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STABILITY OF THE KDV EQUATION IN THE CASE OF MIXED
INTERNAL AND BOUNDARY DAMPINGS
WITH TIME-DEPENDENT DELAY

MOHAMMED ALLALI and CHAHNAZ TIMIMOUN

Abstract. The aim of this paper is to consider the nonlinear Korteweg-de Vries
equation with internal feedback without delay and a boundary feedback with
time-dependent delay. We study the well-posedness of the system under some
assumptions on the length of the spatial domain and on the delay using semi-
groups theory and we study the exponential stability of the equation considering
a Lyapunov functional approach.
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1. INTRODUCTION

We want to study the stability of the Korteweg-de Vries equation (KdV) in
the case of mixed internal and boundary dampings with time-varying delay in
the boundary feedback. The KdV equation is a third-order quasilinear one-
dimensional equation. It models the propagation of waves in water of shallow
depth. This wave was observed for the first time by John Scott Russel in 1834
and the equation was introduced in [5]. The controllability and stabilization
properties of the KdV equation have been studied by many authors, see [0}, [11]
and [2] 12].

Intensive research has been developed recently on stability problems with
delay for partial differential equations due to the different applications in bi-
ology and engineering. The interest in considering a delay in an equation is
due to the fact that the sensors act with delay in the control systems.

The problem of stabilization of nonlinear KdV equation with constant time-
delay was studied in [1l 8 [I3] using a Lyapunov functional approach or an
observability inequality method. The stability problems with time-varying
delays was analyzed in [7] for one-dimensional heat and wave equations. Re-
cently, the problem of stability for the KdV equation with time-varying delay
was studied using a Lyapunov functional approach (see [9]). This work is an
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open problem mentioned in [9] and in our best knowledge, there is no work
dealing with this problem for the KdV equation with mixed boundary and
internal dampings with time-varying delay.

In this work, we are inspired by the techniques developed in [9]. We consider
the following system

ut(z,t) + ug (2, 1) + Ugga(x, t) + u(z, t)ug(x, t)
+a(z)u(z,t) =0, t>0, ze(0,L),
1 u(0,t) = u(L,t) =0, t>0,
(D (L) = Bua (0, — 7(8), >0,
u(:r,O) :’U(](l'), x < (OvL)7
[ uz(0,t —7(0)) = 2o(t — 7(0)), 0<t<7(0),

where u(zx,t) is the amplitude of the water wave at position x at time ¢ and
L > 0 is the length of the spatial domain. We assume that the time-varying
delay 7 is a function of time ¢, which satisfies the following conditions

(2) O<m<r(t)<M, V>0,
(3) 7(t) <d <1, vVt >0,
where 0 < d < 1, and

(4) TeW»>([0,7)), VT >0.

We assume that the real constant [ satisfies
(5) 0<|8]<1—d,
and a = a(z) is nonnegative function belonging to L>(0, L).

In [1], the exponential stability problem of the nonlinear KdV equation
with constant boundary time-delay feedback was studied using a Lyapunov
functional method for any lengths I < 7v/3 of the spatial domain and an
observability inequality method for any non-critical lengths

2 2
e

In [I3], the asymptotic stability of the quasilinear Korteweg-de Vries equation
with constant time-delay internal feedback was studied. In [9], the problem
of stability for the KdV equation with time-varying delay was studied using a
Lyapunov functional approach under some assumptions on the weight of the
feedbacks, on the time-varying delay and on the length of the spacial domain.
In this work we want to extend these results in the case of mixed internal
and boundary dampings with time-varying delay in the boundary feedback.
This paper is organized as follows. In Section[2] we prove the well-posedness
for system . In Sectionwe prove the exponential stability result for system

(2
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2. WELL-POSEDNESS RESULTS

The goal of this section is to prove the well-posedness results of . We
start by proving the well-posedness result of the linearization around 0 of .
The next stage is devoted to the study of the linear system with a source term.
To finish, we use the fixed-point argument to show the well-posedness of the
nonlinear system.

2.1 WELL-POSEDNESS RESULT OF THE LINEAR SYSTEM

This part is devoted to the study of the linearization around 0 of , that
is

ut(z,t) + ug(z,t) + Uggz(x,t) + a(x)u(x,t) =0, t>0, x € (0,L),
u(0,t) = u(L,t) = 0, >0,

(6) uz(L,t) = Pugy(0,t — 7(1)), t >0,
u(z,0) = up(z), z e (0,L),
uz(0,t — 7(0)) = 20(t — 7(0)), t € (0,7(0)).

