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ON A CERTAIN CLASS OF ANALYTIC FUNCTIONS
WITH COMPLEX ORDER DEFINED BY SALAGEAN OPERATOR

M.K. AOUF, F.M. AL-OBOUDI and M.M. HAIDAN

Abstract. We introduce a class, namely Ry, (b, 3)(b # 0, complex, 0 < 3 < 1,

n € No = {0,1,2,...} and 0 < a < 1) of analytic functions defined by using

Hadamard product (D"f % Ss)(2) of the differential operator D" f (2) = z +

3 k"arz® and S, (2 -

£ st and 5009 = e
(D"f *Sa) (2) — 1

2B [(D™f % 5a) (2) =1+ b] = [(D™f % Sa) (z) — 1]

In this paper we determine a sufficient condition, coefficient estimates, max-
imization of |a3 — ,ua§| over the class Ry (b, 3), distortion theorem and an ar-
gument theorem for the class Ry, (b,3). Further we prove that some of the
subclasses of Ry, (b, 8) are closed under convolution.
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and satisfying the condition

<1, zeUl.

1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) f(z) :z—i—Zakzk,
k=2

which are analytic in the unit disc U = {2z : |z| < 1}. Also let S denote the
subclass of A consisting of analytic and univalent functions f (z) in U. We use
2 to denote the class of bounded analytic functions w (z) in U which satisfy
the conditions w (0) = 0 and |w (2)| < |z| for z € U. If the function f (z) € A
satisfies the condition

(1.2) Re{f'(2)} >0, z€U,

then it is well known that f (z) is univalent in U. We denote the class of such
functions by R. This class was introduced and studied by MacGregor [13].
Let R, denotes the class of functions f (z) € A that satisfy the condition

(1.3) Re{f (2)} >a, 0<a<1, z€l.

The class R, was studied by Ezrohi [5]. Clearly Ry = R.
A function f (z) € S is said to be starlike of order « if and only if

(1.4) Re { ZJJ: /(S)

}>a, zeU,
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for some a (0 < o < 1). We denote the class of all starlike functions of order

a by S* («).
Now, the function
z
(1.5) Sa (2) = m

is the well-known extremal function for the class S* (a) (see [20]).
Setting

I (- 20)
(1.6) Cla k) = p(kfl)! (k>2),

Sq (z) can be written in the form
(1.7) Sa(z) =2+ C(ak)z"

Then we note that C («, k) is a decreasing function in « and satisfies

o, a<j
lim C (o, k) =41, a=3-"
k—oo 1
0, Cl>§

Let (f *g)(z) be the convolution or Hadamard product of two functions
f(2) and g (z), that is, f (z) is given by (1.1) and g (2) is given by

(1.8) g(2) :z—f—Zbkzk,
k=2

then

(1.9) (f*g)( —z~|—Zakbkz

For a function f (z) € S, we define

(1.10) Df (2) = f (),

(L.11) Df(2) = Df (=) = 2f' (2).

and

(1.12) D"f(z)=D (D" 'f(2)) (neN={1,2,...}).

It is easy to see that
(1.13) D"f(z)=z+)» k'apz", neNy=NU{0}.

The differential operator D" was introduced by Salagean [21].
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In this paper, we introduce the class R7 (b, 3) of functions f (z) € A, defined
as follows:

DEFINITION 1. Let f(2) € A; and let b # 0, complez, 0 < f < 1, n € Ny
and 0 < o < 1. Then f (z) is said to be in the class R2 (b, ) if it satisfies the
condition

(D"f % Sa) (2) — 1
28 [(D"f *Sa) (2) = 1+0b] — [(D"f % 5a) (2) — 1]

forall z e U.

(1.14) <1,

We note that R} (1,1)=R, R} (1—-p,1)=R, (0<p < 1) and
f(z) -1
26(f" () =1+4b) = (f'(2) = 1)

By taking different values of b, 3,n and «, the class R} (b, 3) reduces to
various well known subclasses of R; for example,

(1) RY (b,1) = R(b) (Abdul Halim [1]);
(2) RS (1= pecosh,8) = R (p,8) (1A < g 0<p<1,0<8<1)

R%(b,ﬂ)z{f(z)eA;’

<1,26U}.

