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Let R™ is the n-dimensional Euclidean space of points 2’ = (z1, ..., 2y),
|2'|? = Y"1, 22 and denote by = (2/,t) = (1,...,2p,t) a point in R
An almost everywhere positive and locally integrable function w(t),t € R, will
be called a weight. We shall denote by Ly, (R"*1) the set of all measurable
function f on R™*! such that the norm

1/p
115y iy = Wz = ([ f@Patoas) © 1<p<

is finite.
Let us now endow R™*! with the following parabolic metric introduced by
Fabes and Riviére in [4]

ZL'I2+ $/4+4t2
(1) d@y) =pl—y),  where p<x>—\/ PR VIR

A ball with respect to the metric d centered at zero and of radius r is just the
ellipsoid

n—+1 ‘.,L./‘Z tz
57-(0): T € R |TT+T7<1 .
Obviously, the unit sphere with respect to this metric coincides with the unit
sphere in R**1 ie.

9E1(0) = Syt = {a: € R | || = (Zn:ﬁ +t2)1/2 - 1}.
=1

Let d(z,y) = plz — y), p(x) = max(|2'|, [t|*/?), and I be a parabolic cylin-
der centered at some point x and with radius r, that is [ = I, (z) = {y €
R |2 — /| < r, |t — 7| < r?}. Tt is easy to see that for any ellipsoid
&, there exist cylinders I and I with measures comparable to r"*2 and such
that I C & C I. Obviously, this implies an equivalence of both metrics and
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the topologies induced by them. Later we shall use this equivalence without
making reference to, except required.

It is worth noting that p(z) has been employed in the study of singular
integral operators with Calderén-Zygmund kernels of mixed homogeneity (see

[4])-

DEFINITION 1. A function K defined on R"*1\ {0}, is said to be a parabolic
Calderon-Zygmund (PCZ) kernel in the space R"+1 if

i) K € CX(RM1\ {0}) ;

i) K(ra',r?t) = r~ ("2 K (2! t) for each 7 > 0, z = (', 1) € R\ {0};

iii) f2n+1 K(x)do =0, where do is the element of area of the sphere ¥, .

Let K be a parabolic Calderon—Zygmund kernel and 7" be the corresponding
integral operator T'f(z) = p.v. [pus1 K(x — y)f(y)dy. We establish bounded-
ness in weighted L, space parabolic Calderon-Zygmund integral operators.

THEOREM 1. Letp € (1,00), K be a Calderon—Zygmund kernel and T be the
corresponding integral operator. Moreover, let w(t), wi(t) be weight functions
on R and the following three conditions are satisfied:

(a) there exists b > 0 such that
sup  wi(7) <bw(t) forae. teR,
[t /4<|7|<4t|

-1

(b) A= sup-g (flt\>2lf\ w1 (t)‘t‘_pd7> (f\t|<|f\ W' (t)dt)p < 0,
(©) B= 520 (fycpr 1)) (fyor Wl_”’(75)!751_”%1’5)}771 < .

Then there exists a constant ¢, independent of f, such that

(2) / T f(x)[Pw(t)dz’dt < C/ |f(z)[Pw(t)dz’dt
R"+1 ]Rn+1
for all f € Ly ,(R"1). Moreover, condition (a) can be replaced by the condi-
tion
(a1) there exists b > 0 such that

1
w1 (t) ( sup ) <b forae teR

je/a<r|<ale] @ ()

Proof. For k € Z we define Ey, = {z € R*!: 2k < |t| < 21} By, =
{ze RVt <2V Ero={z e RV 2kl < | <2M2} Er3={z €
R |t| > 282} Then Ej 5 = Ex_1 U FE) U Ej11 and the multiplicity of the
covering {Fy 2}, ., is equal to 3.



3 Two-weight norm inequality for parabolic Calderon-Zygmund operators 185

Given f € Ly, (R™1), we write

ITf(2)| =Y |Tf(@)[xm, (@) <D 1T fri(@)] x5, (2)

keZ keZ
(3) +Z|Tfk2 ’XEk +Z|Tfk3 ’XEk( )
keZ keZ

=T1f(x) +Tof(z) + T3 f(x),

where x g, is the characteristic function of the set Ex, fr: = fxg, i = 1,2,3.
We shall estimate [|T7 f| ., - Note that for x € Ej, y € Ej1 we have

r| <287 < g2

Moreover, Ej Nsuppfr1 = 0 and |t — 7| > [¢|/2. Hence

Tif(z)<e Y </Rn+1 mdy) x5, (1)

