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DATA DEPENDENCE FOR THE SOLUTION OF A
LOTKA-VOLTERRA SYSTEM WITH TWO DELAYS
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Abstract. The purpose of this paper is to study a Lotka-Volterra system with
two delays, by applying fixed point theory.
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1. INTRODUCTION

Let t,tp € R, t < tg, 11,72 > 0, 11 < 79, fi € C([to,b] X R4), 1= 1,2,
p € Clty — 11, t0], ¥ € Cltg — T2, to] be given. The problem is to determine

x € Cltg — 11,0 N Cto, ]
Yy < C[tg - Tg,b] N Cl[to,b]

from the Lotka-Volterra systems with two delays

x/(t) - fl(t7x(t)7y(t)7 x(t - Tl)vy(t - 7_2))
RV i i | BT U AR

with initial conditions

z(t) = o(t), t € [to — 71, to]
(1.2) { y(t) = (), t € [té)— 7217 t(())]-

There have been many studies on this subject (see [2], [5], [8]). The fact
that time delays are harmless for the uniform persistence of solutions is estab-
lished by Wang and Ma for a predator-prey system, by Lu and Takeuchi for
competitive systems.

Recently, Saito, Hara and Ma [8] have derived necessary and sufficient con-
ditions for the permanence (uniform persistence) and global stability of a
symmetrical Lotka-Volterra-type predator-prey system with two delays.

For a nonautonomous competitive Lotka-Volterra system with no delays,
recently Ahmad and Lazer have established the average conditions for the
persistence, which are weaker than those of Gopalsamy, Tineo and Alvarez for
periodic or almost-periodic cases.

Here we study the existence and uniqueness of the solution using the con-
traction principle and the data dependence using Lemma 2 for the problem
(1.1)+(1.2).
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2. EXISTENCE AND UNIQUENESS

The purpose of this section is to find the conditions for the existence and
uniqueness of the solution of problem (1.1)+(1.2). Let (z,y) be a solution of
(1.1)+(1.2). The problem (1.1)4(1.2) is equivalent to

(2.1)
m(t)—{ (p(t), , tc [t()—Tl,to]
(,O(to) + fto fl(S,JU(S),y(S),LL“(S - Tl)7y(5 - 7-2))d57 te [t07b]
(2.2)
(t) — { 1/J(t), te [to — Tg,to]
Y Y(to) + [y fals,x(s), y(s), (s — m1),y(s — m2))ds, ¢ € [to, D]

where z € Cltg — 71,b] and y € C[tg — 2, b].
We consider the operator Ay : Cltg — 71, 0] x Ctg — m2,b] — Cltg — 71, b] X
C[to — 72,b] and we remark that it follows

(2.3) (z,y) = Af(z, ),

where

t

Af(CC, y)(t) = <‘P(t0) + ; fl(s,:c(s),y(s),x(s - ’7'1),3/(8 - TQ))dS,

(2.4) .
(o) + | fa(s,z(s),y(s),z(s —11),y(s — 72))d8> )

to
Consider the Banach space Clto, b] with Bielecki norm ||-|| 5 defined by

2. = t 7p(t7t0) .
(2.5 el = ma [#()] e, >0
For t € [tg — 71,t0] we have |Af(x,y)(t) — As(Z,7)(t)] = 0.
For t € [ty — T2, t0] we have |Af(x,y)(t) — As(Z,7)(t)] = 0.

For ¢ € [to,b], let (X,d) be a metric space with X = (C[to,b], ||| 5) and
(z,y), (T,7) € X x X, then:

d(Ag(z,y), Ap(Z,7) = ImAs(z, y)(t) — mAp(@,7)()]

:pw»% Fa(s, 2(s), y(s), (s — ), y(s — m2))ds — (o)

to
(2.6) - t:f1(3,$(8)7y(8),33(5 —71),Y(s — 12))ds
t
<L l: ]a:(s) — f(s)’ e_P(S—to)ep(s—to)dS
to

t
+ [ |y(s) —5(s)] e~ Ps—t0) op(s—t0) g
to
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t
+ [ Jz(s — 1) —T(s — )| e PO ePls o) g
to

t
+ ly(s — 1) —G(s — )| e—P(S—TQ—tO)eP(S—TQ—tO)d8:|

to
1 1
< 1 (2 = L) 1 2y g L)
p p
2L - _ ~
< =) (o — 7 5 + ly — Fllp) -

p
Consequently,

I Ag () — A @ D) < 2pLd<<x,y>, 7)),

where 7y is the first projection for Af(x,y) from (2.4).
By similar calculations we obtain

