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SOME PROPERTIES OF CERTAIN FUNCTIONS CONCERNING
HYPERGEOMETRIC FUNCTIONS IN SOME CLASSES
OF UNIVALENT FUNCTIONS

S. OSTADBASHI and SAEID SHAMS

Abstract. In this paper we define the function E(a, b, ¢, d, z) concerning hyper-
geometric function. The main aim of the present paper is to obtain conditions
for a, b, c,d such that the functions zE(a, b, c,d, z) and 2(2 — E(a, b, c,d, z)) be-
long to some classes of univalent functions. Also several operators related to the
above functions are investigated.
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1. INTRODUCTION

Let A denote the class of functions of the form f(z) = z+Y o, a, 2" which
are analytic in the open unit disk U and satisfy the normalized conditions
f(0) = f’(0) — 1 = 0. The subclass of A consisting of functions of the form
f(z) =2z—3 0" ganz",a, > 0, is denoted by T. Recently the authors have

investigated in [8] the following class:
D)\ /
o[BI 51,

2(DMf(2))
D(a’ﬂ’)\):{feT:Re(D/\ff((z)))> DY ()

where o > 0,0 < 8 < 1,A > 1 and D*f(z) given by

)\—{—1 1
D)\ :72 ’I’L n
f(2) (1— 2+ +Z (n—1) ™*

is the familiar Ruscheweyh derivative and (’y)n is the Pochhammer symbol
defined by

(W)n:{ ’17(’Y+1)~-(7+n—1), n=12,--

) n=2~0
Now, with the above notations we define the class D™ (a, 8, \) as follows:
D f(2)) 2(D f(2))
Dt (a, B, A) = A Ret —1 .
@0 = {7 € 4:me T S ER R

Considering the fact that D*(zf)(z) = 2(D*f(2))’ we introduce the following
classes:

Di(a,B,A) = {f(z) €T : 2f €D(a, 3,\)},
Dy (o, B,A) = {f(z) cA:zf € D(a,ﬁ,)\)}.
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Obviously, putting @ = 0,A = 0 in both D(«, 3,\),D"(c, 3, \) we get the
class of functions that are starlike of order (3, denoted by S*(3). Replacing
a = 0,A = 1 in those classes we get the class of functions that are convex
of order (3, denoted by K (/). Also, putting 3 = A = 0 we obtain the class
of uniformly a-starlike functions introduced by S. Kanas and A. Wisniowska
[4]. Also, the classes D1(a, 3,)),D] (o, 3, \) are reduced to the class K(f)
when @ = 0,A = 0, and when a« = 1,8 = 0,A = 1 we obtain UCV, the
class of uniformly convex functions introduced by Goodman [3], and when
A =0,a=1,08 =0 we obtain the class S, introduced by Rgnning [6].

During this paper we need the following theorems (see [8]).

Theorem A. The condition y oo, [n(1+a();fg;z§ﬂ%f1)"*l lan| <1 is a suffi-
cient condition for f(z) = z+Y oo ganz" to be in DT (o, B, \). Also f(z) € T
belongs to D(«, B, \) if and only if

e}

n(l+a)— (a+ B)](AN+1)p-1
2 (1= B)(n—1) =1

n=2

Theorem B. The condition y ., "[n(HOE)l:(;)z“nﬁ_)}l(;!‘H)"—l lan| <1 is a suf-

ficient condition for f(z) = z 4+ Y00, an2™ to be in Dy (o, 3, ). Also the
function f(z) € T belongs to D1 (o, B, A) if and only if

a, <1.

o~ [n(l+ @) — (a+ B)](A+ 1)n
2 (1—=06)(n—1)!

n=2

Next let a,b,c,d be real numbers such that ¢,d # 0,—1,—-2,.... Define

E(a,b,c,d,z) = > 07, %z". In case d = 1 this function reduces to

F(a,b,c,z) => 0", (‘ZZSLTEZ)!” z", the familiar hypergeometric function and it is
well known that F(a,b,c,1) converges for Re(c—a—b) > 0 and F(a,b,c,1) =

%, see [2]. Some authors, for instance Ruscheweyh and Singh [7],

Merkes and Scott [5], have found sufficient conditions such that zF(a, b, ¢, z) €
S*(0),0 < B < 1, for different values of parameters a, b, c. Carlson and Shaf-
fer [1] showed how some convolution results about S*(3) may be expressed in
terms of a linear operator acting on hypergeometric functions. Also Silverman
[9] determined conditions for zF'(a,b,c,z) and some related functions to be
in S*(6), S7(8), K(B), K1() where S7(8) is the subclass of S*(3) consisting
of functions f for which we have |(zf'/f) — 1| <1 -0, z € U. Also K;(})
includes functions f such that zf’ € S;(3).