(Ahuja [2]);
28(1 —p)e P cosA 1+0 T
0 _ pX T o<
(3)R;< 115 ' R s (\A\<2,0_p<1,0<
B < 1) (Makowka [14] and Gopalakrishna and Umarani [9));
2 1
(4) RY (1_:7,;—7 = R(y) (0 < v < 1)(Padmanabhan [19] and
2

Caplinger and Causey [3]);
(5) R} (1,1) = R* (MacGregor [12]);
2

(6) R% (o, %) = R*(0) (0<o0<1) (Goel [6]);
(7) RY (1,251 =S(8) (6> 3) (Goel [7, 8]);
: l—a+d

0 o
(S)R% 1—a—d, 54

[4] and Owa [18]);
(9) RY (Uei)‘ cos \, ;) =(R})” (N < g, 0 <o <1) (Mogra [16]);

) =S (a,d) (a+d>1,d<a<d+1) (Chen

M

(10) i%]glﬁve—u cos A\, 1?) = (R}), (A< g 0 <~ <1) (Mogra
(11) R (2(};?5, “f) —R(pA) (0<p<1,0<8<1) (Juneja

and Mogra [10]);
(12) R (1=p,8) = Ri(p,8) (0<p<1,0<@<1) (Mogra [15]);
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(13) RY (1 —p)e Pcos, 1) = R} (]A] < g 0<p<1) (Ahuja [2]);
(14) RY < Acos A, — COS/\) = R* (Ahuja [2]);

my@( cos A, 2 ﬁ_. (A < 5.6 > MMWMD
(16) RY (e7cosA,1—p) =R*(p) (|A < 5,0 < p < 1) (Ahuja [2]).

We further, observe that by special choices of b and 3 our class R (b, 3)
give rise to the following new subclasses of R:

(1) Rg (b,1) = Rgy (b)
_{f(z)eA:Re{l—i—2((D"f*5’a)/(z)—1)}>0, ZGU};
(2) B2 (1-p, 1) = R (p)
={f(z)eA:|(D"f*Sa) (2) =1 <1—p, 0<p<1, z€U};
o 20—1 .
(3) Ry <b725> = Ry (b,9)

b—1+(D"f*S,) (2)
b

1
:{f(z)eA:‘ —6‘<6, 5>§, zeU};

. 25— 1 o
(4) R? ((1 —p)e P cos A, 55 ) = Ra,é)\ (p)

e (D"f % S,) (2) — pcos A —isin A
(1 —p)cosA

= {f(z)eA:

5’<5,
1
|)\\<72T,0§p<1,5>2,zeU};

(5) R2((1—p)e PcosA,1— &) = Ry (€, p)

B . ei/\(D"f*Sa)'(z)—pcos)\—isin)\_ 1 1
- {f(z)eA‘ (1= pyoos <z
|)\\< L0<p<1,0<e<, zeU}
(6) Ry (1= p)oePeosh §) = (R} ()
B ‘ ei)‘(D”f*Sa)/(z)—pcos/\—isin)\_
- {f(z)EA. (1 —p)cos A 1‘<U’

|/\|< ,0<p<1, 0<o <1, zeU}
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(7) R" ([(1 —a)+de P cos A, “‘52”) = R (a,d)

e (D™ f % S,) (2) —isin A

Ccos \

= {f(z)eA:

|>\|<g,a—|—d>1, d<a<d+1, ZEU};

— a' < d,
® Az (10-m) - 311 e eor, LpIE) i g

e (Df * Sa) (2) — pcos A —isin A
(1 —p)cosA

= {f(z)eA:

—m‘<M,

1
|)\\< , 0<p<1, |m—1\<M§m,m>§, ZEU}.

2. A SUFFICIENT CONDITION

THEOREM 1. The function f (z) defined by (1.1) is in the class R (b, 3), if
for b#£ 0, complex, n € Ny, and 0 < a < 1,

o0

(2.1) SR (o ) o < AL
k=2 /6

whenever (3 € (0, %], and

(2.2) D ETIC (o, k) |ax] < [l

k=2

whenever 3 € [%, 1], holds.
Proof. Let |z| =r < 1, and suppose 0 < § < l. Then
|(D"f % Sa)' (= —1!—}25[D”f*5)()—1+b]

Zk‘”HC o, k) apzt1
k=2

— [(D"f*5a) () —1]| =

o0

26b — (1 —20) Zk"HC (o, k) apz"~

k=2

o0

Z n+1C a ]{: \ak|7"k 1
k=2

o0

{25 bl = (1=28) > K" C (k) Jag| !