(v)|
< Cl/ / dy
n Jirl<pp)y2 P(x — y)t2

SCQ/ / |f( )| n+2dy/d7_
nJir<tzz (|27 — o]+ [t]1/2)

for any = € Ej. Using this last inequality we have

[ mf@pai

1/p
1f ()l Y\
dy'd d _
< c9 {/]Rn-‘rl </n /T|<|t|/2 (’m/ _ y/| + ‘t‘1/2)n+2 Yy T) wl(t) x}

For z = (2/,t) € R""1 let

p
R’ \ Jjr<Jtl/2 Jrn Iw—y!+!t!1/2)”+2
p
|f(y',7)] /> /
= d dr | dz'.
L (/.TKWQ (o G S
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Using the Minkowski and Young inequalities we obtain

1/ p
o< |f (/ R A dr
i<z \Jrn re (Jy/] + [t]/2)n+2
p
dy/ p
= fC1)|predT < )
</|T|<t|/2 176Dl e ([y/] + [¢[1/2)n+2
C3
= — ndT
[t </|T|<t|/2| ez
_64/ |
1tP \ Jyr<el/2

Integrating over R we get

p
/ T f(2)[Pwr (t)daz'dt < 5 / wi ()P < / [ f(-,T)||p,RndT> dt.
Rt R Ir|<tl/2

Since A < oo, the Hardy inequality

p
/R wi ()]t ( /WW Hf(-,T)Hp,RndT> <c /R 1£Co I gowo(r)dr

holds and C' < ¢/ A where ¢’ depends only on p. In fact the condition A < oo is
necessary and sufficient for the validity of this inequality, (see [2], [9]). Hence,
we obtain

£
£

||pRndT

> re (Y] + 1)”“)

(4) /Rn+1 Ty f (2)[Pwi (t)dz'dt < c/ 1£( ||pRnw( T)dr = CHinpM(RnH)'

Let us estimate HT3fHLp oy As is easy to verify, for x € Ej, y € Ej 3 we have
|7| > 2|t| and |t — 7| > |7|/2. For x € E} we obtain

1/ (y)] ’
T < o
5f(z) < cz/n /T|>2t| <|x’ —| + !7\1/2)n+2 ydr

Using this last inequality we have

ey P

P 1/p

< e W)l dy/dr w(t)dx
— n+2
Rn+1 n Jir|>2]t] <|x’ y/| |7_‘1/2)




5 Two-weight norm inequality for parabolic Calderon-Zygmund operators 187

For z = (2/,t) € R"*! let

£/, 7)] ’
dy | da’
/R" </|T>2t|/n (|2 —yI+ITI1/2)"+2 )
’ p
n \Jlr>2lt] \JR (|2" — 3| + |7[7/7)F2

Using the Minkowski and Young inequalities we obtain

ht) < [ /Mt (] |f<y’n>|pdy’)l/p ( L ] +f7_y|,1/z)n+z> dTr
e ( [ ITI_pIIf(»T)IIp,RndT) ([ o)
— e ( L \Tr—pufmupwdf) -

Integrating over R we get

p
/ | T3 f (2)[Pw: (t)da'dt < 05/w1(t) (/ 1 G ) llpn |77 dT) dt.
Rn+1 R I7>2|¢|

Since B < 0o, the Hardy inequality

w T nt Pdr ! P pnw(T)dT
/R 1(2) </r|>2|t| £ (5 )lpr d) SC/RHf(, )y rnw(7)d

holds and C’ < ¢/ B where ¢ depends on n and p. In fact the condition B < oo
is necessary and sufficient for the validity of this inequality (see [2], [9]). Hence,
we obtain

1/p
©) Tl oy <o [IFCAEr) =l gy
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Finally, we estimate || T2f||, . BY the L,(R™!) boundedness of T' [3] we
have

| mi@prawd= [ (Z 1T fin(a) <t>) ar(t)dr

keZ
— / (Z IT fra(@)]? X, (1) ) wi(t)dr = Z/ T fr2(x) [ wy (t)da
R \kez keZ
<Y s [ (The@Pas < |71 Y swpwat) [ st s
kez P€Ek Rt kez “€Fk Rt
TP Y swp wa(r) [ |f(e) P,
kEZyG k Ey 2
where [|T'(| = || T, ®n+1)—1,@®n+1). Since, for z € Ej o, 2R < |t] < 282 we
have by condition (a)
sup wi (1) = sup wi(r) < sup  wi(T) < bw(t)
yEE, 2h—1<|7|<2k+2 |t /4<]|r| <Alt|

for almost all x € Ej 5. Therefore

/Rn+1 |Ts f () |Pwy (t)da <

©  <ITmy /

2)Pw(t)de < cg / | f(2)Pw(t)da,
kez” B2 Rrtt

where cg = 3||T||Pb, since the multiplicity of covering {Fy 2}, ., is equal to 3.
Inequalities (3), (4), (5), (6) imply (2) which completes the proof. O

REMARK 1. Note that, Theorem 2 for singular integral operators with
Calderon-Zygmund kernels was proved in [11], if w(x),wi(x) be weight func-
tions on R™ and for singular integral operators, defined on homogeneous groups
G in [10], [6] (see also [7]), if w(x), wi(z) be weight functions on G.

