(aj—i—bj)S—bjgaj:aj—bjgajgaj—irbj, j € Ji,
which lead to
(5) |Oéj| Saj—l—bj, j € Ji.
On the other hand, (b) leads to
(6) ajB; < ijAj +ea;l Vje J1+, a;B; < OéjAj —ea;l VjeJ,
where

J={jeJi;a; >0}, J; ={j€ Ji;a; <0}
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The preceding relations yield

Z Oéij = Z Oéij + Z Oé]'Bj

jeh jeJt jedy
(6) . .
< ZajA]—i—fs Zaj I+Za]~AJ—€ Zaj I
jeJf jeg jed; jeJy

. 4
= Y oA te D oyl 12 g(4) - p1(4)

JjeJ JjeJ1

+ e[ D oyl I(%)QOQ(A)—@l(A)—kE > (aj+b) | 1

JE€N JEJ

IN

gOg(A)—(pl(A)—l—€ Zaj I+e¢ ij I
jeN jeN
= p2(A) +ep2(D)I = [p1(A) —ep1(1)I] = F(p2) — G(¢1),
where
F(p) == p(A) +ep(1)I, G(p) :=p(A) —ep()], eV

Thus all conditions of the hypothesis of Theorem 1 are accomplished, and by
this Theorem, there exists a linear operator H € L(V,Y") such that H(v;) =
Bj =:yj, j € N and (2) hold.

To prove (3), we use relations (2), which lead to

0 H)| = sup{H(p), ~H(@)} 2 [po(A)] + o), o€ Vi

On the other hand, using the spectral measure E4 associated to the self-adjoint
operator A(||A|| < b by hypothesis), one obtains

®)  le(A) =

/ o(t)dEA(t)
o(A)

susou/(A)dEA(t):wu Vo eV

(Al < b= 0(A) ] = b, b[= [(t)] <|l¢ll := sup [p(2)] V€ a(A),

|2|<b

where o(A) is the spectrum of A).
Relations (7) and (8) lead to

9) [H(p)| < el +ep(I) = [[e|[I +ep()I = [[lel| +ep(D]I Vo € V.

On the other hand, for any ¢ € V we obviously have |H(p)| = (H(p))" +
(H(p))~. Using this, from (9) one gets

(10) (H(e)" < [llell +ep(I Vo € V.
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But it is easy to see that in the vector lattice Y we have

0<U<V=|[U|l= sup (U(h),h) < sup (V(h),h) =||[V]|
lIhll=1 [|Al]=1

Whence (10) implies
HCH (@)1 < Hllell + eI = [lol| +ep(1), @ € Vi

Similarly,

I(H ()l < lell +ep(1), @€ V4.
The conclusion is

IH ()] = [[(H ()" = (H(p) || <

< [I(H @) I+ IH @)l < 2llell +epL)], ¢ € Vi,
i.e. (3) holds. The proof is complete.

The scalar version of Theorem 3 is:

COROLLARY 1. Let V,vj, 7 € N be as above, and assume that b > 1. Let

e>0,{yj};eNn C R, a €] -0
The following assertions are equivalent:
(a) there exists a linear functional H € V* such that
H(’Uj) =Yj Vj e N,
p(a) —ep(1) < H(p) < pla) +ep(l) Vo € Vi,
[H (o) < 2[|Jel] +ep(1)] Ve € Vi
(b) we have ' '
o’ —e<y;<a’+e VjeN.

Problem. What can we say about the continuity of the linear operator H,
which is the solution of the moment problem stated in Theorem 3?7 If H is

continuous, find an estimation of ||H||.
We go on by an application of Theorem 2.

THEOREM 4. Let b > 1, V)Y, {Uj}jeN be as above. Let A € Y, with

o(A) C]0,b], {Bj};cN C Y, €>0. Assume that
0<B; <A +el VjeN.

Then there ezists a positive continuous linear operator H € L (V)Y), such

that
H(’Uj):Bj Vj e N,
(11) |H(v)] < |]v]| (I—b_lA)_lJreb_lI Yo eV,
b[(1+e)b—(1+¢|lA
12) (|| < 2. 02— (Lt Al

(b=1)(b—1lAlD)
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Proof. We shall apply Theorem 2, (b)=-(a) to y; := Bj, j € N. We have to
check the implication mentioned at (b), Theorem 2. Let J; C N be a finite
subset, {o;7 € Ji} C R such that

Zajngv: ZajvjEV (a; € R, j € N).

je€JL jeN
By the definition of the order relation on V', and using also the Cauchy in-
equalities for the analytic function v = Z a;vj, one obtains

(13) a; <a; <laj] < e

Put J; = {j € Ji;0 >0}, J; := {j € Ji;; < 0}. From (13) and using the
relations
0<B;j<A+el YjeN

from the hypothesis of the present Theorem, one gets:

Z Oéij < Z CYij < Z aj(Aj +€I)

JjeN jeJt jegt
(13) [ o .
< Al [ Y v 7A e | Y v | T
Ljeg;t jeJ;
< il [ Do b7A +e [ Y b T
| jeN jeN

b
= v [(I —b 1At —i—eb_ 1[] =: P(v)
Thus the implication

Zajvj <v= ZO&ij SP(Q})

JjEJL JjEJ1

b
2 1[], v € V. Applying
(b)=(a) of Theorem 2, we infer that there exists a linear positive operator
H e L (V,Y), such that H(v;) = Bj, j € N and

is proved, where P(v) := ||v]| [(I— b A+ e

H(v) < P(v) = |v]| [(I b tA) 4 eb_LlI] , veEV.

