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SOME PROPERTIES OF CERTAIN FUNCTIONS CONCERNING

HYPERGEOMETRIC FUNCTIONS IN SOME CLASSES

OF UNIVALENT FUNCTIONS
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Abstract. In this paper we define the function E(a, b, c, d, z) concerning hyper-
geometric function. The main aim of the present paper is to obtain conditions
for a, b, c, d such that the functions zE(a, b, c, d, z) and z(2 − E(a, b, c, d, z)) be-
long to some classes of univalent functions. Also several operators related to the
above functions are investigated.
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1. INTRODUCTION

Let A denote the class of functions of the form f(z) = z+
∑∞

n=2 anzn which
are analytic in the open unit disk U and satisfy the normalized conditions
f(0) = f ′(0) − 1 = 0. The subclass of A consisting of functions of the form
f(z) = z −

∑∞
n=2 anzn, an ≥ 0, is denoted by T . Recently the authors have

investigated in [8] the following class:

D(α, β, λ) =

{

f ∈ T : Re
z(Dλf(z))′

Dλf(z)
> α

∣

∣

∣

∣

z(Dλf(z))′

Dλf(z)
− 1

∣

∣

∣

∣

+ β

}

,

where α ≥ 0, 0 ≤ β < 1, λ ≥ 1 and Dλf(z) given by

Dλf(z) =
z

(1 − z)1+λ
∗ f(z) = z +

∞
∑

n=2

(λ + 1)n−1

(n − 1)!
anzn

is the familiar Ruscheweyh derivative and (γ)n is the Pochhammer symbol
defined by

(γ)n =

{

γ(γ + 1) · · · (γ + n − 1), n = 1, 2, · · ·
1, n = 0

Now, with the above notations we define the class D
+(α, β, λ) as follows:

D
+(α, β, λ) =

{

f ∈ A : Re
z(Dλf(z))′

Dλf(z)
> α

∣

∣

∣

∣

z(Dλf(z))′

Dλf(z)
− 1

∣

∣

∣

∣

+ β

}

.

Considering the fact that Dλ(zf ′)(z) = z(Dλf(z))′ we introduce the following
classes:

D1(α, β, λ) =
{

f(z) ∈ T : zf ′ ∈ D(α, β, λ)
}

,

D
+
1 (α, β, λ) =

{

f(z) ∈ A : zf ′ ∈ D(α, β, λ)
}

.
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Obviously, putting α = 0, λ = 0 in both D(α, β, λ), D+(α, β, λ) we get the
class of functions that are starlike of order β, denoted by S∗(β). Replacing
α = 0, λ = 1 in those classes we get the class of functions that are convex
of order β, denoted by K(β). Also, putting β = λ = 0 we obtain the class
of uniformly α-starlike functions introduced by S. Kanas and A. Wísniowska
[4]. Also, the classes D1(α, β, λ), D+

1 (α, β, λ) are reduced to the class K(β)
when α = 0, λ = 0, and when α = 1, β = 0, λ = 1 we obtain UCV , the
class of uniformly convex functions introduced by Goodman [3], and when
λ = 0, α = 1, β = 0 we obtain the class Sp introduced by Rønning [6].

During this paper we need the following theorems (see [8]).

Theorem A. The condition
∑∞

n=2
[n(1+α)−(α+β)](λ+1)n−1

(1−β)(n−1)! |an| ≤ 1 is a suffi-

cient condition for f(z) = z +
∑∞

n=2 anzn to be in D
+(α, β, λ). Also f(z) ∈ T

belongs to D(α, β, λ) if and only if

∞
∑

n=2

[n(1 + α) − (α + β)](λ + 1)n−1

(1 − β)(n − 1)!
≤ 1.

Theorem B. The condition
∑∞

n=2
n[n(1+α)−(α+β)](λ+1)n−1

(1−β)(n−1)! |an| ≤ 1 is a suf-

ficient condition for f(z) = z +
∑∞

n=2 anzn to be in D
+
1 (α, β, λ). Also the

function f(z) ∈ T belongs to D1(α, β, λ) if and only if

∞
∑

n=2

n[n(1 + α) − (α + β)](λ + 1)n−1

(1 − β)(n − 1)!
an ≤ 1.