We introduce the following new variable (see, for instance, [7]): Let z(p,t) =
uz(0,t — 7(t)p) for p € (0,1) and ¢ > 0. We can show that z verifies the
following transport equation

(a1, 1) + (L= 7(D)p)z(p ) =0, ¢ >0, pe (0,1),

(7) 2(0,t) = ug(0,1), t>0,
Z(,O, 0) = ZO(_T(O)p)a p e (Oa 1)
Define ¥ = (Z), then U satisfies
" —Up — Uggr — AU
=) = (t)p—1
¥ <zt) o=t
7(t)

We can rewrite this problem as the following first-order system
Uy(t) = A)¥(t), >0,

8 U,
(8) T(0) = <z0(—70(0)-)> =: U,
where the time-dependent operator A(t) is defined by
—Up — Ugpy — AU
o (1) = | Fwe=1 ),
()

with domain
D(A(t)) = {<“) € (H*(0,L) N Hy(0,L)) x H'(0,1), 2(0) = uy(0),

z
ux(L) = Bz(1)} .
We see that D(.A(t)) is independent of time ¢.
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We consider the Hilbert space H = L?(0,L) x L?(0,1), equipped with the

inner product
U v L 1
, = uvda:—l—/ zydp,
<<Z> <y)> /0 0 v

and with the associated norm || - || z.
Following [7], we prove the well-posedness of . The proof is based on the
following theorem which is proven in [3]:

THEOREM 2.1. Assume that

(1) Y = D(A(0)) is a dense subset of H,

(2) D(A(t)) = D(A(0)), for allt >0,

(3) forallt €[0,T], A(t) generates a strongly continuous semigroup on H
and the family A = {A(t) : t € [0,T]} is stable with stability constants
C' and m independent of t (i.e. the semigroup (St(s))s>o0 generated by
A(t) satisfies ||Se(s)V|| g < Ce™|| V|| g, for all VW € H and s > 0),

d
(4) aA(t) belongs to L°([0,T), B(Y, H)), the space of equivalent classes

of essentially bounded, strongly measure functions from [0,T] into the
set B(Y, H) of bounded operators from ) into H.

Then, problem has a unique solution ¥ € C([0,T],Y) N C*([0,T],H) for

any initial datum in Y.

The following theorem gives the existence and uniqueness results of the
solution of the problem

THEOREM 2.2. Assume that - hold. Let Wy € H, then there exists a
unique solution ¥ € C([0,+00),H) to (8). Moreover, if ¥y € D(A(0)) then
W € C([0, +00), DIA(0))) N CH([0, +00), H).

Proof. We are going to prove the four assumptions of Theorem We
follow closely the methods used in [9]. The space J = D(A(0)) is a dense
subset of H and we have D(A(t)) = D(A(0)), for all ¢ > 0 by definition.
Now, we will prove the assumption 3 of theorem First, we introduce the
time-dependent inner product on H defined by

<<Z> ’ <Z>>t - /OL wodz + |B|7(t) /01 zydp,

and with the associated norm || - ||+

From (2), the two norms || - ||; and || - ||z are equivalent in H. Indeed,

(9)

Vt>0,V(u,z) € H, (14 1B]m0)l(u, 2)|7 < [I(w, 2)IIF < (1 + [BIM)]](u, )|
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For t € [0,T] fixed, we start by proving that A(t) is dissipative. We Take
U= (Z) € D(A(0)) and we calculate (A(t)¥, ¥); :

<A«w,w»<<z:>,<:>>t<(“f-<e£7@f“)v<z>>t

L
—/ (—Uz — Uz — @ udm—i—\ﬂ\/ p—1)z,zdp.
0
By integrating by parts in space and in p, we obtain

L
(A0, ) = el - [ e i+ ]

Bl /0 2(p, ),

[(7(t)p — 1)22(p,1)]§

then
L
(AT, W), = (A1)~ 2(0,1)) - / (@) (e, Nz + D1 2(0,1)
0
18l 18l . |
o0 0200 - Bl [ 200
Using the boundary conditions, we get
\b’!

1 L
(AW, W), = (5222(1,1) ~ 2(0,1) - /O a(@)ud(z, dz + 21220, 4)

+‘§‘(7"(7§) —1)2*%(1,t) — @T( )/O 2(p, t)dp,

hence
(AP, W), = (8 +BI(7(0) — 1)2(1,0) + (18]~ 122(0,1)

- Lax X x—@T z
| ateni (e <>/0 (. 1)dp.