In this paper we will indicate some conditions on a,b,c,d, «, 3, A, in such
a way that zF(a,b,c,d, z) and several relevant functions to be in D(a, 3, A),
Dl(Oé, /87 )‘)7 D+(Oé, ﬁv )‘)7 DT(OQ B: )‘)
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THEOREM 1. Let a,b>0,c>a+b+2, A <d. Then a sufficient condition
for zE(a,b,c,d,z) € D" (a, 8, \) is

Fe)l'(c—a—0b—-2)
@ a(l— B)T(c—al(c_b) " =%
where N = (1+ «)(a)2(b)a +ablc—a—b—2)[(1+a)(1+d)+1—F]+d(1—

B)(c—a—b—2)y. This condition is necessary and sufficient for Ey(a,b,c,d, z) €
D(a, B, A), where Eq(a,b,c,d,z) = 2(2 — E(a,b,c,d, 2)).

Proof. Since zE(a,b,c,d,z) = z+ > - M " by Theorem A we

n=2 (¢)n—1(d)n—
must show
- (a>n—1(b)n—1 (/\ + 1)n—1

(2) Z;mu+a%%a+m“@%ﬂ®mq(n—D!Sl_ﬁ'
Therefore by making use of (1) we have:

- —(a (@)n—1(b)n— 1()‘+1)n1

;:2[”(1+0é) ( +ﬁ)](c Dy = 1)

< +a)+ (1 - ) (C(‘C) (n>‘ ‘“d‘”

n=1 n

—_

Cltax (@) (I+)(1+d)+1-5
= X onim d

n=1 n

= (@a o (@alD)
2 onm—i A2

n=1 n{1 n=1 nlt:
_ 14 a(@)z(b)s o= (a+2)n2(b+2)n2
- d (¢)2 nZ:; (c+2)p—2(n—2)!
1+a)l+d) +1—-Fab=(a+1) 1(b+1)n1
+ d cg; (et Dn(n—1)!
2 (a)n( F(e)l'(c—a—b-2)
nz:l (c) nn‘ ~ dl(c—a)l'(c—b) N-(1=-/=0-8)

Finally, since Ei(a,b,¢,d,z) =z —> 7, % " by Theorem A the

condition (1) is necessary and sufficient for Fy(a,b,c,d, z) € D(a, B, A). O
THEOREM 2. (i) Let f € D(a, B, A), a,b,c,d > 0, ab < ed. Then f(z) *
(2E(a,b, ¢, d, 2)) € D(a, 5, ).
(i) Let f € D(cr, 5,A), 0 < d. Then f(z)* (zE(a,b,c,d, z)) € D(a, B, A1) if

/n
< inf [ Ot Dna(@alle—a)(c—b) |’

T (c—a—b)-Tle—aTc—0]| -
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Proof. (i) Since f € D(a, 8, \), we have:

—~n(l+a) = (a+8) A+ 1)n
<1
) nzg 1-8 (n—1nl ™=
and hence f(z) % (2E(a,b,¢,d,2)) =2—> 7", % 2". Therefore, by

considering the condition ab < cd, we have:

Gn

Sinﬂ+a%4a+ﬁﬂk+nmﬂmnﬂwhq
;) 1—p (n—=1! ()n-1(d)n-1

1+a a+ﬁ)(>\+1)n—
—Z CES R

and this completes the proof of this part.
(ii) By Theorem A we must show

2 01+ a) = (a+ 8) (@n1 (Bt i + D
(4) > 1-3 (c)n_ll(d)n_i (1n Y “an < 1.
We have:

(1 +a) = (a+ ) (@n-1(b)n-1 (M1 +1
1-p (@)n-1(d)n—1

(n—1)
= (@)n-1(0)n-1 (M + D)1 _ = (@)n()n (M +1)p1
< @i O Do~ 2= (Ot |

However, the inequality (4) holds true if
(M +1)p—1 1 I'(c—a)l'(c—0)
A+ 1)p_1(d)y, ~ n!T(c)T(c—a—b) —T(c—a)l(c—10b)
Equivalently, we must have

n o A+ 1)p_1(d)y I'(c—a)l'(c—b)
A+ 1" < i T(OT(c—a—b) —T(c—al(c—b)

<

This completes the proof. [l
THEOREM 3. Ifc¢>0,a,b>—1,ab<0,c>a+b+2 and 0 <\ <d, then

zE(a,b,c,d, z) € D(a, B, \) if and only if
labl(c —a —b—2)2I'(c+ 1)I'(c—a—b—2)

<
cdl(¢c — a)T'(c — b) As2,

_ (o) (+1) (14« d+1)(14a)+1-3
where A = ( (CZ(CL—bz(Q)Q ) + ( c)(a b) 1 + IB'
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Proof. Since zE(a,b,c,d,z) = z — |ab‘ Yoy a(ﬁl”nng&)l)” 2 by Theorem
A we must show:
(5) i (1 +a) —(a+ Bl(a+ a2+ Dn-2d+1)n-1 eI = 5)
(c+1)p—2(d)p_1(n—1)! —  ab)

n=2
Therefore we have:
i n(14+a) = (a+B)](a+ 1) 2(b+1)p oA +1),_1
(C + 1)n_2(d)n_1(n — 1)!

I~ [+ DA +a)+1-p)(n+1+d)(a+1)a(b+ 1)n
<8§:: (et Dn(n + 1)

n=0
(a+ D)+ D(1+a) i (a+2)n(b+2)n

d(c+1) = (c+2),n!
(d+1)(A+a)+1— 6 (a+1)n(b+1) 2 (a)n
+ d nz:;) (c+1),n! nzzzl (c) nn'

_(c—a—b—2)l(c+1)I(c—a—b—2)
dl'((¢ — a)['(c —b)

(a+1)(b+1)(1+ o) (d+1)(1—|—0z)+1—ﬁ+1—ﬁ]
(c—a—b—2) c—a—b—1 ab
=) _c(1-p)
lab|  —  ab|

THEOREM 4. Under the conditions of Theorem 1, let Ey(a,b,c,d, z) belong
to D(a, B,\). Then it is close-to-convex of order v (0 < vy < 1) in |z| < r,

where
< igf{(l — N1+ a) = (a+ B)(A+ 1)n1}nil |

© (= ol
Proof. Since FE1(a,b,c,d, z) € D(a, 8, \), we have:
$= 0+ — (@t Bl ansOt Doy

" [T T Mt e
Now we must show
(8) |Ei(a,b,c,d,2) — 1| <1—1.

Therefore, we have |Ej(a,b,c,d,z) =1 <> > ,n W!z\” L. However,

in view of (7) the inequality (8) holds true if
(1= +a) = (@+ A+ Dna
= A1) ’
and this gives (6). O

n|z|n—1 <

O
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THEOREM 5. Under the conditions of Theorem 1, suppose E1(a,b,c,d,z) €
D(«a, B, \). Then H(z) = Vz—tl foz "1 Ey(a,b,c,d, t)dt, v > —1, also belongs to
D(a, 3, A).

Proof. After an easy calculation we get H(z) =z2—> >, % ZI}Y 2"
Also, since Ei(a,b,c,d, z) € D(a, 3, ), we have:

f: [n(1+a) = (a+ By + D(@n-1(b)n-1(A + 1)n-

= (1=8)(n+7)(C)n-1(d)n-1(n —1)!
o [n(1+a) = (a+ B)](@)n-1(B)n—1(A + 1)n—1
<2 (1= B)(Dn1(d)ns(n— 1! =t
and this completes the proof. ]

THEOREM 6. (i) If a,b > 0, A\ <dand c > a+0b+1, then a sufficient
condition for Hi(z) = [ E(a,b,c,d,t)dt to be in DT(0, 5, \) is that
Fel(c—a—b—-1) (I1—-d)(c—1)p