Next let a, b, c, d be real numbers such that c, d 6= 0,−1,−2, . . . . Define

E(a, b, c, d, z) =
∑∞

n=0
(a)n(b)n

(c)n(d)n

zn. In case d = 1 this function reduces to

F (a, b, c, z) =
∑∞

n=0
(a)n(b)n

(c)nn! zn, the familiar hypergeometric function and it is

well known that F (a, b, c, 1) converges for Re(c− a− b) > 0 and F (a, b, c, 1) =
Γ(c)Γ(c−a−b)
Γ(c−a)Γ(c−b) , see [2]. Some authors, for instance Ruscheweyh and Singh [7],

Merkes and Scott [5], have found sufficient conditions such that zF (a, b, c, z) ∈
S∗(β), 0 ≤ β < 1, for different values of parameters a, b, c. Carlson and Shaf-
fer [1] showed how some convolution results about S∗(β) may be expressed in
terms of a linear operator acting on hypergeometric functions. Also Silverman
[9] determined conditions for zF (a, b, c, z) and some related functions to be
in S∗(β), S∗

1(β), K(β), K1(β) where S∗
1(β) is the subclass of S∗(β) consisting

of functions f for which we have |(zf ′/f) − 1| < 1 − β, z ∈ U . Also K1(β)
includes functions f such that zf ′ ∈ S∗

1(β).
In this paper we will indicate some conditions on a, b, c, d, α, β, λ, in such

a way that zE(a, b, c, d, z) and several relevant functions to be in D(α, β, λ),
D1(α, β, λ), D

+(α, β, λ), D
+
1 (α, β, λ).
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Theorem 1. Let a, b > 0, c > a + b + 2, λ < d. Then a sufficient condition

for zE(a, b, c, d, z) ∈ D
+(α, β, λ) is

(1)
Γ(c)Γ(c − a − b − 2)

α(1 − β)Γ(c − a)Γ(c − b)
N ≤ 2 ,

where N = (1 + α)(a)2(b)2 + ab(c − a − b − 2)[(1 + α)(1 + d) + 1 − β] + d(1 −
β)(c−a−b−2)2. This condition is necessary and sufficient for E1(a, b, c, d, z) ∈
D(α, β, λ), where E1(a, b, c, d, z) = z(2 − E(a, b, c, d, z)).

Proof. Since zE(a, b, c, d, z) = z +
∑∞

n=2
(a)n−1(b)n−1

(c)n−1(d)n−1
zn, by Theorem A we

must show

(2)
∞

∑

n=2

[n(1 + α) − (α + β)]
(a)n−1(b)n−1

(c)n−1(d)n−1

(λ + 1)n−1

(n − 1)!
≤ 1 − β .

Therefore by making use of (1) we have:

∞
∑

n=2

[n(1 + α) − (α + β)]
(a)n−1(b)n−1

(c)n−1(d)n−1

(λ + 1)n−1

(n − 1)!

<
∞

∑

n=1

[n(1 + α) + (1 − β)]
(a)n(b)n

(c)nn!

d + n

d

=
1 + α

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 2)!
+

(1 + α)(1 + d) + 1 − β

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 1)!
+ (1 − β)

∞
∑

n=1

(a)n(b)n

(c)nn!

=
1 + α

d

(a)2(b)2
(c)2

∞
∑

n=2

(a + 2)n−2(b + 2)n−2

(c + 2)n−2(n − 2)!

+
(1 + α)(1 + d) + 1 − β

d

ab

c

∞
∑

n=1

(a + 1)n−1(b + 1)n−1

(c + 1)n−1(n − 1)!

+(1 − β)
∞

∑

n=1

(a)n(b)n

(c)nn!
=

Γ(c)Γ(c − a − b − 2)

dΓ(c − a)Γ(c − b)
N − (1 − β) ≤ (1 − β).

