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ON A DYNAMIC BOUNDARY CONDITION
FOR A CLASS OF NONLINEAR PARABOLIC EQUATIONS

ANASS LAMAIZI, MAHMOUD EL AHMADI, OMAR DARHOUCHE, and MOSTAFA
ALLAOUI

Abstract. The main objective of this paper is to study a weak solutions for the
following parabolic problem:

u— Apu+ uP2u=0 in Q, t>0,
our + |VulP7?2% = g(u) on 09, t >0,
u(z;0) = uo(x) in Q,

where Q C R™ (n > 2) is an open bounded domain with smooth boundary 99.
By using the Galerkin approximation and a family of potential wells, we obtain
the existence of global solution and finite time blow-up under some suitable
conditions. On the other hand, the results for asymptotic behavior for certain
solution with positive initial energy are also given.
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1. INTRODUCTION AND MAIN RESULTS
In this work, we study the following parabolic problem:
up — Apu+ |ufP2u=0 in Q, t>0,
(1) ou + |Vu|p_2% =g(u) on 09, t >0,
u(x;0) = up(x) in Q,

where 2 C R™ (n > 2) is a bounded domain with smooth boundary 09 and
g(u) satisfies the conditions as follows:

g € C' and g(0) = ¢'(0) = 0;
(C) q g(u) is monotone, concave for u < 0 and convex for u > 0;
(¢ +1)G(u) < ug(u), lug(u)] < plG(u)l;

where
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2<qg+1<pu< oo, if n =2, 1<pu<p? ifp#n,
aln
2<q—|—1<,u<2(7?:21), ifn > 3, 1<u<oo, ifp=n,
with
5 ”(TLL;}), if 1 <p<n,
b 00, if p>n.

The motivation of this paper contains several aspects, the first one is that
in general, parabolic equations appear naturally in the modeling of many
physical phenomena, such as the diffusion of heat (heat equation), the diffusion
of matter (diffusion equation), the motion of viscous fluids (Navier-Stokes
equation), wave propagation in a dissipative medium, etc. (see [14} 2] [4] (6]
8, 5, 24], 20]). The physical modeling of parabolic equations often involves
the numerical resolution of these equations using methods such as the finite
difference method, the finite element method or the finite volume method.
These methods discretize the continuous equations on a spatial grid and solve
the problem numerically to obtain an approximate solution that represents
the physical behavior of the system under study (see [13], 12} 111 22 1], 3]).

Equations of the form

up — Apu = uf,

are also called the non-Newtonian filtration equations, which are known as
fast diffusive for 1 < p < 2, and as slow diffusive for p > 2.

The second interesting aspect of this paper is the dynamical boundary condi-
tion imposed on the time lateral boundary relating the outer normal derivative
to the time derivative

oug + |Vu|?"28ij = g(u).
In general, the value of dynamic boundary conditions lies in their ability to
capture realistic, dynamic phenomena that cannot be adequately represented
by static conditions. They are particularly useful for modeling complex and
varied physical processes, where boundary conditions may change in response
to external events or dynamic interactions with the environment (see [9, [16]).
In the literature, there are several works dealing with nonlinear parabolic
equations with dynamical boundary conditions (see [15], [18] [I7]). For example,
In [I5] A.Lamaizi et al. considered the problem in the particular case
g(u) = A|lu|%u. Under the following condition

1<qg+2<p?ifp#n
1<g+2<xifp=n,

(H)

n+1§p<+oo, p<2+q and {

and by using the Galerkin approximation, they established the existence of
global solution and finite time blow-up under some suitable conditions.
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In [2] J. V. Below et al. considered the nonlinear degenerate parabolic
problem
u — Apu = f(t,z,u) in Q, ¢t>0,
ou + \Vu|p_2% =0 on 09, t>0,
u(z;0) = up(x) in Q,
and they demonstrated the principles of weak comparison under a generalized
one-sided Lipschitz condition imposed on a given f. They also compared so-
lutions under different boundary conditions, namely Dirichlet versus dynamic
boundary conditions.
In [I7] Kun Li and Bo You studied a parabolic problem with dynamic flux
boundary conditions of the following form

ur — Apu + |ulP2u + f(u) = g(z,t) in Q, t>0,

up + |Vu|p_2% + f(u) =0 on 090, t>0,

u(x; 7) = up(x) in Q.
They proved the existence of the uniform attractor in L?(Q,dp) for non-
autonomous p-Laplacian evolution equations subject to nonlinear dynamical
boundary conditions using Sobolev’s compactness embedding theory, and the
existence of the uniform attractor in WP(Q) N L4(Q) x L4(9Q) by a priori

asymptotic estimation.
Throughout this work, we designate the Lebesgue space LP(2) by :

LP(Q) = {u : 2 — R measurable such that / |u(z)|Pdz < +oo} ,
Q

Jully = ( /Q IU(:U)!pdx);.