k=2

< 2 [(1 —B) S KC (k) |ag| - 8 rw] :

k=2
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The last quantity is nonpositive by (2.1), so that f(z) € R2 (b, 5). Next, we
assume that (2.2) holds for # < 8 < 1. Then

‘(D"f *Sa) (2) — 1! - ‘26 [(D”f % 8,) (2) — 1+ b]
ik’"HC (v, k) az"1
k=2

= [(D"fx8a) (2) = 1]| =

e}

26— (1-28) Y k"'C (o, k) ap2"!
k=2

< 2 [Z KC (0, k) x| - w] <.

k=2

This proves that f (z) € R (b, 3), hence the theorem. O
We note that

f2) =2+ sl £ k22,

(1 - B) k" 10 (a, k)~ =

is an extremal function with respect to the first part of the theorem and

b k

is an extremal function with respect to the second part of the theorem, since
(D™f*Sa) (2) — 1
26 [(D™f * S.) (2) — 1+ b] — [(D"f = Sa) (2) — 1]

for z=1,b#0, complex, 0 < <1, n€ Ny, 0<a<1,and k > 2.
We also observe that the converse of the above theorem may not be true.
For example, consider the function (D" f % S,)’ (2) defined by

(D" Sa) () = - _1(2_ﬂ(;ﬂ1—_12)ib)z.

It is easily seen that f (z) € R2 (b, 5) but

=1

S knJrlC (a7 k) (1 — ﬁ)

|ak|
i 31b]
KO (k) (1—B) 28 1b (26 — 1)F P
- & B0l kIO (ak)

= i2(1—ﬁ)(2ﬁ—1)’“‘221,

k=2
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for b # 0, complex, 0 < g < %, n € Ny, and 0 < a < 1, and also

iknﬂcm,k) a| = >0 kO (k) 28 b] (28 — 1)F2
2 S L FHLC (o, k)
= Y 28(28-1)"?>1,
k=2

forb#O,complex,%gﬁgl,neNg,O§a<1andzEU.

COROLLARY 2. Let the function f (z) defined by (1.1) be analytic in U. If
for b #£0, complex, n € Ny, and 0 < a <1,

D ETIC (o k) ax] < [0,
k=2
then f (z) belongs to R (b).
COROLLARY 3. Let the function f (z) defined by (1.1) be analytic in U. If
for b #£0, complex, n € Ny, and 0 < a <1,
D KO (s k) fay] < (26— 1) bl
k=2
whenever % <6d<1, and

[e.e]

D KT (o k) ar| < b
k=2

whenever § > 1, then f (z) belongs to R (b,6).

COROLLARY 4. Let the function f(z) defined by (1.1) be analytic in U. If

forneNg, 0 <a<1, [\ <F, and 0<p<1

D R (o, k) Jag] < (26 — 1) (1= p) cos A,
k=2

whenever % <d0<1, and
S RHC (k) Jag] < (1 p) cos A,
k=2

whenever § > 1, then f (z) belongs to R (p).

COROLLARY 5. Let the function f (z) defined by (1.1) be analytic in U. If
for neNg,0<a<1,[A[<5,0<p<land0<E<,

S kel < (125) (1 peos

k=2
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whenever <€&<1, and

Zk”*lc(a,m lak| < (1= p)cos A,
k=2

whenever 0 < & < %, then f (z) belongs to R::Lg’\ & p).

COROLLARY 6. Let the function f (z) defined by (1.1) be analytic in U. If
forne Ny, 0<a<l, [N <Z,0<p<land0<o<1,

ST EC (o k) Jag] < (1 - p) ocos A,
k=2

then f (z) belongs to (R"’)‘ (p))a.

a,l

3. COEFFICIENT ESTIMATES

THEOREM 7. Let the function f (z) defined by (1.1) be in the class R (b, 3) .
Then

(3.1) ol < =20 (> 9).