Finally, since E1(a, b, c, d, z) = z −
∑∞

n=2
(a)n−1(b)n−1

(c)n−1(d)n−1
zn, by Theorem A the

condition (1) is necessary and sufficient for E1(a, b, c, d, z) ∈ D(α, β, λ). �

Theorem 2. (i) Let f ∈ D(α, β, λ), a, b, c, d > 0, ab ≤ cd. Then f(z) ∗
(zE(a, b, c, d, z)) ∈ D(α, β, λ).

(ii) Let f ∈ D(α, β, λ), 0 < d. Then f(z) ∗ (zE(a, b, c, d, z)) ∈ D(α, β, λ1) if

λ1 ≤ inf
n

[

(λ + 1)n−1(d)nΓ(c − a)Γ(c − b)

n![Γ(c)Γ(c − a − b) − Γ(c − a)Γ(c − b)]

]1/n

− 1.
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Proof. (i) Since f ∈ D(α, β, λ), we have:

(3)
∞

∑

n=2

n(1 + α) − (α + β)

1 − β

(λ + 1)n−1

(n − 1)!
an ≤ 1

and hence f(z) ∗ (zE(a, b, c, d, z)) = z −
∑∞

n=2
(a)n−1(b)n−1

(c)n−1(d)n−1
anzn. Therefore, by

considering the condition ab ≤ cd, we have:

∞
∑

n=2

n(1 + α) − (α + β)

1 − β

(λ + 1)n−1

(n − 1)!

(a)n−1(b)n−1

(c)n−1(d)n−1
an

≤
∞

∑

n=2

n(1 + α) − (α + β)

1 − β

(λ + 1)n−1

(n − 1)!
an ≤ 1

and this completes the proof of this part.
(ii) By Theorem A we must show

(4)
∞

∑

n=2

n(1 + α) − (α + β)

1 − β

(a)n−1(b)n−1

(c)n−1(d)n−1

(λ1 + 1)n−1

(n − 1)!
an ≤ 1 .

We have:

∞
∑

n=2

n(1 + α) − (α + β)

1 − β

(a)n−1(b)n−1

(c)n−1(d)n−1

(λ1 + 1)n−1

(n − 1)!
an

≤
∞

∑

n=2

(a)n−1(b)n−1

(c)n−1(d)n−1

(λ1 + 1)n−1

(λ + 1)n−1
=

∞
∑

n=1

(a)n(b)n

(c)n(d)n

(λ1 + 1)n−1

(λ + 1)n−1
.

However, the inequality (4) holds true if

(λ1 + 1)n−1

(λ + 1)n−1(d)n
≤

1

n!

Γ(c − a)Γ(c − b)

Γ(c)Γ(c − a − b) − Γ(c − a)Γ(c − b)
.

Equivalently, we must have

(λ1 + 1)n ≤
(λ + 1)n−1(d)n

n!

Γ(c − a)Γ(c − b)

Γ(c)Γ(c − a − b) − Γ(c − a)Γ(c − b)
.

This completes the proof. �

Theorem 3. If c > 0, a, b > −1, ab < 0, c > a + b + 2 and 0 < λ < d, then

zE(a, b, c, d, z) ∈ D(α, β, λ) if and only if

|ab|(c − a − b − 2)2Γ(c + 1)Γ(c − a − b − 2)

cdΓ(c − a)Γ(c − b)
A ≤ 2,

where A = (a+1)(b+1)(1+α)
(c−a−b−2)2

+ (d+1)(1+α)+1−β
c−a−b−1 + 1−β

ab .
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Proof. Since zE(a, b, c, d, z) = z − |ab|
c

∑∞
n=2

(a+1)n−2(b+1)n−2

(c+1)n−2(d)n−1
, by Theorem

A we must show:

(5)
∞

∑

n=2

[n(1 + α) − (α + β)](a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1(n − 1)!
≤

c(1 − β)

|ab|
.

Therefore we have:
∞

∑

n=2

[n(1 + α) − (α + β)](a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1(n − 1)!

<
1

d

∞
∑

n=0

[(n + 1)(1 + α) + 1 − β](n + 1 + d)(a + 1)n(b + 1)n

(c + 1)n(n + 1)!

