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INVESTIGATION OF INDEX OF COMPOSITION
OF ENTIRE FUNCTIONS

ANDRZEJ WRZESIEŃ

Abstract. In this paper we generalize some of the known results about maxi-
mum modulus and maximum term of composition of entire function ([4, 5]).
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1. INTRODUCTION

Let f(z) =
∑∞

n=0 anzn be an entire function. µ(r, f) = maxn≥0{|anzn|} is
called the maximum term of f(z) on |z| = r and M(r, f) = max|z|=r |f(z)|
– maximum moduls of f(z) on |z| = r. Sato [5] introduced the concept of
“index” of an entire function.

If

(1) lim sup
r→∞

log[q] M(r, f)
log r

= ρf (q), 0 ≤ ρf (q) ≤ ∞,

for q = 2, 3, . . . , where
exp[0] x = log[0] x = x,

exp[m] x = log[−m] x = exp(exp[m−1] x) = log(log[−m−1] x),

for log[−m−1] x > 0,m = 0,±1,±2, . . . , then f(z) is said to be of index q if
ρf (q − 1) = ∞ and ρf (q) < ∞.

Analogous to (1) lower index q is introduced by Bajpai, Kapoor and Juneja
[1] as

(2) lim inf
r→∞

log[q] M(r, f)
log r

= λf (q), 0 ≤ λf (q) ≤ ∞

if λf (q − 1) = ∞ and λf (q) ≤ ∞.
We will say that f(z) has index q of order ρf (q) and lower index q of order

λf (q).

2. KNOWN RESULTS

Lemma 1 (Clunie [2]). Let f(z) and g(z) be two entire functions with
g(0) = 0. Let α satisfy 0 < α < 1 and let c(α) = (1− α)2/4α. Then

(3) M(r, f◦g) ≥ M
(
c(α)M(αr, g), f

)
.
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For α = 1
2 we have

(4) M(r, f◦g) ≥ M

(
1
8
M

(r

2
, g

)
, f

)
.

Lemma 2 (Singh [3]). Let f(z) and g(z) be two entire functions with
g(0) = 0. Let α satisfying 0 < α < 1 and c(α) = (1 − α2)/4α. Also let
0 < δ < 1, then

(5) µ(r, f◦g) ≥ (1− δ)µ
(
c(α)µ(αδr, g), f

)
.

And if g(z) is any entire function, then with α = δ = 1
2 , for sufficiently large

values of r,

(6) µ(r, f◦g) ≥ 1
2
µ

(
1
8
µ

(r

4
, g

)
, f

)
.

3. MAIN RESULT

Theorem 1. Let f and g be two entire functions such that

0 < λf (q) ≤ ρf (q) < ∞

and

0 < λg(q) ≤ ρg(q) < ∞.

Then for every positive constant A and every real number x

(7) lim
r→∞

log[2q−2] M(r, f◦g){
log[q] M(rA, f)

}1+x = ∞

and

(8) lim
r→∞

log[2q−2] M(r, f◦g){
log[q] M(rA, g)

}1+x = ∞ .

Proof. If x is such that 1 + x ≤ 0 then the theorem is obvious. So we
suppose that 1 + x > 0. For all sufficiently large values of r we get from (4)

M(r, f◦g) ≥ M

(
1
8
M

(r

2
, g

)
, f

)
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and

log[2q−1] M(r, f◦g) = log[q−1]
(
log[q] M(r, f◦g)

)
≥ log[q−1]

(
log[q] M

(
1
8
M

(r

2
, g

)
, f

))
> log[q−1]

(
(λf (q)− ε) log

(
1
8
M

(r

2
, g

)))
= log[q−1]

(
(λf (q)− ε) log

1
8

+ (λf (q)− ε) log M
(r

2
, g

) )
> log[q−1]

(
(λf (q)− ε) log

1
8

+ (λf (q)− ε) exp[q−2]
(r

2

)λg(q)−ε )
≥ log[q−1]

((
1 + 0(1)

)
(λf (q)− ε) exp[q−2]

(r

2

)λg(q)−ε )
≥ log[q−1]

(
exp[q−2]

(r

2

)λg(q)−2ε
)

= log
(r

2

)λg(q)−2ε

= (λg(q)− 2ε) · log
r

2
,

(9)

where 0 < ε < min {λf (q), λg(q)}.

Also, for all sufficiently large values of r

log[q] M(r, f) <
(
ρf (q) + ε

)
log r

and

(10)
{

log[q] M(rA, f)
}1+x

< A1+x(log r)1+x
(
ρf (q) + ε

)1+x
.

From (9) and (10) it follows that

lim
r→∞

log[2q−1] M(r, f◦g){
log[q] M(rA, f)

}1+x = 0

and consequently

lim
r→∞

log[2q−2] M(r, f◦g){
log[q] M(rA, f)

}1+x = ∞

Statement (8) follows similarly. �

Remark 1.
(i) For q = 2 and x = 0 this theorem is due to Singh and Baloria [4]
(ii) For A = 1, q = 2 and x = 0 this theorem is due to song and Xang [6].

Remark 2. From proof of this theorem we can conclude that

lim inf
r→∞

log[2q−1] M(r, f◦g)
log[q] M(r, f)

≥ λg(q)
ρf (q)

.
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This result is sharp. For f(z) = g(z) = exp[q−1] z we get the equality.
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