Finally we obtain

(AW, By, < (6 + [BI(d ~ 1)L + 58] - D22(0.1)
g 181 !
-, a(x)u*(x, t)ds — 2T(t)/0 22(p,t)dp

1
< —|§|T'(t)/0 2*(p, t)dp,

since we have 7(t) < d <1 and 8| <1 —d.
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We set k(t) = %, then

1

(AW, W), — k() (W, ), < —@(r‘(t) + (1) +1)"?) / 2(p,t)dp <0,
0

which implies that the operator A(t) := A(t) — x(t)[ is dissipative.

Now, we prove that the adjoint of \A(t), denoted by A(t)* is dissipative. We

can show that the adjoint of A(t) is defined by

Uz + Uggr — AU
A(t)” (Z) = (1 — 7t 7"(15)2> :
) 7 T()
with domain

DA = { (1) € (0.0 0 H0.2)) x 0.1, 1(0) = |1:(0)

__5
)= G o)

Let ¥ = <Z> € D(A(t)*), then

Uy + Uggy — AU u
<A(t)*\11,\1/>t:< -y, D) (z>>
Tt 7T

L P1—7 7
= / (ug + Ugpe — au)udx + | 5|7 (¢) / (1 (t)pzp 0 z)zdp.
0 0

By integrating by parts in space and in p, we obtain

L
AWy =~ = [ el i+ Bl - 002,018
0
B [ oy e [ o
S [ o= 1) [ an,

then

L
(A(t)* ¥, U), = —%(ui(L,t) —u2(0,t)) — /0 a(z)u?(z, t)ds — |ﬁz (0,1)

2
2
. 1
ol sap=2n - 25O [,

Using the boundary conditions, we have
1 L
(A0, W) = =3 (1= H0P20, 0~ 52220,0) — [ ale)ul(z,)da
0

. 1
s - Py - ‘B’;“)/O 22dp.
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Finally we obtain

(A w) = =7 514 10 - 0200 + (8- 18)2(0.0)

L ; 1 ; 1
9 1B7() 2 1B7(1) 2
—/0 a(x)u”(x,t)de — —5 /0 z7dp < Ty /0 z“dp,

since we have 7(t) < d <1 and |B] <1 —d.
Hence

(AW, W)~ ()0, W), < -

1
(1) + (F(1)? + V) /0 2(p, t)dp < 0,

then the operator A()* == A@t)* — k(1)1 is also dissipative.
As A(t) and A(t)* are dissipative and A(t) is a densely defined closed lin-

ear operator, then A(t) is the infinitesimal generator of a C\ semigroup of
contraction on H for any fixed ¢ € [0, 7] (see [10]).
Following the proof of Theorem 2.2 in [9], we can show that.

v oS |t—
(10) || Ht < 627'0 ‘t SI vt,s 6 [07 T]’

el = ’

where ¥ = (u, z) € H and ¢ is a positive constant.

Hence, for all ¢ € [0,T], A(t) generates a strongly continuous semigroup on
H and the family A = {A(t) : t € [0,T]} is stable with stability constants C
and m independent of ¢ (see Proposition 3.4 of [3]). So the third assumption
of Theorem 2.1]is satisfied.

We can also prove that

%A’(t) e L°((0, T], B(D(A(0)), H)).

Indeed,
d ~ d
.. . ()7 FO (F()2+1)1/2 .
where from the condition (), &(t) = 2T(t)(%(2)2(21)1/2 _ (t)(g(;zt)gl) is
bounded on [0, 7] for all T > 0 and we obtain
d 0
AMOY = T (t)p — (T~ Di(t) |,
7(t)? ’
t)T(t)p — (7(t)p— 1)7(¢
where from the assumption , OO 7'(<7t—)(2>p )7 () is bounded on

[0,7] .
As the four conditions of Theorem are verified, then the problem

{ Uy (t) = A(t) ¥ (1),
¥(0) = T,
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has a unique solution ¥ € C([0, +o0), D(A(0))) N C*([0, +00), H) for Wy €
D(A(0)). We have

then

SO
A0)U(t) = Wy (t) + m(t) T (1),
we multiply this equation by eo #(5)45 t obtain
AR)eh 10 (¢) = elo WG, (1) + r(t)el M1 (1),
hence

A(t)els 3§ (1) = <efo DG (1)),

The solution of is then given by W(¢ ) = elox(®) 45 (t), which finishes the
proof. O

2.2 WELL-POSEDNESS OF THE LINEAR SYSTEM WITH A SOURCE TERM

We consider now the linear equation @ with a source term f

ug(,t) + ug(x, t) + Ugge (2, 1) + alz)u(z, t) = f(x,1),
t>0, x€(0,L)
u(0,1) = u(L,t) = t>0,
(11) uz (L, t) = Bug(0, t—T( ), t>0,
u(z,0) = ug(x), xz € (0,L),
ug(0,t —7(0)) = 2zo(t — 7(0)), t € (0,7(0)).