=
(a + 1)(b + 1)(1 + α)

d(c + 1)

∞
∑

n=0

(a + 2)n(b + 2)n

(c + 2)nn!

+
(d + 1)(1 + α) + 1 − β

d

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!
+

c(1 − β)

ab

∞
∑

n=1

(a)n(b)n

(c)nn!

=
(c − a − b − 2)2Γ(c + 1)Γ(c − a − b − 2)

dΓ((c − a)Γ(c − b)

·

[

(a + 1)(b + 1)(1 + α)

(c − a − b − 2)2
+

(d + 1)(1 + α) + 1 − β

c − a − b − 1
+

1 − β

ab

]

−
c(1 − β)

|ab|
≤

c(1 − β)

|ab|
. �

Theorem 4. Under the conditions of Theorem 1, let E1(a, b, c, d, z) belong

to D(α, β, λ). Then it is close-to-convex of order γ (0 ≤ γ < 1) in |z| < r,
where

(6) r ≤ inf
n

{

(1 − γ)[n(1 + α) − (α + β)](λ + 1)n−1

(1 − β)n!

}
1

n−1

.

Proof. Since E1(a, b, c, d, z) ∈ D(α, β, λ), we have:

(7)

∞
∑

n=2

[n(1 + α) − (α + β)](a)n−1(b)n−1(λ + 1)n−1

(1 − β)(c)n−1(d)n−1(n − 1)!
≤ 1 .

Now we must show

(8) |E′
1(a, b, c, d, z) − 1| < 1 − γ .

Therefore, we have |E′
1(a, b, c, d, z) − 1| ≤

∑∞
n=2 n (a)n−1(b)n−1

(c)n−1(d)n−1
|z|n−1. However,

in view of (7) the inequality (8) holds true if

n|z|n−1 ≤
(1 − γ)[n(1 + α) − (α + β)](λ + 1)n−1

(1 − β)(n − 1)!
,

and this gives (6). �
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Theorem 5. Under the conditions of Theorem 1, suppose E1(a, b, c, d, z) ∈

D(α, β, λ). Then H(z) = γ+1
zγ

∫ z
0 tγ−1E1(a, b, c, d, t)dt, γ > −1, also belongs to

D(α, β, λ).

Proof. After an easy calculation we get H(z) = z−
∑∞

n=2
(a)n−1(b)n−1

(c)n−1(d)n−1

γ+1
n+γ zn.

Also, since E1(a, b, c, d, z) ∈ D(α, β, λ), we have:

∞
∑

n=2

[n(1 + α) − (α + β)](γ + 1)(a)n−1(b)n−1(λ + 1)n−1

(1 − β)(n + γ)(c)n−1(d)n−1(n − 1)!

<
∞

∑

n=2

[n(1 + α) − (α + β)](a)n−1(b)n−1(λ + 1)n−1

(1 − β)(c)n−1(d)n−1(n − 1)!
≤ 1.

and this completes the proof. �

Theorem 6. (i) If a, b > 0, λ < d and c > a + b + 1, then a sufficient

condition for H1(z) =
∫ z
0 E(a, b, c, d, t)dt to be in D

+(0, β, λ) is that

(9)
Γ(c)Γ(c − a − b − 1)

d(1 − β)Γ(c − a)Γ(c − b)
B −

(1 − d)(c − 1)β

d(a − 1)(b − 1)(1 − β)
≤ 2 ,

where B = ab + (d − β)(c − a − b − 1) + β(1−d)(c−a−b−1)2
(a−1)(b−1) .

(ii) If a, b > −1, c > 0, ab < 0, c > a + b + 1 and λ < d, then H1(z) ∈
D(0, β, λ) if and only if

(10)
Γ(c + 1)Γ(c − a − b − 1)

dΓ(c − a)Γ(c − b)
D +

β(d − 1)(c − 1)2
d(a − 1)2(b − 1)2

≤ 0 ,

where D = 1 + (d−β)(c−a−b−1)
ab − β(d−1)(c−a−b−1)2

(a−1)2(b−1)2
.

