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IN, pu|x SUMMABILITY OF FOURIER SERIES
AND ITS CONJUGATE SERIES

S.M. MAZHAR

Abstract. In this note summability | N, p,|x of Fourier series and its conjugate
series are studied. Our results are generalization of a theorem of Mohanty on
conjugate series and a theorem of Prem Chandra for Fourier series.
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1. INTRODUCTION

Let )" a, be a given series with the sequence of partial sums {s,}. Let {p,}
be a sequence of positive real numbers such that P, = po+p1+---+pn — 00,
as n — oo. The series Y a, is said to be summable |N,p,|x, k& > 1 if [1]

00 P k—1
(1.1) > (") Ty, — Ty q|F < o0,
T \Pn

where
1 n
T, = Fn ;pvsv-

Let f(t) be a periodic function with period 27 and integrable (L) over [—, 7].
Let the Fourier series of f(t) be

a0 | o : -
5 + Zl: (an cosnt + by sinnt) = ZO: Ay (t).

Then the conjugate series of the Fourier series is

[e o]

Z(bn cosnt — ap sinnt) = Z By (t).
1
We denote
olt) = @ +1)+ flz—0)

o) = U0 fa—1)
A = & /0 udp ().

t

We usually write |R, A\, 1| for [N, p,|, where P, = Ay, and 0 < A\j < --+ <
Ap — 00, I — 0O.
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2. ABSOLUTE SUMMABILITY OF CONJUGATE SERIES

Concerning absolute summability of conjugate series > {° By, (), Mohanty
[3] has proved the following theorem.

THEOREM A. If

(2.1) Y(t) log% € BV|0, 7],
(2.2) Wf)’ e L[0, 7],

then >.7° By (x) is summable |R,e™ 1], 0 < a < 1.

The conditions (2.1) and (2.2) are equivalent to the conditions [3]:
T C
(2.3) / log ?|d¢(t)] < 0o
0

(2.4) P(+0) = 0.
We give below a simple generalization of this result for | N, p,|; summability.

THEOREM 1. If1(4+0) =0 and
(2.5) / 1og%d¢(t)\’f < oo, k>1,
0

then >7° Bn(x) is summable |N, py |k, where

(2.6 {Z} |

(2.7) n'=%, = 0(P,), 0 < a < 1.
For k=1, P, =e"", 0 < a < 1, Theorem 1 reduces to Theorem A.

Proof. Let T,(z) denote the (N, p,) mean of the series > 7° B, (z) and let
C1 denote a positive constant not necessarily the same at each occurrence.
Then

n

Tp(z) — Thos(z) = Pﬂiﬁ N Po1Bu(2)

n—1 v—1

N n 2 ™ Tr . .
- Pnf;n_l ;13,,_17r /O dp(t) /t sinvu du, since ¢(+0) =0,

so that

i <§:>k_1 I Ta(@) = T ()"

1
[e'e) k—1 n
Pn> DPn 2/7r /7r .
= g — g P,_1— dy(t sin vu du
1 <pn PnPnfl v—1 ! 17T 0 w() t

k
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k
Ul/ dq/)(t)/ sinvu du
0 t

Pv—l

k

i
)

dy(t)(cos vt — cosvm)

<C1

(cos vt — cosuT)

> p (/ aw (1)
Scl PP’“ (/ |dep(t) |k
x(/0”|dw<t>| 3

P,_
>
< ppnl/’d‘”

v=1
e /O ()] L),

(cos vt — cosvT)

)kl
)

=L (cos vt — cosvr)

! (cos vt — cosvm)

where
oo n P
L,(t) = Z Pn};;il Z 1;;1 (cos vt — cosv)

1 v=1

T 9) 1 1/1-«

:§:+z::M+L%WMmT:<:> ,0<a<l.
t
1 T+1
Now

T D n P
L < C n v—1
1—1;mmj:v
v=1
T P 0o D
v—1 n
Sazq;zppl
v=1 n=v "N

1 C
C’lzf =O(logT) =0 (logt> .

v=1

IN
<
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Also
o0 n
Pn P,
Ly, < cos vt
_Z: PPy z_: v
n=T-+1 v=1
oo n
Dn Py,
+ Z COS UT
n=T+1 PoPo1 i v
o0
Dn Pnfl 1
<oy !
neT41 PnPn,1 n t
o0
P,_
+ P]an ol
neT+1’ 7 n—1 N
n -1
< G Pt S0 ) sl
n=T+41 n=T+1

Therefore L,(t) = O(log €). Thus
o0 k—1
P, T C
> <n> |To() = Toa (2)]" < Cl/ log —[dy(t)[* < oo
1 Pn 0 t
This proves the theorem.
3. ABSOLUTE SUMMABILITY OF FOURIER SERIES
Concerning > 5° Ap(x), Prem Chandra [4] obtained the following result.
THEOREM B. If
(3.1) o(t) € BVI]0, 7]

1+e
(3.2) A(t) <log t> € BV[0, 7],

where ¢ > 0 and C > me?, then Y o° An(z) is summable |R,e™ 1], 0 < a < 1.
Later on [5] he proved a more general result for summability |R, A, 1|.