THEOREM 2. Let p € (1,00), K be a parabolic Calderon—Zygmund kernel
and T be the corresponding integral operator. Moreover, let w(t) be a weight
function on (0,00), wi(t) be a positive increasing function on (0,00) and let
following conditions be satisfied:

(a’) there exist by > 0 such that

sup wi(7) < bjw(t) fora.e t>0,
t/a<r<4t

1) A = sup,g (52 wr(rdr) (f5 ' (0ar) <o
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Then there exists a constant ¢ > 0 such that for all f € Ly, (R"™)

(7) /Rnﬂ |Tf($)]pw1(|t|)dx/dt < c/Rn+1 |f($)\pw(\t\)daz’dt,

Proof. Suppose that f € L, ,(R"™!) and w; are positive increasing functions
on (0,00) and w(t),w:(t) satisfied the conditions (a’), (b').
Without loss of generality we can suppose that w; may be represented by

wr(t) = wi (04) + /0 "By

where w1 (0+) = limy_,gw1(¢) and wi(t) > 0 on (0,00). In fact there exists a
sequence of increasing absolutely continuous functions w,, such that w,(t) <
w1 (t) and limy, o0 @y (t) = wi(t) for any t € (0,00) ( see [8], [7], [1], [5] for
details ).

We have

/Rnﬂ T f (@) Peor () da’dt = wi (0+) /

RTL

Tf(x)[Pdz
It
+/ ITf(z)P ( wmax) dz = J; + Jo.
Rn+1 0

If wi(0+) = 0, then J; = 0. If w1(0+) # 0 by the boundedness of T in
L,(R™"1) thanks to (a')

B TP+ [ 1@

<irl [ e arar<wirip [ f@rdaa

After changing the order of integration in Jo we have

Jy = /Oooq/;(A) (/n/|t>A\Tf(x)|pdx’dt> dA

<2t [Tu ( L O e

+ / /II !T(fX{t|9/2})($)\pdl’/dt> dX = Jo1 + Jao.
n Jlsa
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Using the boundedness of T in L,(R""!) we obtain

o / P / d
Jm§®1;¢@</mﬂﬂmv@ﬁﬂw®>t

:qému@w(%wm )@SqLHWW%ﬁmmmf
<hier [ 1@Pe(irhayar

Let us estimate Jyo. For [t| > X\ and |7| < A/2 we have
tl/2 <[t — 7| < 3Jt]/2,

and so

J22§08/ </n/t|>)\ </n/|7|<2,\p n+2dy>pdx> dA <
p
69/ (IO </t|>/\ /n (/|r|<>\/2/" (|’ _‘yfﬁ_ |Z|)1|/2)n+2dy> dx’dt) dA.

For z = (2/,t) € R"*! let

|fy 7)| p y
= |f(y,7)| > P
- /" </T|§/\/2 </Rn (|Jz' — | + |t|1/2)n+2dy dr ) dx’.

Using the Minkowski and Young inequalities we obtain

1/p P
J(t,\) < [/|T§A/2 </R lf' 7 I”dy> < o |y‘+‘t‘1/2)n+2)d ]
p
) </|T|<A/z”f( HpRndT) (/R" |y‘+‘t‘l/2 n+2>
p
_ % ndT
= TP (/T<)\/2Hf( Mprnd ) (/ ‘yy+1 n+2>

p
ndT .
\t\p < |T\<A/2 176,z )
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Integrating in (0,00) x {t € R : [t| > A} we get

oo Pat
o < e [0 ( /| B ( /M/Z Hf(-,T)Hp,RndT) W) dA
_ = —p+1 T
—on [ w0 (/Mzuﬂ, )

TP = p / gy /  yrda
2t T

2t

p
p,R7 dT> dA

Note that

[e.e]

00 A
= p/ ATPAN [ (r)dr < p/ A Pwr(N)dA, > 0.
2t 2t 2t

The Hardy inequality

00 P
—p+1 . n . P
/O BOVA ( /|T|9/2||f<m>||p,n@ d¢> dr<C /R LGP gl

for p € (1,00) is characterized by the condition C' < ¢/ A” (see [2], [9]), where
0o T , p—1
A" = sup ( w(t)t_p+1dt> </ whP (t)dt) < 00.
>0 2T 0

Condition (') of the theorem guarantees that A” < pA’ < oo. Hence,
applying the Hardy inequality, we obtain

T < [ IO <cn [ |f@)Pull)dsdr
0 Rn

Combining the estimates of J; and Jo, we get (7) for wi(t) = wi(0+) +
f(f@b(T)dT . By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (7). The theorem is proved.