(2.7 ImaAp(o.9) = mads (@) < =) (7. 9))
where 7y is the second projection for A¢(x,y) from (2.4). We deduce
d(Ag(z,y), Af(7,7)) = [ImA(z,y) - mAEZ,Y)|p
+ [meA(z,y) — MA@, Y)l| 5
< Zdl(a,). @),

Then Ay is Lipschitz with a Lipschitz constant La, = %. For p=4L+1, Ay
is a contraction. By the contraction principle we have:

(2.8)

THEOREM 1. We suppose that:

(i) fi € C([to,b] x RY), i = 1,2;

(ii) there is L > 0 such that

| fi(t, w1, u2, us, ug) — fi(t, v1,v2, 03, 04)]
< L(luy — v1] + |ug — v2| + |uz — v3] + |ug — v4]),

for all t € [to,b], u;,v; €R, i =1,4;

(iil) 1727 < 1.

Then the problem (1.1)+(1.2) has in C[tg — 11,b] x C[to — T2,b] a unique
solution. Moreover, if (x*,y*) the unique solution of (1.1)+(1.2), then

(z%,y") = lim A%(z,y), for all x € Clto — m1,b], y € Clto — 72, b].

3. DATA DEPENDENCE

In this section we shall discus a theorem of data dependence for the solu-
tion of problem (1.1)+(1.2). To prove data dependence relation we need the
following lemma:



64 D. Otrocol 4

LEMMA 2 (I.LA. Rus). Let (X,d) be a complete metric space and A, B : X —
X two operators. We suppose that:

(i) A is an a-contraction;

(ii) there is n > 0 such that d(A(x), B(z)) <n, Vx € X;

(iii) % € Fg.

Then d(x%, x5) < 7=, where x%y is the unique fized point of A.

We have:

THEOREM 3. Let ff, £}, f2, f2, b, 02, ', ¥? be under the hypothesis
of Theorem 1. We suppose that there exist n; > 0, i = 1,2, 3, such that

[ () — @*(t)] < m, Vt € [to — 71, t0),

91 (t) = *(8)] < m2, VE € [to — T2, to]

and

| £t un, u, ug, ug) — f2(t u, ug, ug, ug)| < s,
for all t € [to,b], ui,ug,us,ug € R. Then

e+ 12 + 2n3(t —to)
1(21,97) — (22, 92) | < 1D 7
T 4L+1
where (xf,yf), i = 1,2, are solutions of the problems (1.1)4(1.2) with data
L ot t, respectively with data f2, 0%, 9%, i =1,2.

Proof. Consider that we are under the hypothesis of Theorem 1. If (27, y})
is a solution of problem (1.1)+(1.2) with data f}, @1,¢1,A}, i=1,2, and if
(x5, y3) is a solution of problem (1.1)+4(1.2) with data f?, o2, ¢? A%, i =1,2,
then it follows that

}WlA}(xa y)(t) - WlA%(x7y)(t)‘
(Pl(to) + \ f11(87$(8)7y(8)a x(s - Tl)7y(8 - T2)>d8

(3.1) —¢?(to) — | fi(s,2(s),y(s),2(s — 71),y(s — 72))ds

to
< |¢*(to) — ©*(t0)| + /t | (s, 2(8),y(s), (s — 71), y(s — ™))

— fi(s,m(s),y(s),x(s — 1), y(s — 72))| ds < m1 + ms(t — to).
We have
(3.2) |1 A (2, y) (8) — mAF (@, y) (8)] <+ m3(t — to),
(33)  |mAf(,y)(t) — mAF(z,y)()| e P <y + gt — to),
(3.4) w1 Af (2, y)(t) — T AF (=, YD) 5 < m +ns(t — to).
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Analogously
|2 A} (2, y)(t) — T2 AG (2, y)(8)|| < n2 + n3(t — to).

Then
A} (2, y) — A3 (z,9)|| 5 < M+ 72+ 203(t — to).

From Lemma 2 we have:
* ok * ok m +772 +2773(75—t0)
||(1"17y1) - ($2’y2)||B = 4L .
T 4L+1

So the proof is complete.

4. EXAMPLES
Let p € R, ¢ € C[—1,0], v € C[—2,0] be given. We consider the problem

o,
= u|—x t— —ylt — 5 )
(4.1) z(t) = o(t), € [-1,0]

y(t) = V). € [-2,0]
Then

©(t), t e [-1,0]
(4.2) =1 o) +/ ple(s —=1) +y(s —2)lds, t€]0,2]

0
b(t), t e [-2,0]

(4.3) y(t) = W(to) + /Ot,u[—:L‘(S —1)—y(s—2)]ds, te€]0,2]

Note that if we take A : C[—1,2] x [-2,2] — C[—1,2] x [-2, 2] defined by

Auwxw—(wm»yéumw—n+yw—mwa
wmwgﬁukms—n—y@—mmﬁ,

then the problem (4.1) is equivalent to
(z,y) = Az, y).