) A= Be—ale—b" da-Db-1)01—-38) = >

where B=ab+ (d—f)(c—a—b—1)+ 6(1_(21)_(;)_(2:5)_1)2.
(ii)) If a,b > =1, ¢ >0, ab< 0, c>a+b+1 and A < d, then H(z) €
D(0, 5, \) if and only if

e+ 1I'(c—a—b—1) B(d—1)(c—1)2

1 <
(10) e—alc—b) 2 aa—1sp-15, ="
d—pB)(c—a—b—1 B(d—1)(c—a—b—1
where D = 1 4 =8 — ) _ B (ai)l()Q(bil) )2,
Proof. (i) It is easy to see that Hi(z) = z+ Y ooy #(dbng% Now we
must show > >, (n=p )(?C))’::l((bc)l;n 11(2,“)" L <1— . Considering (9) we have:
o (1= B)(@)n-1(D)n1 A+ D1 L n (41 = B)(d +n)(a)n(b)n
2 <gX
()n-1(d)n—1n! d (¢)n(n+ 1)!

n

=2

1 (a)n(b) d—ﬁ - (@)n(b)n (1 —d)p (@)n(b)n
dz:1 (c) (n—l d Z (¢)pn! + d ;(C)n(n+1)!
_I(e)l(c—a—-b-1) (I—=d)(c—1)p

= e —alc=b 2 da-np-n GHsI-S

(ii) We can write Hy(z) = z — ‘ab| D2 a+i17)ln22b(j1r)13n12 2% According to

Theorem A, we know that f € D(0 ﬁ, A) if and only if

[e.o]

(n = B)(@+ Vnz(d+ Dn_s(A+ Doy _ c(1—f)
(11) > (€ 1 Dna(d)p_1n! = Tal

n=2
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Therefore by making use of (10) for showing (11) we have:

G (n—0)a+1)p20b+1)n2(A+1),1
Z (C + 1)n_2(d)n_1n!

-3 ni)(a et 2 e
e X ‘Jl f>nnﬁ)
— (=) + = C;; (12F_<f; —abol)

B(d—1)(c—1)2 cd
< —(1-—

d(a — 1)2(b — 1)2 - |ab|( /8)

This completes the proof. O

+

THEOREM 7. () If a,b > 0, ¢ > a+b+2 and X\ < d, then a sufficient
condition for Ha(z) = 7+1 fo t"E(a,b,c,d, t)dt € DT(0,3,\) is that
(c—a—b—2)2f‘( T(c—a—b—2)

d(1 = B)'(c—a)l'(c—0)
where E = (1 —f3) + afgltzbiﬁl) + (CE‘Z)K%QQQ)Q.

(ii)) If a,b > —1, ab < 0 < ¢, A < d, then Hs(z) € D(0, 3, \) if and only if
(13)

(a+1)(b+1)+(d+2-B)(c—a—b—-2) (1—pB)(c—a—b—2)

d + ab =0.

Proof. (i) An easy computation gives Ho(z) = z+Y -, (C Jn 1((b)): :((zii; 2"

By Theorem A we must show Y 7, (n— B()C()Z)"l(égi)"l (171(1:)1()75’\51)” L <1-7, so

(12) E<2,

with respect to (12) we have:

i (n = B)(@)n-1(B)n-1(y + DA + D
n=2 ()n-1(d)p-1(n +y)(n —1)!

L (@)n(b)n  ab(d+2—8) o= (a+ D)p(b+ 1),
<=3 e+ M= S

n=0

(@)2(b)2 x=~ (@ + 2)n(b+2)n | ab = (a+1)n(b+ 1),
* d(c)2 Z (c+2),n! cd — (c+1),n!
(c—a—b—2)'(c)[(c—a—b—2)

- dl(c — a)I'(c — b) E-(1-p=1-5
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. : : b Dpa(b+1)n 1
(ii) It is obvious that Ha(z) = z — mzn 9 a;l HQE(;)H) 1(2757;))2”. Ac-

cording to theorem A, Hs(z) € D*(0,3, ) if and only if

i (n=B)(y + D@+ Dna(b + Dna(A+ Dny _
(n+7)(ct Dno(d)n_1(n —1)! = |ab|

For showing (14) by making use of (13) we have:

i (n—B8)y+1(a+ Dnob+1)n oA+ 1)n
n—=2 (n+7)(c+ n—2(d)p-1(n —1)!

m+2-0)d+n+1)(a+1)p(b+1),
dz (c+ Dn(n+1)!