Proof. (i) It is easy to see that H1(z) = z +
∑∞

n=2
(a)n−1(b)n−1

(c)n−1(d)n−1

zn

n . Now we

must show
∑∞

n=2
(n−β)(a)n−1(b)n−1(λ+1)n−1

(c)n−1(d)n−1n! ≤ 1 − β. Considering (9) we have:

∞
∑

n=2

(n − β)(a)n−1(b)n−1(λ + 1)n−1

(c)n−1(d)n−1n!
<

1

d

∞
∑

n=1

(n + 1 − β)(d + n)(a)n(b)n

(c)n(n + 1)!

=
1

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 1)!
+

d − β

d

∞
∑

1

(a)n(b)n

(c)nn!
+

(1 − d)β

d

∞
∑

n=1

(a)n(b)n

(c)n(n + 1)!

=
Γ(c)Γ(c − a − b − 1)

dΓ(c − a)Γ(c − b)
B −

(1 − d)(c − 1)β

d(a − 1)(b − 1)
− (1 − β) ≤ 1 − β.

(ii) We can write H1(z) = z − |ab|
c

∑∞
n=2

(a+1)n−2(b+1)n−2

(c+1)n−2(d)n−1

zn

n . According to

Theorem A, we know that f ∈ D(0, β, λ) if and only if

(11)

∞
∑

n=2

(n − β)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1n!
≤

c(1 − β)

|ab|
.
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Therefore by making use of (10) for showing (11) we have:
∞

∑

n=2

(n − β)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1n!

<
∞

∑

n=2

(n − β)(d + n − 1)(a + 1)n−2(b + 1)n−2

d(c + 1)n−2n!

=
1

d

[

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!
+

c(d − β)

ab

∞
∑

n=1

(a)n(b)n

(c)nn!

−
βc(c − 1)(d − 1)

ab(a − 1)(b − 1)

∞
∑

n=2

(a − 1)n(b − 1)n

(c − 1)nn!

]

=
c

|ab|
(1 − β) +

Γ(c + 1)Γ(c − a − b − 1)

dΓ(c − a)Γ(c − b)
D

+
β(d − 1)(c − 1)2
d(a − 1)2(b − 1)2

≤
cd

|ab|
(1 − β)

This completes the proof. �

Theorem 7. (i) If a, b > 0, c > a + b + 2 and λ < d, then a sufficient

condition for H2(z) = γ+1
zγ

∫ z
0 tγE(a, b, c, d, t)dt ∈ D

+(0, β, λ) is that

(12)
(c − a − b − 2)2Γ(c)Γ(c − a − b − 2)

d(1 − β)Γ(c − a)Γ(c − b)
E ≤ 2 ,

where E = (1 − β) + ab(d+2−β)
c−a−b−1 + (a)2(b)2

(c−a−b−2)2
.

(ii) If a, b > −1, ab < 0 < c, λ < d, then H2(z) ∈ D(0, β, λ) if and only if

(13)
(a + 1)(b + 1) + (d + 2 − β)(c − a − b − 2)

d
+

(1 − β)(c − a − b − 2)

ab
≤ 0 .

Proof. (i) An easy computation gives H2(z) = z+
∑∞

n=2
(a)n−1(b)n−1(γ+1)
(c)n−1(d)n−1(n+γ)z

n.

By Theorem A we must show
∑∞

n=2
(n−β)(a)n−1(b)n−1(γ+1)(λ+1)n−1

(c)n−1(d)n−1(n+γ)(n−1)! ≤ 1 − β, so

with respect to (12) we have:
∞

∑

n=2

(n − β)(a)n−1(b)n−1(γ + 1)(λ + 1)n−1

(c)n−1(d)n−1(n + γ)(n − 1)!

< (1 − β)
∞

∑

n=1

(a)n(b)n

(c)nn!
+

ab(d + 2 − β)

cd

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!

+
(a)2(b)2
d(c)2

∞
∑

n=0

(a + 2)n(b + 2)n

(c + 2)nn!
+

ab

cd

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!