THEOREM C. Let, for 0 < a < 1, the strictly increasing sequences {\,} and
{g(n)} of non-negative terms, tending to infinity with n, satisfy the following
conditions.

(3.3) {ntll} T,n > ng.

(3.4) n'TCAN, = O(\yy1), n— 00

(3.5) 1og§ = 0(g(C/t)),t — 0
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(3.6) 9@ |

d 1 .
(3.7) xam T with z
(3.8) % <g(10)> | with z

d 1 n
(3.9) [dt <9(C/t)>]t:1/n ¢ <g(n))
(3.10) > n;(n) <o
1

If p(t) € BV[0,7] and A(t)g(%) € BV(0,7], then the series Y " An(z) is
summable |R, \p, 1|, where C' is a positive constant such that g(C/t) > 0 for

t>0.

In this section we prove the corresponding result for summability |N, p|x,
for k > 1.

THEOREM 2. Let

P,
s (7)1
and
Dn 1
(3.12) P (0] <n1—a> ,0<a<1.

Then under the conditions (3.5)—(3.10), ¢(t) € BVI[0,n] and A(t)g(%) €
BV [0, 7], the series Y o° An(x) is summable |N,py|k.

For k =1 and P, = A, we obtain Theorem C of Prem Chandra.
Proof. Let t,,(z) denote the (N,p,) mean of Y ¢° A,(x). Then

to(x) — tn_1(z) = PI;" : NP1 A()
n+t n— ’U:1

so that 1
00 Pn —
3 () (@) — tar (@)}
— \ Pn
= - 2/7r <C) t
< P,_1— Alt)g | —
2 pp, (2T A0 (T ) o
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Since A(t)g(%) € BV|[0, ] it is enough to prove that

k
<smvu) du
U
/t u d <sinvu>
o du
0 g(ﬂ) du U

sin vt b sinwvu
“g(C) /0 ug(Cu)"™"

t d 1
‘/0 s, <g<c/u>> du
= Ml(t) + Mg(t) + Mg(t),

say. Using the estimates [5] uniformly in 0 < ¢ <

o0
prk

uniformly in 0 < t <.
Now

1
Py < 00

b sinvu ( 1 )
3.13 /du:O — ),
(313) s ug(Clu) e
t d 1 1
3.14 /sinvu <) du:0<>,
(3.14) o S\ gieT) e
we have to show that
o0 n k;
DPn szl
3.15 My (t
DPn v—1
3.16 Mo (t
DPn v—1
3.17 M (t .
( ) j%: P)]%§ ) gé; v 3( ) < 0
Writing (3.15) as
T s 1 T
o+ D :N1+N2,T=<t> )
1 n=T+1
T n k

Pn P,_1 sinwvt
Ny <Oy
;PnP,’fl ; v g(C/t)
ji: szl .
sin vt
v

v=1

C/t kZPPk

n—1
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k—1
X

(n Pv—l . >

E sin vt
v

v=1

C T Dn Ny
- g(C’/lt)kZPPn 1 (Z v 1)

v=1

T p
C’/t k; v ZPPn

1

~ (9(C/)k = (C/t)*
— O(1) et = O(1)
(9(C/1)) '
Again in view of (3.11)
. Pv_l . = Pv—l .
k Z k Z sin vt Z sin vt
C/t =T+1 P P =1 Y v=1
= Pv—l .
k Z Z sin vt
C/t T P, Pn 1|5 v
Clt_ i
C/t —T+ n n—l
_ Clt ! - Pn
(g(C/t))k Z np, C/t (g(C/t))k Z n2 a
=T+1 n=T+1
=0 () = OW
(9(C/t) '

This proves (3.15).

k—1
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Since Ms(t) = O(1/g(v)), the left hand side of (3.16) is less or equal than

[e.e]

Pn v 1
Cl;PHPk Ly

g
[ee) P k—1
Pn
C
Epnps_ (

IN

IA
Q
(]2
e
%U?
M
§|

v=1

<1
< C — <
= 1;vg<v> =

in view of (3.10). Similarly M3 = O(%m) and so as in the case of (3.16), (3.17)
holds. This establishes Theorem 2.
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