@)+ 1) & S (@+2)n1(b+2)ns
dle+1)  “ (ct2ua(n— 1)

d+2 ﬂz (a4 1), b+1) +(1—ﬂ)c°° (@)ng1(D)ni1

(14) (1-0).

n=2

(c+1), ab = (C)ns1(n+1)!
_(1—ﬁ)c F(c+1)F(c—a—b—2) (a+1)(b+1)
T @] T Tle—aT(c—b) [ d
+(d+2—ﬁ)(c—a—b—2) N (l—ﬁ)(c—a—b—Q)g] - (1-pB)c
d ab |ad]
and the proof is complete. ]

THEOREM 8. Ifa,b >0, c>a+b+3 and A\ < d, then a sufficient condition
for zE(a,b,c,d, z) € D} (o, 8, \) is that:
(c—a—b—=3)sT(c)(c—a—b-23)

d(1 = pB)'(c—a)l'(c—b)
where F = (1 — B)d + ab2(d+1)(A+e)+(d+2)1-P)] | (a)2(b )2[(d+4)(1+a)+1*ﬂ] +

c—a—b—1 (c—a—b—2)2
(a)3(b)s(1+a)
c—a—b—-3

Dl(am@7 )‘)

Proof. According to Theorem B we must show

— n[n(l+a) — (a+ B)](a)n—1(B)n—1(A+ 1)n_
(16 > (©n_1(d)n_1(n — 1) : Fs1-p.

Making use of (15) we can write

(15) F<2,

This condition is necessary and sufficient for zE(a,b,c,d,z) €

n=2

3 nln (a (@)n—1(0)n—1(A+ 1)n—1
nZQ " ﬁ)} (C)n—l(d)n—l(n — 1)!

;ZQn @)~ (o + O F= a n —)

A
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_1+a a)n (d+4)(1+a)+1—ﬁ (a@)n(b)n
N Z(cn d Z (¢)n(n —2)!

n=1

L

=1
d+2)(1+a +1—ﬁZ a)n

nn—l

d(l1+ o)+ (d+1)(1 5) ab (a+ 1), (b+ 1),
* e Z (c+1),n!

— ()n(d)r (14 a)(a)s(b)sT(c+3)(c—a—b—3)
+H1-5) Z (c)un! d(c)sT'(c — a)'(c — b)
(a)a(b)2[(d+4)(1+a)+1—Bl(c+2)T(c—a—b—2)
d(c)oI'(c — a)T'(c — b)

[2(d+ 1)1+ )+ (d+2)(1 = B)labl (c+ 1) (c—a—b—1)
* del'(c — a)T'(e = b)

(1= AT (c—a—b)
+ I'(c—a)T'(c—1b) —(1-8)

(c—a—b—3)3T(c)T'(c—a—0b—3)
= F—(1-
dl'(c — a)T'(c —b) (1=5)
S 1- ﬂa
and this completes the proof. O

THEOREM 9. Let a,b > —1, ab < 0, ¢ > a+b+3 and A < d. Then
zE(a,b,c,d, z) € Di(a, B, \) if and only if

(1+a)(a+1)2(b+1)s n (a+1)(b+1)[d(1 + @) + 4o — B+ 5]

(17) dlc—a—b—3)3 dlc—a—b—2)
20+ 1)(1+0) +([d+29(1-F) 1-F
dc—a—b—1) o ab] T

Proof. According to Theorem B we must show
= nfn(l+a) = (@ + Ala+ Dualb+ DusO+ Doy _

(18) nz:; (+ Dna(@)p(n —1)! < Jan
For showing (18) we have:

S o1 +@) = (@ + e+ oo+ Vsl + Do

= (c+1)p—2(d)p—1(n—1)!

= nn(l+a) = (a+B)(a+1)u_ab+1)y_o(d+n—1)
< nz; d(c + 1)n_z(n —1)!

B i n+2)[(n+1)(1+a)+1-pFl(a+1)n(b+1)n(d+n+1)
B d(c+1)p(n+1)!

n=0
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> 1+a)+2+a—ﬂ](d+1+n)(a+1)n(b+1)n

i n(l+a)+2+a—B(d+1+n)(a+1),b+1),

dc+ Dp(n+ 1)!