S0 (o k) >
The result is sharp.
Proof. Since f (z) € RZ (b, 3), we have from Schwarz’s lemma [17]
1+ (26 —-1-26b)w(z)
1+(28—-1)w(z)

[e.°]
where w (2) = Z tr2* € Q. From (3.2), we have

(3.2) (D"f % S,) (2) =

26b+ (26 —1) Zk”HC o, k) apz” ] [Ztkz ]
k=2
(3.3) = =) KO (k) apz
k=2
Equality corresponding coefficients on both sides of (3.3) we find that the

coefficient ay on the right of (3.3) depends only on a9, as,...,ar_1 on the left
of (3.3). Therefore, for k > 2, (3.3) yields

m—1
268b+ (28— 1) Y k"C (o, k) agz” 1] w(2)
k=2

(3.4) = —Zk‘"HC o, k) a2t~ Z bt

k=2 k=m+1
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o0
where > b2*~! converges in U. Then, since |w (2)| < 1 by using Parseval’s
k=m+1
identity [17], we obtain

SR (G (k) 2D 4 Y 2D
k=2

k=m+1

m—1

(3.5) < 432 b2+ (28 —1)? Z K20 (O (o, k)2 [ag |2 720D,
k=2

Taking the limit as r approaches 1, we have

> K (C (o k))? far®
k=2

m—1
< 487+ (28— 1) ) KO (C (a, k) fak]?
k=2
Thus
m* ") (C (o, m))? Iaml2
(3.6) < 4B >+ (28 - Zk2 () (C (a, k)P |ag)? .

Since 0 < (< 1, (3.6) yields m2 1) (C (o, m))? |am|* < 482 |b|* which implies

| < sty (M > 2). O
The following example shows that the inequality (3.1) is sharp.
ExXAaMPLE 1. Let

1—(28—1—2pb)tk1
1— (28— 1)tk 1

(3.7) (D" f 5 82) (2) = / a,
0

where b #£ 0, compler, 0 < §<1,n € Ny and 0 < o < 1. Then it is easy to
see that

(D"f % Sa) (2) — 1
28 (D" f * Sa) (2) = 1+b] — [(D"f % Sa)' (2) — 1]
which proves that f (z) € R (b, 3). Then the function (D" f % S,) (2) has the

exrpansion

<1l (z€l),

(D”f*Sa)()—z—&—ﬁzk—i— (zeU),

which shows that the estimate (3.1) is sharp.
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On replacing the pair (b, 3), in turn, by the pairs (b, 1), (b, 2‘;—51) (5 > %),
(1= p)e ™ cos A, 25251) (AN <Z,0<p<1,6>3), (1—p)ePcosA1—¢&)
0<p<LA<Z,0<E<1)and ((1—p)oePcosA, 3) (A <Z,0<p<
1,0 < 0 < 1) in Theorem 2 we obtain, respectively, the coefficient estimates
for the classes RZ (b), R" (b,9), R:fé)‘ (p), R (¢, p) and (RZ? (p))a; which
we state in the following corollaries:

COROLLARY 8. Let the function f(z) defined by (1.1) be in R (b). Then

lag| < %{Z'k) (k > 2). The result is sharp.

COROLLARY 9. Let the function f (z) defined by (1.1) be in R (b,d). Then

gl < ML (> 9). The result is sh
k| > k"*lC(a,k) = . € result 1s sharp.

COROLLARY 10. Let the function f (z) defined by (1.1) be in Rzné’\ (p). Then

lar| < (251) ]g};l%?zsé‘) (k> 2). The result is sharp.

COROLLARY 11. Let the function f(z) defined by (1.1) be in Ry (€, p).

Then |ag| < % (1 —p)cosA (k> 2). The result is sharp.

COROLLARY 12. Let the function f (z) defined by (1.1) be in (RZ?{)\ (p))o.

Then |ag| < m%[%\ (k > 2). The result is sharp.

REMARK 1. By taking appropriate values of b, 8, n, and « in Theorem 2 we
obtain the corresponding results established by Makéwka [14], Padmanabhan
[19], Caplinger and Causey [3], Goel [7], MacGregor [12,13], Ahuja [1], Chen
[4], Owa [18], Mogra [15], Gopalakrishna and Umarani [9], and Juneja and
Mogra [10].

4. MAXIMIZATION OF | A3 — pA3|

We shall need in our discussion the following lemma [11]:
58]
LEMMA 13. Let w(z) = > 2™ € Q, if p is any complex number, then
m=1

(4.1) [t — 3] < max {1, [}

Equality may be attained with the functions w(z) = 2z? and w(z) = z for
|| < 1 and |p] > 1, respectively.