Since P(—v) = P(v), it follows that
(14) |H(v)| < P(v), Yvey,
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so that (11) is proved. Next we observe that (12) can be deduced from (11).
In fact, because of A € A(E), o(A) C|0, b, we have

I|Al| = sup (A(h),h) =Qa <b, ie |p7lA| <1
[Inll=1

(and A > 0). On the other hand, (14) implies
sup{(H(v))", (H(v))"} < P(v) = (H(v))" < P(v) = |[(H(v))"[| < [|P(v)]]

and also

N(H @)~ < [IP@)]I-

It follows that
(15) || H (0)|| = [[(H(v))" = (H(v))"|| < 2[[P(v)]]
On the other hand, we have by the definition of

b
P() = ||| |(I —b~tA)~! +e— 11] ;

1P < [l

b
-1 41
(I —b"1A) H+£b1]

[ b
= ||| ||[T+ ®7TA) + (b1A)?2 +.. .| +er— J

< Jpolf 14 BAL L BAIE b
= T b2 b—1
1 b
1 0
b
b — (14 <Al
= M=% "5e-mapy . v

From this and using also (15), we get
[(A+e)b— (1 +ef|Af)
(b—1)(b— [|Al])
Thus (12) is proved and the proof is complete. O

(15) b
[IH ()] < 2[[P()]] < 2|Jv]] -

Obviously, a “scalar version” of Theorem 4 can be deduced, taking Y = R,
I=1,A=a€|0,b], Bj =y; €[0,a’ +¢].

The last result is an application of Theorem 1, this time to a space of Cg’
functions, which are not necessarily analytic. Denote V := Cg([0,b]), where

b>1,and let € > 0. Put v;(t) = ¢/, t € [0,b], € N. We endow V with the
convex cone

Vi={veV;s®t)>0 Vte|0,b], Vk € N}.
Let Y be as above and {B;}jen C Y.
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Let A € Y be such that o(A) C [0,b]. Under these assumptions, we have.

THEOREM 5. The following assertions are equivalent:
(a) there exists a linear operator H € L(V,Y') such that H(v;) = Bj, j € N,

@(A) —ep(1)I < H(p) < p(A) +ep(1)] Vo eV, ;
(b) A1 —el <B; <Al +el VjeN.

Proof. The implication (a)=(b) is almost obvious, because of the implica-

tion: v; € V4 and B; (é) H(v))

= Bj = H(Uj) (g) ['Uj(A) - Evj(l)jv UJ(A) + H}j(l)l] -

= [AV —el, AV +eI.

To prove (b)=(a), we apply Theorem 1, (b)=-(a). We have to prove the
implication at (b) of Theorem 1. Let J; C N be a finite subset, {o;;j € Ji} C
R, p1, 92 € V4 such that

D auit) [ =D et | =@alt) —pr(t) VEe0,b].

J€ NS

0
This implies a; = L4 T T J € J1. Since 1,92 € Vi, we have in
J: J:
particular

eP0)>0 VjeN, ke{1,2}.

It follows that

which leads to

050)  ©7(0)

(16) oy | < P 4 P

j e Ji.

If we denote J;' := {j € Ji;a; >0}, J; = {j € J1;a; < 0}, the preceding
relations lead to



9 Abstract moment problems 181

> aBi= )Y o;Bj+ Y «;B;

Jen jeJy jeJy

(b) , ,
< Z aj(Al +¢el)+ Z aj(A? —e€l)

jeJt jeJ;

=> ajA e |1

(17) Jj€h Jj€S1

= p2(4) —r(A) +e | D layl | 1

JjeJ1
(16) 90 SO
< oa(4) - el > o O =2 A0
jeJ1 jeJ1

< pa(A) = p1(A) +e(p2 (W) +e(pr (1) = F(p2) — Glen),

where

F(p) = p(A) +ep(1)], G(p) = p(A) —ep(1)I.
Note that we have used Taylor’s formula and the definition of the order relation
on V when we write

(4)
S0 o), ke

NS
In fact, let n € N be such that J; € {0,1,...,n}. Then we have
HOING GROIE YT

Z(‘D ! (n+1)! 2. ! >Z¢k

Jj= =0 NS

k € {1,2}, becauseof cp(n+ )( t) >0, ‘Pk (0) >0,VjeN, ke {l,2} Vtelob].
Now, from (17) and using Theorem 1 (b):>( ), the Conclusmn follows. O
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