L>*(Q) = {u : © — R measurable such that ess-sup |u| < —i—oo} ,
Q

equipped with the norm

For p = oo, we denote

endowed with the norm
ess-sup |u| = inf{C' > 0 such that |u(z)| < C a.e. Q}.
Q

The scalar product of L?(2) will be denoted by (,) and the scalar product of
L?(09, p) will be denoted by (, )o:

(u,v)y = / wo dz,  (u,v)o :7{ uv dp,
Q o0

where dp denotes the restriction to 9€2.
Moreover, we denote the usual Sobolev space on €2

Wh(Q) = {u € L"(Q) : |Vul € L ()},
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equipped by the norm
lullrp = llullp + [Vullp,
or to the equivalent norm

lullip = (llull; + IIVUH”) , if 1< p < +oo.

LEMMA 1.1 (See [2]). The trace operator w : WHYP(Q) — LI(09,p) is
continuous if and only if

1<q<p? ifp#n,
1<qg<oo, if p=n.
Define the space
XP = LP(Q) x LP(09, p), for 1 < p < oo,

endowed with the norm

1/p
1Ullxr = (llully + ollell o0) ™

for U = (u,p) € XP and ¢ > 0.
In partlcular for p = 2, we denote

(ut, o) y2 = (ut, ) + o (utjaq, ¥)o,
for any ¢ € WHP(Q), and
2 2 2
lueliZe = lluel3 + o unionlls, 0
Let X be a Banach space and T' > 0. Denote the following spaces:
C([0,T}; X) ={u:]0,T] — X continue },

LP(0,T;X) = {u : [0,7] — X is a measurable such that fo lu(t)|5dt <
oo} equipped with the norm

T 1
P
lullzeo7;x) = (/0 ||u(t)H§(dt> ,

and L>(0,T;X) = {u : [0,T] — X is a measurable such that : 3C > 0;
[u(t)|x < C a.e.t}, endowed with the norm

1wl oo (0,7, x) = inf {C' > 0; Ju(t)||x < C a.et}.
Further, we define the energy functional B(u) of problem (1| as follows:

Bu) = < ulf, ~ [ G

In addition, we define the auxﬂlary functional

A(w) = ullt, — /8 ugla)p.
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Let
S={ueW"(Q)| A(u) > 0,B(u) < h} U {0},
where h = inf,cy B(u),
Y = {ue W (Q) ] A(u) =0, ||ull, # 0},
and
U={uecW'(Q)|Au) <0,B(u) <h}.
For 6 > 0 we define

Ag(u) = OJull?, / ug(u)dp,
o0

h(h) = inf B
(0) Jnf (u),

Yo = {u e WH (Q) | Ag(u) =0, |lull1,, # 0},
Sp = {u € W"P(Q) | Ag(u) > 0, B(u) < h(0)} U {0},

and
Ug = {ue WhP(Q) | Ag(u) < 0,B(u) < h(6)}.

Now, we present the main results of this paper.

THEOREM 1.2 (Global Existence). Let ug(x) € WP () and g(u) satisfy
(C). Suppose that 0 < B(ug) < h and A (ug) > 0. Then, problem admits
a global weak solution u(t) € L (0,00; WHP (Q)) NC ([0,T]; X?) with u(t) €
L? (0,00; L*(2)) and u(t) € S for 0 <t < 0.

THEOREM 1.3 (Finite Time Blow-up). Let ug(z) € WP(Q) and g(u)
satisfy (C). Suppose that B (ug) < h and A (ug) < 0. Then, the weak solution
of problem must blow up in finite time.