THEOREM 14. Let the function f (z) defined by (1.1) be in the class R} (b, 3),
0 # %, then for any complexr number p, we have

(4.2) ’ag - ,uag} < 261b]

= 30410 (a,3) max {1, |d|},
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where

(43)  a= 2 (Cle 2))% (26 — 1) + 32”“0 (0, 3) B
22n+1 (C (a, 2))

The result is sharp.

Proof. Since f (z) € R (b, 3), we have

o
where w (2) = Y t,2" € Q. From (4.4), we get
m=1

(D"f * Sa) (2) = 1

@) = =35 [(D"f % 84) (2) — 1+ b] — [(D"f  Sa) (2) — 1]
1 n
— —251){2 e (a,2) agz +
(4.5) [3”“6’ (a,3)as + 2 (0 (Z’;b))2 (1=25) az| 22+ ... }

Now compare the coefficients of z and 22 on both sides of (4.5). We thus
obtain

B
(4.6) az = Wh,
and
280

Using (4.6), (4.7) and (4.1), we get the result. Since (4.1) is sharp, (4.2) is
also sharp. O

REMARK 2. Taking appropriate values of b and 8 in Theorem 3, we get the
corresponding results for the classes R (b), Ry (b,6), Rzn(g)‘ (p), RN (€, p)

d R’IL,)\
«, (l )

We now turn to an investigation of distortion properties of R} (b, 3).

THEOREM 15. Let the function f (z) defined by (1.1) be in the class R (b, 3).
Thenforﬁ;é% and z € U,

/Zl 1+28|b|t+ (28 —1)[28Re (b) — (23 — 1)] 2
1—(28—1)*¢2

GDID"f+Sa) ()] < dt,

0
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and

2|

_ - . o
(5:2)(D"f * Sa) (2)] = /1 23 [blt + (26 — 1) [26R () (28— 1)t
0

1—(26—1)%t

dt.

For 3 = 3, the above estimates reduce to |(D"f * Sq) (2)] < r + lbl r? and

(D™ f % Sqa) (2)| =1 — @TQ (|z] = 7). The bounds are sharp.

Proof. Since f (z) € R} (b, 3) we observe that the condition (1.14) coupled
with an application of Schwarz’s lemma [17], implies ‘(D” f*8.) (2)—¢ ‘ <R,
where

— - — 1= e r2 1 — m r2
(5.3)c = L= (28— 1)[26—1—20Re(®)]r* + 28 (28 = 1) Im (b)

1—(26—1)r2 ’
and
_ 2B _
(5.4) R R (lz[ = 7).

Hence we have

1—26b7 4 (26 — 1) [26Re(b) — (28 — 1)] 2
1—(28—1)*r2
1+281b|r + (268 —1) [28Re(b ) (28 - 1)]r?
1—(28—1)>%r '

(5.5)

<Re{(D"f*5.) (2)} <

If

g(z) = 1 26b| 2 + (26 — 1) [28Re(b) — (28 — 1)] 22
1—(28—1)22

then, since g(0) = 1 = (D"f % Sa) (2) |.=0 and g(z) is univalent in U, it

follows that (D™ f % S,)’ (z) is subordinate to g (z). Hence

,575*

1+ 26 b 7+ (28 — 1) [26Re(b ) (26 —1)]r?
1—(26—-1)>%r

i

|z )
(s (2 < [ 2R BT 0
0

(5.6) [(D"f*Sa) (2)] <

In view of

(2)| =

te19 ’ dt,

and with the aid of (5.6) we may write

dt.
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Further, by using (5.5) we obtain
|=|
(D" f % Sa) (2)] > /Re ((an*sa)/ (teig))dt

0

||

, [1m20ble+ (3= Dlzse) = 231 e
- 1—(28—-1)*¢ '
The following example shows that the inequalities (5.1) and (5.2) are sharp.

OJ
EXAMPLE 2. Let

/Z 14280t + (28 — 1) [28Re(b) — (26 — 1)] 12
1—(28—1)*¢2

(B.7)(D"f * Sa) () = dt,
0

where b # 0, complex, 0 < § < 1,ﬂ7§%,n6Ng and 0 < a < 1. It is easy
to verify that f (z2) € Ry (b, 3), and that the equalities in (5.1) and (5.2) are
attained for z = +r.