=
(c − a − b − 2)2Γ(c)Γ(c − a − b − 2)

dΓ(c − a)Γ(c − b)
E − (1 − β) ≤ 1 − β.
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(ii) It is obvious that H2(z) = z − |ab|
c

∑∞
n=2

(a+1)n−2(b+1)n−2(γ+1)
(c+1)n−2(d)n−1(n+γ) zn. Ac-

cording to theorem A, H2(z) ∈ D
+(0, β, λ) if and only if

(14)
∞

∑

n=2

(n − β)(γ + 1)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(n + γ)(c + 1)n−2(d)n−1(n − 1)!
≤

c

|ab|
(1 − β) .

For showing (14) by making use of (13) we have:
∞

∑

n=2

(n − β)(γ + 1)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(n + γ)(c + 1)n−2(d)n−1(n − 1)!

<
1

d

∞
∑

n=0

(n + 2 − β)(d + n + 1)(a + 1)n(b + 1)n

(c + 1)n(n + 1)!

=
(a + 1)(b + 1)

d(c + 1)

∞
∑

n=0

(a + 2)n−1(b + 2)n−1

(c + 2)n−1(n − 1)!

+
d + 2 − β

d

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!
+

(1 − β)c

ab

∞
∑

n=0

(a)n+1(b)n+1

(c)n+1(n + 1)!

=
(1 − β)c

|ab|
+

Γ(c + 1)Γ(c − a − b − 2)

Γ(c − a)Γ(c − b)

[

(a + 1)(b + 1)

d

+
(d + 2 − β)(c − a − b − 2)

d
+

(1 − β)(c − a − b − 2)2
ab

]

≤
(1 − β)c

|ab|

and the proof is complete. �

Theorem 8. If a, b > 0, c > a+b+3 and λ < d, then a sufficient condition

for zE(a, b, c, d, z) ∈ D
+
1 (α, β, λ) is that:

(15)
(c − a − b − 3)3Γ(c)Γ(c − a − b − 3)

d(1 − β)Γ(c − a)Γ(c − b)
F ≤ 2 ,

where F = (1 − β)d + ab[2(d+1)(1+α)+(d+2)(1−β)]
c−a−b−1 + (a)2(b)2[(d+4)(1+α)+1−β]

(c−a−b−2)2
+

(a)3(b)3(1+α)
c−a−b−3 . This condition is necessary and sufficient for zE(a, b, c, d, z) ∈

D1(α, β, λ).

Proof. According to Theorem B we must show

(16)

∞
∑

n=2

n[n(1 + α) − (α + β)](a)n−1(b)n−1(λ + 1)n−1

(c)n−1(d)n−1(n − 1)!
≤ 1 − β .

Making use of (15) we can write
∞

∑

n=2

n[n(1 + α) − (α + β)]
(a)n−1(b)n−1(λ + 1)n−1

(c)n−1(d)n−1(n − 1)!

<
1

d

∞
∑

n=2

n[n(1 + α) − (α + β)]
(a)n−1(b)n−1

(c)n−1(n − 1)!
(d + n − 1)
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=
1 + α

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 3)!
+

(d + 4)(1 + α) + 1 − β

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 2)!

+
(d + 2)(1 + α) + 1 − β

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 1)!

+
d(1 + α) + (d + 1)(1 − β)

d

ab

c

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!

+(1 − β)
∞

∑

n=1

(a)n(b)n

(c)nn!
=

(1 + α)(a)3(b)3Γ(c + 3)Γ(c − a − b − 3)

d(c)3Γ(c − a)Γ(c − b)

+
(a)2(b)2[(d + 4)(1 + α) + 1 − β]Γ(c + 2)Γ(c − a − b − 2)

d(c)2Γ(c − a)Γ(c − b)

+
[2(d + 1)(1 + α) + (d + 2)(1 − β)]abΓ(c + 1)Γ(c − a − b − 1)

dcΓ(c − a)Γ(c − b)

+
(1 − β)Γ(c)Γ(c − a − b)