B (1+a)(a 1)2(b+1)2 i (a+3)n(b+3)n
B d(c+1)2 = (c+3)n!

L+ 0) +5+da— Blla+ (b +1) i (a4 2)n(b+2),

dlc+1) ot (c + 2),n!
+[2(d+ D14 )+ (d+2)(1 i a+1)n(b+1),
d = (c+ 1 nn'

|ab| Z (c) nn'

n=1
_ F(c—l—l)l“(c—a—b—S)(c—a—b—3)3G+ (1-P)c < c(1-0)

I'(c—a)l(c—0b) lab| = ab]

where G is the left side of expression (17) and the proof is complete. O

THEOREM 10. (i) If a,b,> 0, A < d and ¢ > a+ b+ 3, then a sufficient
condition for Hy(z) = 7+1 fO t7E(a, b, c,d, t)dt € D] (0,3, ) is that

F(C)F(c—a—b—3)(c—a—b—3)3R<2,

19) (= AT(c— a)l(c—b) :

ab[(3—B)d+4—23 b)a(5+d b
where R = (1 — () + [c(l(c—cz—b—l) I+ (d)(c( ZL (b 2/2)) + d(c( BLS(b)33)3

(ii) If a,b > —1, ¢ > 0, ab < 0 and X\ < d, then Hy(z) belongs to D(0, 3, \)
if and only if

(c—a—b—3)3F(c+1)F(c—a—b—3)W< 2(d—p+2)

(20) dl(c —a)T'(c —b) - d '

here W = (EHBbth | (IO | 4204000 |y g

Proof. (i) It is sufficient to show that

ey 3P A DAL Dt (@Bl

(@)n-1(d)n_1(n+7)(n —1)! <1-p.

n=2
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Making use of (19) we have:

i n(n — B) (v + DA+ 1Dp_1(a)n_1(b)n-1
n=2 (©)n-1(d)n-1(n +v)(n —1)!

— n(n = B)(@)n-1(b)n-1(d + 1 —1)
<2 d()m1(n —1)!

(¢)n(n —3)! d

LB d+4-2 (b 2 (a)n(b)n
ﬁ)j BZ n)1)!+(1_ﬁ)z((2)§n)!

n=1

_ (a)3(b)s ~ (a+ 3)n(b + 3)n
~ d(e)s 7;) (c+ 3)nn!

(5+d—B)(a)2(b)2 ~= (a+2)n(b+2),
* d(c)a 7;) (c+2)pn!

ab[(3—ﬂ)d+4—2ﬂ]i(a+1) (b+ i
=1

cd ot (c+1)un

_Tel(c—a—-b—-3)(c—a—b—23)
B I'(c—a)l'(c—b) 3R_(1_ﬁ)§1_6’

.. . b 1)p—2(b+1)p 1
(ii) Since Hy(z) = z — |a | Yoo, a;_l)an(;r)n) 1(275_7;)) " then by Theorem B

we must show

(22) i n(n—B)(y+1(a+Dnab+Dn2A+Dna _ c1=-5)

2 (n+7)(c + Dua(d)ni(n — 1) = al

Making use of (20) and doing some calculations we obtain:

S5 = B)(+ 1(a+ Dooalb+ Dy-a(h-+ Doy
(n+7)(c + Dn—2(dn1(n— 1!

n=2
I (42— 0)(a+ 1)pb+1)u(d+n+1)
<4 (c+ 1)pn!

I (n+2-0)(a+1),0+1),(d+n+1)
T3 2 (c+ D)p(n+ 1)!
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o

~(a+1)a(b+ 1) (a+3)n(b+3)n
 d(e+1), D (c+3)un!

n=0
S

(a+1)(b+1)(5+d—p) (a4 2)n(b+2),
+ dlc+ 1) E) (et 2)nnl
4-28+B=F)d~=(a+1),b+1), (1—0)c= (a)n(b)n
* d Z (c+1),n! * ab ;:2 (¢)pn!
(c—a—-b=3)l'(c+)l'(c—a—-b=-3) =~ 2(d-B+2) c(1-7)

- dl'(¢ — a)T'(c —b) W d + |ab|
o(1-B)

<
= |abl

0
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