REMARK 3. (1) Taking appropriate values of b and (3 in Theorem 4, we get
the distortion theorems for functions in the classes R% (b), R:" (p), R (b,0),

R (p), RA™ (€, p) <R2ﬁ (p)) , Ra* (a,d), and R 1/ (p).
(2) The result in Theorem 4 can be used to solve the problem concerning
the radii of R} (b,) in R (1,1) = R..
THEOREM 16. Let n € No. If f(z) € R2(b,B), B # %, then f(2) €
R? (1,1) = R} for |z| <7, where
1

BIbl /82 b — (26— 1) [1 — 26 + 20Re (b)]

This result is sharp. An extremal function is given in (5.7).

Proof. Let f(z) € R2(b,5). Then according to Theorem 4 for |z| =
r < 1, (D"f % Sa) (2) lies in the closed disc with the center at the point

,,5

1—(268-1)[28—-1-28b]r? 203 |b
(25 )25 5 Bor and radius ﬁ!|?”2 . It can be shown
1—(26-1)"r2 1—(28—1)%r2
that this disc lies in the right-half plane if » < #. This completes the proof of
Theorem 5. 0

6. AN ARGUMENT THEOREM

THEOREM 17. Let the function f (z) defined by (1.1) be in the class R (b, 3).
Then for |z| =r, 0 <r <1,
23 |b]r? }

(6.1) ors (07 + 5 9] <™ { AT
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where a = 1 — (268 —1)[28 —1 —2BRe (b)] 72 and d = 25 (23 — 1) Im (b) r2.
The result is sharp.

Proof. By using the similar arguments as in the proof of Theorem 4, it
follows that (D™ f * S,)' (2) assumes values in the circle of Appolonius whose
center is at the point ¢ and radius is R, where ¢ and R are given by (5.3) and
(5.4), respectively. Thus |arg (D" f * S,)’ (2)| attains its maximum at points
where a ray from the origin is tangent to the circle that is, when

1 f 2Bb|r
arg (D" f * S,)" (2) = £sin 1{},
where a and d are given as above. The equality in (6.1) holds for the function
of the form

) - [1—n[26—1- 280t
(D f*Sa)(Z)—/ 1—(28—1)nt
0

with suitably chosen 7, where |n| = 1. O

dt,

REMARK 4. For suitable values of b and 3 we obtain the argument theo-
rems for functions in the classes R (b), R" (b,0), Rzn(g)‘ (p), R (&, p) and

A 7
(R ()"
7. CONVEX SET

THEOREM 18. If f (2) and g (z) belong to the class R} (b), then tf (z) +
(1—-1t)g(2), 0<t<1, belongs to the class R. (b).

Proof. Since f (z) and g (z) belong to the class R} (b), we have

1, ,
(7.1) Re{1+b((D f*Sa) (z)—l)}>0,
and
(7.2) Re {1 - % ((D"g * Sa) (2) — 1)} > 0,

for b # 0, complex, n € Ny and 0 < a < 1. Using (7.1) and (7.2), it follows
that

Re {1+ 1 [t(D"f*5Sa) (z) + (1 —t) (D"g*Sa) (2) — 1]}
= tRe{l+;((D"f*S5.) (z) 1)}
+ (1—t)Re{l+%((D"g=Sa) () —1)} >0,
for all z € U. This proves that tf (z) 4+ (1 —1t)g(z) € RZ (b).

THEOREM 19. If f (2) and g (z) belong to the class R2 (b,9), then tf (z)+
(1—=1t)g(2), 0<t<1, belongs to the class RY (b,9).
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Proof. Since f (z) and g (z) belong to the class R} (b,6), we have

(73) b—1+(D’;f*Sa)/(z) sl <s
and
(7.4) b—l—f—(D’;g*Sa) (z)_5 <6

for b # 0, complex, n € No, 0 < a < 1 and § > %. Using (7.3) and (7.4), it
follows that

b—1+[t(D"f*54) (2) + (1 —t)(D"gx Sa) (2)]

z -0

n /
- tb 1+ [t (D"f * Sa) (z)]_5

b

— 14 (D"g*S,)
N (1_t)b + ( bg*8)<2)_6
< th+(1—=t)d =0,
for all z € U. This proves that ¢tf (z) + (1 —t) g (2) € RZ (b, ). O

The following result can also be proved on the similar lines:

THEOREM 20. If f (2) and g (z) belong to the class R (&, p), then tf (2)+
(1—=1t)g(z), 0<t<1, belongs to the same class RimA (&, p).
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