Γ(c − a)Γ(c − b)
− (1 − β)

=
(c − a − b − 3)3Γ(c)Γ(c − a − b − 3)

dΓ(c − a)Γ(c − b)
F − (1 − β)

≤ 1 − β,

and this completes the proof. �

Theorem 9. Let a, b > −1, ab < 0, c > a + b + 3 and λ < d. Then

zE(a, b, c, d, z) ∈ D1(α, β, λ) if and only if

(1 + α)(a + 1)2(b + 1)2
d(c − a − b − 3)3

+
(a + 1)(b + 1)[d(1 + α) + 4α − β + 5]

d(c − a − b − 2)2

+
2(d + 1)(1 + α) + (d + 2)(1 − β)

d(c − a − b − 1)
−

1 − β

|ab|
≤ 0.

(17)

Proof. According to Theorem B we must show

(18)
∞

∑

n=2

n[n(1 + α) − (α + β)](a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1(n − 1)!
<

c

|ab|
(1−β) .

For showing (18) we have:
∞

∑

n=2

n[n(1 + α) − (α + β)](a + 1)n−2(b + 1)n−2(λ + 1)n−1

(c + 1)n−2(d)n−1(n − 1)!

<
∞

∑

n=2

n[n(1 + α) − (α + β)](a + 1)n−2(b + 1)n−2(d + n − 1)

d(c + 1)n−2(n − 1)!

=

∞
∑

n=0

(n + 2)[(n + 1)(1 + α) + 1 − β](a + 1)n(b + 1)n(d + n + 1)

d(c + 1)n(n + 1)!
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=
∞

∑

n=0

[n(1 + α) + 2 + α − β](d + 1 + n)(a + 1)n(b + 1)n

d(c + 1)nn!

+

∞
∑

n=0

[n(1 + α) + 2 + α − β](d + 1 + n)(a + 1)n(b + 1)n

d(c + 1)n(n + 1)!

=
(1 + α)(a + 1)2(b + 1)2

d(c + 1)2

∞
∑

n=0

(a + 3)n(b + 3)n

(c + 3)nn!

+
[d(1 + α) + 5 + 4α − β](a + 1)(b + 1)

d(c + 1)

∞
∑

n=0

(a + 2)n(b + 2)n

(c + 2)nn!

+
[2(d + 1)(1 + α) + (d + 2)(1 − β)]

d

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!

−
c(1 − β)

|ab|

∞
∑

n=1

(a)n(b)n

(c)nn!

=
Γ(c + 1)Γ(c − a − b − 3)(c − a − b − 3)3

Γ(c − a)Γ(c − b)
G +

(1 − β)c

|ab|
≤

c(1 − β)

|ab|
,

where G is the left side of expression (17) and the proof is complete. �

Theorem 10. (i) If a, b, > 0, λ < d and c ≥ a + b + 3, then a sufficient

condition for H2(z) = γ+1
zγ

∫ z
0 tγE(a, b, c, d, t)dt ∈ D

+
1 (0, β, λ) is that

(19)
Γ(c)Γ(c − a − b − 3)(c − a − b − 3)3

(1 − β)Γ(c − a)Γ(c − b)
R ≤ 2 ,

where R = (1 − β) + ab[(3−β)d+4−2β]
d(c−a−b−1) + (a)2(b)2(5+d−β)

d(c−a−b−2/2) + (a)3(b)3
d(c−a−b−3)3

.

(ii) If a, b > −1, c > 0, ab < 0 and λ < d, then H2(z) belongs to D(0, β, λ)
if and only if

(20)
(c − a − b − 3)3Γ(c + 1)Γ(c − a − b − 3)

dΓ(c − a)Γ(c − b)
W ≤

2(d − β + 2)

d
,

where W = (a+1)2(b+1)2
c−a−b−3 + (a+1)(b+1)(5+d−β)

(c−a−b−2)2
+ 4−2β+(3−β)d

c−a−b−1 + 1 − β.