From Theorem 1 the problem (4.1) has a unique solution.
In what follows we discuss the data dependence of the solution.
Let ¢!, ©2, ', 2. We suppose that there are §; > 0, i = 1,2, 3, such that

P! (t) = (1] < 61,
[ (t) — v (t)] < b2,
[t = | et = 1) + y(t = 2) | < b5,
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Let us consider the problems:

g ; 1[[55(75(; 1)1—; y(t(; 2)%,)] tel0,2]
Y ()= 910, T e
y(t) = 9'(t), te[-2,0]
:E,Et; w [[x(t(— 1) —)l—y(t(— 2)])] te€0,2]
'(t) = x(t—1 t—2
(45) o(t) — o A1), te[-1,0]
L y(t) = wZ(t)7 te [_27 0]
If (27, y7) is a solution for the problem (4.4) and (23, y;) is a solution for
the problem (4.5), we look for a estimation of ||(z},y}) — (23%,v3)||. We have

the operators A}(x, y)(t) and Afe(:r, y)(t). Tt follows that

| A} (z,y) — A (z,y)|| < 61+ 62 + 205.

From Theorem 3, we have

* * * * 51+52+2(53
H(‘rlvyl) - (x27y2)H S 4
1 — 4L
4L+1

5. REMARKS AND GENERALIZATIONS

REMARK 1. Theorems 1 and 3 also hold if we make some changes on the
arguments as follows: instead of x(t —11) we put g1(t) with g1 € C([to, ], [to—
T1,to]), and instead of y(t — 12) we have ga(t) with g2 € C([to, Y], [to — T2, to])-

REMARK 2. Let f S C([to,b] x R"™ x Rn,Rn), ©Y; € C([to — Ti,to],Rn), 1=
1,2,,...,n, tg,t € R, tog < t, 71,72,...,Tn >0, 7| < 7o < -+ < 7. We
extend the same discussion to n populations, with the specification that the
populations are in the same environment — prade or predator.

Let z1(t),xz2(t),...,x,(t) be lows of growing, continuous and derivable.
Then we have the system

93:1(75) = filt,z1(t), ..., zpn(t),x1(t —T1), ..., 2n(t — Tn))
(5_1) xQ(t) = f2(t7x1(t)> cee 7xn(t)a$1(t - 7—1)> cee 7xn(t - Tn))

where t € [to,b], 1 = 1,...,n, fi € C([to,b] x R" x R",R), i =1,...,n, and
the initial conditions

(5.2) 23(t) = wa(t), t € [to — 72, t0]
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The problem is to determine x; € C([to—7i,b])NCto,b], i = 1,...,n, that
suits the problem (5.1)+(5.2).
By the contraction principle we have:

THEOREM 4. Assume that the following conditions hold:
(i) there is L > 0 such that
| filt,uar, - Ui, V11, -y V1) — fit U2ty -y Uan, V21, V)|
< L(|ury — ugr| + -+ 4 [urn — ugn| + [v11 — v21] + - + [v1p — van|),
forallt € [to,b], Uji, Vji € R, i=1,2,....n, j=1,2;
.. 2nl,
(ii) 53757 < L.
Then the problem (5.1)+(5.2) has a unique solution. Moreover, if the unique

solution of (5.1)+(5.2) is (x7,...,x}), then

(21, xy) = lim A%(z1,...,2n), for all x; € Cltg —73,0], i =1,2,...,n.
n—oo

Applying Lemma 2 we have:

THEOREM 5. Let ff, gof, k=1,2,i=1,...,n, satisfying the hypotheses of
Theorem 4. We assume that there exist 175-C >0, k=1,2,1=1,...,n, such
that

‘9011<t)_§012(t)}§77117 VtE[to—Ti,to], 1=1,2,...,n
and

‘fil(t,ul,...,un,vl,...,vn)—ff(t,ul,...,un,vl,...,vn)‘ <n?

for all t € [to,b], uj,v; € Ryi=1,2,...,n. Then
e ol e e o 9 (el )
1— 2nL ’
nL+1

where (o¥*, ... 2%*) k = 1,2, are solutions of the problems (5.1)+(5.2) with
data fil,goil, and ff,go? respectively.

H(ac%*,,a:}t*) — (m%*,...,a:i*)HB <
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