THEOREM 3. Let p € (1,00), K be a parabolic Calderon—Zygmund kernel
and T be the corresponding operator. Moreover, w(t) be a weight function on
(0,00), wi(t) be a positive decreasing function on (0,00) and condition (a’)
and

() B'=su < /0 ’ wl(t)d7-> ( /2 Oo wlpl(t)tp'dt>p1 < 0.

be satisfied. Then inequality (7) is valid.

Proof. Without loss of generality we can suppose that w; may be represented
by wi(t) = wi(400) + [ ¢(7)dr, where wy(+00) = limy oo w1 (t) and w (t) >
0 on (0,00). In fact there exists a sequence of decreasing absolutely continuous
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functions w, such that w,(t) < wi(t) and lim, . wy(t) = wi(t) for any
t € (0,00) (see [8], [7], [1], [5] for details ). We have

/ T (&) P ()2’ = wy (+00) / Tf () Pde
Rn+1

Rn+1

Rn+1 |

tf

If wi(4+00) = 0, then I; = 0. If wi(+00) # 0 by the boundedness of T in
Lp(Rn+1)

b <|Tla(+o0) [ (f@)Pds

Rn+1

<ITL [ @Paedadr <wlT) [ fe)Pe)aedr

After changing the order of integration in J; we have

ne [T ([ [ et

<2t [Tu ( L L ey @asar

] |T<f><{|t|m}><x>|pdx’dt> =Dt I
St <A

Using the boundedness of T" in L,(R™™!) we obtain

Iy < 67/0 1/)()\) (/n \/|T<2)\ |f(y 7'/-)’pdy d’i‘) dA
e [ wr ( TWWW) dy

<er [ P2y
<hier [ 1 @Palirhindy.

Let us estimate Jao. For |t| < A and |7| > 2\ we have

[71/2 < |t — 7| < 3|7]/2,
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and so

o [0 ([ () )
= 09/ v </t|</\ /” </r|>2A /n (Jo" — ?’/f’ ?‘JF |31’/2)n+2 dy>pd1’/dt> >

For z = (2/,t) € R"*! let

f(y's 1)l "

J(t, \) /Rn </|T|>2,\/n (l=" —o'| + |T|1/2)n+2dy) dx
= 1f (7))l > v
- /" </T|Z2)\ </R" (' —y'| + |T|1/2)n+2dy dr > dz’.

Using the Minkowski and Young inequalities we obtain

1/p dy, p
/7_ P ! T
UA (/ N7l dy) (/R <|y'\+rf|1/2>"+2)d]
P
=C3 </T|22/\ | Hf(7 )Hp,R d ) (/R" (‘y/|+1)n+2
P
= T_l - T ndAT .
_ 4</T|22A UG d)

Integrating in (0,00) x {t € R : |t| < A} we get

[e'e) P
1 ) .
Ty < €10 /0 B(N) ( /| . ( /MAM 1767 oz d¢> dt) dA
[e'e) V4
= 717G, T ndT .
2 /0 BOOA ( /ﬂm ) o d) dA

The Hardy inequality
/ BOVA( / 7|1 o) [pndr)PdA < © / 1£Co I i)l
0 I7|>2) R

for p € (1, 00) is characterized in [2] and [9] by the condition C' < ¢’B”, where

1
ey o) (o) <~
Note that
t t A t t t
/0¢(A)AdA _ /O@z}(x)dx/o dr — /OdT/T PN < /Owl(T)dT.

J(t,N)

IN
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Condition (¢’) of the theorem guarantees that B” < B’ < co. Hence, apply-
ing the Hardy inequality, we obtain

T <en [ IFCOEpe®dt <en [ If@P(dsd,
0 Rn+1

Combining the estimates of J; and Jo, we get (7) for wi(t) = wi(+00) +
[ 4(T)dr. By Fatou’s theorem on passing to the limit under the Lebesgue
integral sign, this implies (7). The theorem is proved.

REMARK 2. Note that, the weighted pair (w(t),w1(t)) satisfying conditions
(b) or (c) is equivalent to the weighted pair (w(|t|),w1(|t])) satisfying conditions
(t') or () respectively.
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