THEOREM 1.4 (Asymptotic Behavior). Let up(z) € WP (Q) and g(u)
satisfy (C). Suppose also that B (ug) < h and A(ug) > 0. Then, for all weak
global solution u(t) of problem , there exists a constant w > 0 such as:

(2) lu(®)]3e < lluolzz ™, 0 <t < oo

2. PROOF OF MAIN RESULTS
2.1 PROOF OF THEOREM 1.2

Before giving the proof of first result, we give the definition of weak solution
and state some lemmas which will be used later.
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DEFINITION 2.1. Let T > 0. A function u = u(x,t) € L (0, 00; WH? ()N
C ([0,T); X?) with w(t) € L? (0, 00; L(£2)) is said to be a weak solution to
the problem in Q x [0,7), if u(x,0) = ug € WHP(Q), and satisfies

<’U,t,’l)>/y2 + <‘u’p_2ua U) + <‘vu’p_2vu7 V’U> = <g(u>a U>07
for all v € WP(Q) and a.e. t € (0,T]. Moreover,

(3) /0 |ul|32 d7 + B(u) < B (ug), Vte€[0,T).

LEMMA 2.2 ([21]). Let g(u) satisfy (C). Then,
(1) |G(u)| < Mlu|* for some M >0 and all u € R.
(2) G(u) = N|ul|9t for some N >0 and |u| > 1.
(3) The equality u (ug'(u) — g(u)) = 0 holds only for u = 0.
COROLLARY 2.3 ([21]). Let g(u) satisfy (C). Then,
(1) ug(w)] < pMlul®, lg(w)] < Ml for all u € R,
(2) ug(u) > (¢ + DN [u" for |u] > 1.
LEMMA 2.4. Let 61 < 62 are the two roots of equation h(0) = B(u). Then,

the sign of Ag(u) does not change for 61 < 0 < s, provided 0 < B(u) < h for
some u € WhHP(Q).

Proof. 1f it is false, thus there exist a 6y € (61, 62) such as Ay, (u) = 0. By
B(u) > 0, we have ||ul|1, # 0, consequently u € Yy,. Then, B(u) > h(fy),
which contradicts

B(u) = h(01) = h(62) < h(bo)
]

LEMMA 2.5. Let g(u) satisfy (C), ug(x) € WP (Q),0 <e < h and 0; < 0y
be the two roots of equation h(0) = e. Suppose that A (ug) > 0, thus all weak
solutions u(t) of problem with B (up) = e belong to Sy for 61 < 6 < 63 and
0<t<T.

Proof. By B (ug) = e, A(ug) > 0 and Lemma [2.4 we obtain Ay (uo) > 0 and
B (up) < h(0) i.e. up(z) € Sy for ;1 < 6 < 0.

Let u(t) be any weak solution of problem (1)) with A (ug) > 0 and B (ug) = e,
and T be the maximal existence time of u(t). Next, we show that u(t) € Sy
for 1 < 0 < 0y and 0 <t < T. If it is false, so it must exist a Oy € (61, 02)
and ty € (0,7") such as

Agy (u(to)) = 0, [lu(to)ll1,, 7# 0 or B (u(to)) = h (o).

From , it follows that
t
(4) / lur|Za d7 + B(u) < B (ug) < h(6), 6y <8<y, 0<t<T.
0

As a result B (u(to)) # h(0o). If Ag, (u(to)) = 0, |lu(to)ll;, # 0, thus the
definition of h(f) means that B (u (tg)) > h(6), which contradicts (). O
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Proof of Theorem 1.2. The idea of proof is classical, for more information
see [T, (14, 23]. Let w;(x) be a system of base functions in W1P(€2). Define
the approximate solutions u,,(x,t) of problem

m

t) = Z<1>jm(t)wj(x), m=1,2,...

verifying

<umta ws>X2 + <|um|p_2uma ws> + <’vum‘p_2vuma vws) = <9 (um) aws>0’

()

s=1,2....m
(6) U (2,0) =Y ajmw;(x) = ug(x) in WHP(Q)
and
t
[ el dr -+ Blun) < Bwo) i€ 0.7)
0
Consequently
t
(7) [ el 7+ Blun) < Bwo) <, i€ 0.7),
0

and u, € S for 0 <t < oo (see the proof of Lemma [2.5)).
Combining and

p qg+1 +1
chost RN
plg+1) e
we obtain
qg—p+1
(3) / funeler -+ LB IS, <, 0< e <o
From , we get
» _ plg+1)
(9) ||Um||17p < mh, O < t < OO7
- p(g+1) p
H‘um‘p QUmuz = HumHg < mh, S = If]_’ O < t < o0,

plg+1)