Let T > 0 and introduce the space B=C([0,T], L?(0, L))NL?((0,T), H'(0, L)).
PROPOSITION 2.3. Assume that the conditions — hold.
Let ¥ = (220) € H and f € L'((0,T),L%(0,L)). Then there exists a unique
0

. U
solution ¥ = <uz(0,t — (1))
there exists K > 0 such that

(12) 1(ws 2) o,y < K (1%oller + 1 F 1l Lro,m),2200,1))) »

> € B x C([0,T],L*(0,1)) to (11). Moreover,

(13) el L20,),200,)) < K ([%ollg + I fll 21 0,7),22(0,1))) -

0
ing [4, Th 2] we can show that if ¥g € H and f € L'((0,T),L*(0,L)),
then there exists a unique solution ¥ € C([0,T),H). Furthermore, ¥ €

Proof. We can write the system as Uu(t) = A(t)¥(t) + <f> Us-
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C((0,7), D(A(0))) NC([0,T), H) if To € D(A(0)) and f € C([0,T), L*(0, L))
NL'((0,T), D(A(0))).

We take U = (u, z) a classical solution of (it exists if ¥y € D(A(0))) .
Let us consider the following energy

L 1

(14) E®) = [ w(0ds+[8ir(0) [ 020t~ 7))
0 0

Differentiating , we get

L 1
S B(r) = /O u(a, tyur(, t)da + |BIF(t) /0 W2(0,1 — 7(t)p)dp
1
L2181 () /0 w2 (0, = 7(8)p)uss(0, £ — 7(t)p)dp
L 1 :
= 2/0 u(z,t)(—ug — Ugge — au+ f(z,t))dx + \B\T(t)/o uZ(0,t — 7(t)p)dp

1
23] [ ()0 = D0, = (00, = r(E)o)d.

We use and integrations by parts, to have

d

2 =8l - D)uz(0,1) + (82 — |BI(1 — 7(t))uz (0, — 7(t))

(15) . .
— CZZL‘U2ZE X u\x X X.
2/0 () (z, 1)d +2/0 (2,8)f (2, 1)d

From - we obtain

L
%E(t) < 2/0 flz, t)u(z, t)de.

Using the Cauchy-Schwarz inequality, we have

d
3 2@ = 20F Ol 20,0 lu®)ll 22 (0,1)-

Now we can take 0 < ¢ < T and integrate the above expression on [0, ] to get

t
(16) E(t) — E(0) < 2/0 1 ()l 20,1 lw($) ] L2 0,1y ds.
Thus, by the definition of the energy, we get

(), 2CoNNE < 1ol + 20F 1l o,y 220,00 1 (s 2) 0,77, -

Using the Young inequality and taking the maximum for ¢ € [0, T}, then there
exists K > 0 such that

1(w, 2) o,y < K (1%olle + 1 flLro,m),2200,2))) 5
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yielding . From , we have

gE(l‘) + (811 = 7(t) = B*)uZ(0,t — 7(t)) < 2/Lf(ff Hu(z, t)dx
dt S ~ Jo ’ ’ ’

and from —, we obtain

gE(t) + (181(1 = d) = BHu2(0,t — 7(t)) < Z/L f(z, t)u(z, t)dx
de LA ~  Jo ’ ’ '

We can take 0 < ¢t < T and integrate the above expression on [0, ¢] to get
t

B(®) ~ EO)+ (811~ d) - ) [ a (0.t~ 7t

(17) . 0

<2 [ 1l Wl eds

If we take t =T in , there exists K > 0 such that

T
a8) [ uou =)t < K (1%l + 151 om0

Now multiplying the first equation of by zu and integrations by parts on
(0,T) x (0, L), we obtain

1 L T rL 9 T rL 1 L
/ zu?(z, T)dx —|—/ / udzdt + / / a(x)zu’drdt = / rudde
3 Jo o Jo 3Jo Jo 3 Jo

1 T L 1 T ) T L
+/ / u2da3dt—|—/ Lui(L,t)dtJr/ / x fudzdt,
3Jo Jo 3 Jo 3Jo Jo

since we have a(x) > 0, uz(L,t) = Bug(0,t — 7(t)) and 2fu < u® + f?, then,
there exists K > 0 such that

2 <K L2d TL?ddt T2Ot—tdt
[l 720,y x (0,1)) < o T+ oL + ; uz(0,t —7(t))

~|—/OT/0Lf2dxdt>.