Proof. (i) It is sufficient to show that

(21)

∞
∑

n=2

n(n − β)(γ + 1)(λ + 1)n−1(a)n−1(b)n−1

(c)n−1(d)n−1(n + γ)(n − 1)!
≤ 1 − β .
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Making use of (19) we have:

∞
∑

n=2

n(n − β)(γ + 1)(λ + 1)n−1(a)n−1(b)n−1

(c)n−1(d)n−1(n + γ)(n − 1)!

<
∞

∑

n=2

n(n − β)(a)n−1(b)n−1(d + n − 1)

d(c)n−1(n − 1)!

=
1

d

[

∞
∑

n=1

(n + 1 − β)(d + n)(a)n(b)n

(c)n(n − 1)!
+

∞
∑

n=1

(n + 1 − β)(d + n)(a)n(b)n

(c)nn!

]

=
1

d

∞
∑

n=3

(a)n(b)n

(c)n(n − 3)!
+

5 + d − β

d

∞
∑

n=2

(a)n(b)n

(c)n(n − 2)!

+
(3 − β)d + 4 − 2β

d

∞
∑

n=1

(a)n(b)n

(c)n(n − 1)!
+ (1 − β)

∞
∑

n=1

(a)n(b)n

(c)nn!

=
(a)3(b)3
d(c)3

∞
∑

n=0

(a + 3)n(b + 3)n

(c + 3)nn!

+
(5 + d − β)(a)2(b)2

d(c)2

∞
∑

n=0

(a + 2)n(b + 2)n

(c + 2)nn!

+
ab[(3 − β)d + 4 − 2β]

cd

∞
∑

n=0

(a + 1)n(b + 1)n

(c + 1)nn!
+ (1 − β)

∞
∑

n=1

(a)n(b)n

(c)nn!

=
Γ(c)Γ(c − a − b − 3)(c − a − b − 3)3

Γ(c − a)Γ(c − b)
R − (1 − β) ≤ 1 − β,

(ii) Since H2(z) = z− |ab|
c

∑∞
n=2

(a+1)n−2(b+1)n−2(γ+1)
(c+1)n−2(d)n−1(n+γ) zn then by Theorem B

we must show

(22)

∞
∑

n=2

n(n − β)(γ + 1)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(n + γ)(c + 1)n−2(d)n−1(n − 1)!
≤

c(1 − β)

|ab|
.

Making use of (20) and doing some calculations we obtain:

∞
∑

n=2

n(n − β)(γ + 1)(a + 1)n−2(b + 1)n−2(λ + 1)n−1

(n + γ)(c + 1)n−2(d)n−1(n − 1)!

<
1

d

∞
∑

n=1

(n + 2 − β)(a + 1)n(b + 1)n(d + n + 1)

(c + 1)nn!

+
1

d

∞
∑

n=1

(n + 2 − β)(a + 1)n(b + 1)n(d + n + 1)

(c + 1)n(n + 1)!
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=
(a + 1)2(b + 1)2

d(c + 1)2

∞
∑

n=0

(a + 3)n(b + 3)n

(c + 3)nn!

+
(a + 1)(b + 1)(5 + d − β)

d(c + 1)

∞
∑

n=0

(a + 2)n(b + 2)n

(c + 2)nn!

+
4 − 2β + (3 − β)d

d

∞
∑

n=1

(a + 1)n(b + 1)n

(c + 1)nn!
+

(1 − β)c

ab

∞
∑

n=2

(a)n(b)n

(c)nn!

=
(c − a − b − 3)3Γ(c + 1)Γ(c − a − b − 3)

dΓ(c − a)Γ(c − b)
W −

2(d − β + 2)

d
+

c(1 − β)

|ab|

≤
c(1 − β)

|ab|
. �

REFERENCES

[1] Carlson, B.C. and Shaffer, B.B., Starlike and prestarlike hypergeometric functions,
SIAM J. Math. Anal., 15 (1984), 737–745.

[2] Exton, H., Handbook of Hypergeometric Integrals, Ellis Horwood Limited, Sussex, 1978.
[3] Goodman, A.W., Univalent Functions, Vol. 2, Polygonal Publ. House, Washington, New

Jersey, 1983.
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