(10) Hum| 0,00 < C*HumHl,p < O* (q —p+ 1

1
h)p, 0<t<oo,
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T
lo ()l < [ (udflenl )" dp
(11) = (uM)" [lumll}, o0

u
L
<uanyer (POEL) L ro e pgico

p—1
where C, is the embedding constant form W1P(€) into L*(9).
Furthermore
t
(12) / Huth?\gz dr <h, 0<t<oo.
0

Therefore, there exist u, ¢ and a subsequence {u,} of {u,,} such as:
Uy — u in L™ (0, 00; Wl’p(Q)) weakly star,
Uyt — uy in L2 (0, 00; LZ(Q)) weakly ,
o [P~y — |uP~2u in L% (0, 00; L¥(Q)) weakly star,
g (uy) = ¢ in L™ (0,00; L"(0N2)) weakly star,and a.e. in 9 x [0, 00).

Consequently, from Lemma 1.3 in [19], we deduce ¢ = g(u). In for fixed s
letting m = v — oo, we have

<ut’wS>X2 + <|u|p—2u’ wS> + (\Vu|p_2Vu, vws> = <g (u) aws>0a Vs,
and
(ug, V) x2 + (JuP"?u,v) 4+ ([VulP~>Vu, Vo) = (g (u) ,v)o, Yv € WHP(Q).

By (6)), we obtain u(z,0) = ug(z) in W'P(Q). Then u(t) is a global weak
solution of problem . Finally, by applying Lemma we deduce that the
solution u(t) € S.

2.2 PROOF OF THEOREM 1.3

To prove Theorem we need the following auxiliary lemmas.

LEMMA 2.6. Let g(u) satisfy (C) and Ag(u) < 0. Then, ||ul1, > 2(0). In
particular, if A(u) <0, then ||ull1,, > 2(1). Where

g \1l/(k-2)

and
_ . ug(u)
a = sup i
Proof. As(u) < 0 gives
-2
(13) Olul?, < /m ug(w)dp < allully 5o < aCl|lullf7|ullf

then [Jull1, > 2(6). O
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LEMMA 2.7. Let g(u) satisfy (C),uo(z) € WHP(2). Suppose that 0 < e < h,
01 < 0y are the two roots of equation h(0) = e. Then, all weak solutions of
problem with B (ug) = e belong to Uy for 61 < 0 < 62, provided A (up) < 0.

Proof. Let u(t) be any solution of problem (1)) with B (ug) = e, A (ug) <0
and T be the existence time of u(t). First from B (ug) = e, A(ug) < 0 and
Lemma [2.4) we can deduce Ap (up) < 0 and B (ug) < h(0), i.e. ug(x) € Uy for
01 <0 < 6.

Next, we prove u(t) € Uy for ) < 6 < 03 and 0 < t < T. If it is false,
let typ € (0,T) be the first time such that u(t) € Uy for 0 < ¢t < ¢y and
u (tg) € Uy, i.e. Ag(u(to)) =0 or B(u(ty)) = h(#) for some 6 € (01,62). So
implies B (u (to)) = h() is impossible. If Ay (u (o)) = 0, thus Ag(u(t)) <0
for 0 < t < tp and Lemma yvield [[u(t)[l1p > 2(0) and [lu (to)l;, = 2(0).
Therefore by the definition of h(6) we have B (u (tp)) > h(0) which contradicts
@ O

Proof of Theorem Let u(t) be any solution of problem with
B (up) < h and A (up) < 0.
We consider the auxiliary function

t
o) = /O lul2. dr.

A direct calculation gives
P1t) = [lul%es
and
19 i) =2, ube =2 (9w, uo — ulf, ) = —24(w),

By , and

ug(u)dp 2 (¢+1) | G(u)dp
00 9]
we can deduce

t
B1(t) > 20q + 1) /O luelZe dr+ (g — Dull?, — 2(g + 1)B (uo)

> 2+ 1) /O el 2 dr + (g — D (t) — 2(q + 1)B (up) .

and

.. qg+1, . o ¢ 2 ! 2
o1 - C @02 220+ D [l dr [ ule dr
0 0
2

2
_ (/0t<u,ut>xzd7'> ]

+ (g = )p1g1 — (g + 1) luoll3e ¢1
qg+1

2
= luolZs

—2(q+ 1)B (uo) 1 +
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Making use of the Holder inequality, we get

(15)

(1)

(16)

q+1 2

PP — o ($1)? =(q — Dp1g1 — (g + 1) [[uo| 32 91
qg+1
—2(q+1)B (uo) o1 + 5 lluol[32 -
If B (up) <0, then
. q+1 . . )
161 — ——— (¢1)° = (g — D11 — (g + 1) [[uo 32 1.
2

The following task is to claim that A(u) < 0 for ¢ > 0. Arguing by
contradiction, we assume the existence of a ty > 0 so that A (u (tg)) =
0.

Next, let tg > 0 be the first time such as A(u(t)) = 0, thus A(u(t)) <
0 for 0 < t < to. From Lemma [2.6) we obtain ||ull1,, > 2(1) for 0 <
t < tg. Consequently, we obtain [u(t)[; , = 2(1) and B (u(to)) = h
which contradicts (3)). Then, from we have ¢1(t) > 0 for ¢ > 0.
By this and ¢1(0) = [ug|/32 > 0, then there exists a ty > 0 such as
P1 (to) > 0 and

p1(t) = #1 (to) (t —to) + 1 (to) = @1 (to) (¢ —to), t = to.

Therefore for sufficiently large ¢ we can deduce

(¢ — 1)1 > (g +1) [luol%2
and

o1 (0810 = L2 (21 @) > 0,

Since, for t > 0
(6" ) =~ (2106 )~ 3+ D1 (0?)
o1 (1)

"
we see that for 8 = %1 we have gpfﬂ t < 0. Therefore 907’8 t
2 1 1

is concave for sufficiently large ¢, and there exists a finite time T for
which gol_ﬂ (t) — 0. In other words,

lim ¢ (t) = +oo.

t—T—
If 0 < B (ug) < h, thus by Lemma[2.7], we have u(t) € Ug for 1 < 6 < 6,
and ¢t > 0, where 0y is the larger root of equation h(f) = B(up).

Therefore Ag(u) < 0 and from Lemma [2.6) we deduce [Jul|1,, > z(6) for
1 <0 <6y andt>0. Then, we have Ap,(u) < 0 and ||ulj1,, > 2z (62)
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for t > 0. Thus gives

P1(t) = —2A(u) =2(02 — 1) H“Wip —24p,(u) 2202 —1)2P(02) >0, t=>0,
G1(t) = 2(0y — 1) 22 (02) t+ ¢1(0) =2 (0, — 1) 2P (62)t, t >0,
©1(t) = (02 — 1) 2P (62) 1% + ©1(0) = (6 — 1) 2P () t2, t > 0.

Therefore for sufficiently large ¢t we get

5= Der1(0) > (a+1) Juol3e

50— 1)41(0) > 2(q+1)B (wo).

Hence from we again obtain for sufficiently large t. The
remainder of the proof is similar to that in the proof of (7).

2.1. Proof of Theorem By Theorem [1.2] we know that there exists a
global weak solution to problem . Let u(t) be any global weak solution of
problem with B (up) < h and A (ug) > 0. Consequently,

(17)

<ut7 U>X2+<|u|p_2ua U>+<|Vu‘p_2vu7 VU> = <g(u)7 U>07 Vv € WLP(Q)a te (07 T)

Multiplying by any h(t) € C[0,00), we have
(ut, h(t)v) x2 + ([ulP"2u, h(t)o) + ([VulP7*Vu, V(h(t)v)) = (g(u), h(t)v)o,
Vo € WIP(Q), and t € (0,T), consequently
(ut, ©) a2 + ([ulP"2u, o) + (| Vul’~*Vu, V)

(18) o )
= (g(u), ©)o, Yo € L= (0,00, WP (Q)),
and t e (0,7).
Setting ¢ = wu, implies
1d
(19) 5&’@”%@ +A(u) =0, 0<t<oo.

By 0 < B(uy) < h,A(up) > 0 and Lemma we obtain u(t) € Sp for
01 < 0 < 0y and 0 <t < oo, where 07 < 0y are the two roots of equation
h(0) = B (up) . Consequently, we get Ag(u) > 0 for 6; < 6 < 02 and Ay, (u) >0
for 0 <t < oo. Then, leads to
1d
2dt
accordingly

lullZ + (1 = 61) [[ullf , + g, (w) =0, 0 <t <o,

1d
2dt
Finally, Gronwall’s inequality leads to

lul3e < uolZe e 2079, 0 <t < oo,

lullZe + (1= 01) [Jullf <0, 0<t <oo.

The proof of the theorem is now finished.
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