Using we obtain .

2.3 WELL-POSEDNESS OF THE NONLINEAR SYSTEM

The last step is to prove the local well-posedness result for the nonlinear

system .

THEOREM 2.4. Let T > 0, L > 0 and assume that — hold. Then
there exist v > 0 and K > 0 such that for every (up,z0) € H satisfying

[(uo, 20) || < 7, there exists a unique solution uw € B of the system such
that ||ul|p < K[(uo, 20) |-
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Proof. Let (ug, 20) € H and r > 0 chosen small enough such that ||(ug, 20)|| 7
< r. Take v € B and consider the map @ : B — B, defined by Q(v) = u,
where u is the solution of
up(x,t) + ug(z,t) + Upgs (2, t)
+a(z)u(z,t) = —v(x, t)vg(x,t), t>0, z € (0,L),

" w(0,8) = u(L,t) = 0, £>0,
(19) wa(L.t) = Bup(0,t— 7(8)),  t>0,
u(z,0) = up(z), x € (0,L),

| uz(0,t —7(0)) = 20(t — 7(0)), 0<t<7(0).

We see that u € B is a solution of if and only if u is a fixed point
of Q. We can prove similarly to the proof of Theorem 2.6 in [9] that the
map () is a contraction on the closed ball {v € B, |v|| < R}. Finally, by
applying the Banach fixed point theorem, we deduce that the map ) has a
unique fixed point which is the solution of the nonlinear system and then
the well-posedness result is proven. O

3. EXPONENTIAL STABILITY RESULTS

In this section, we prove the exponential stability results for the nonlinear
system . We recall that the energy of is defined by

L 1
(20) B(t) = /0 2(z, t)dz + |B]7(2) /O 20,1 — (t)p)dp.

We are going to show that for a solution of this energy is a decreasing
function of time.
PRrROPOSITION 3.1. Suppose that 1) be satisfied. Then for all reqular
solution of , the energy defined by (20)) is decreasing and satisfies
d .
2@ =81 - 1wz (0,t) + (82 — |B](1 = 7(t)))
(21) L
xuZ(0,t — 7(t)) — 2/ a(z)u?dz < 0.
0
Proof. The proof is the same as the proof of Proposition and for the
1
nonlinear term we have for u € HZ (0, L), OL u? (2, t)uy(z, t)de = g(ug’(L, t) —
u3(0,t)) = 0. O
Following [9], we consider the Lyapunov functionnal defined by
(22) V(t) = Et) + mVi(t) + p2Va(t),

where E is defined by , w1, o > 0 and for any regular solution of , we
define V; and V5 by

L
(23) Vl(t):/o zu?(z,t)dz,
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1
Va(t) = 7(t /0 (1 - p)u2(0,t — 7(t)p)dp.

8](1 —d) — B
L2
0 < pg < 1 —|p| to guarantee the decrease of the energy of the system.

In this work we choose p1 and po such that 0 < py < and

THEOREM 3.2. Suppose that — are satisfied and assume that the length
L fulfills L < 7\/3. Then, there exists r > 0 such that, for every (ug, z) € H
satisfying ||(uo, z0)||zr < r, the energy of the system decays exponentially
and so there exist two positive constants v and K such that

(24) E(t) < Ke " E(0), Vt > 0,
1—d)— B2
where, for 0 < up < W and 0 < pg < 1—15|,
(25) ¥ < min { (9% = 2w L3%r = 3Ly po(1 — d) }
- 6L2 (1L +1) "2M (8] + p2) S

and

K <1+ max {ML,r;}.

Proof. The function V is equivalent to the energy E. Indeed we can easily
check for every ¢ > 0 that

(26) E(t) <V(t) < E(t) (1 + max {ML, f;}) .

Then, it suffices to show that V decays exponentially. Our goal is to prove
d

that &V(t) + 29V (t) < 0 for v > 0 to fix later. Let u solution of with

(uo, 20) € D(A(0)) such that ||(ug, z0)||o < 7 with r > 0 chosen later.

Differentiating V7 and using integration by parts, we get

L L
o %Vl(t) = /0 u?(z,t)dz — 3/0 uZ(z, t)de + LA%u2(0,t — (1))

9 L L

+/ ud(z,t)dz — 2/ a(x)zu?(z,t)dr.
3Jo 0

Now, we differentiate V5 to obtain

d

1
320 = +27(1) /0 (1= p)uz(0,t — 7(t)p)Orus (0,1 — 7(t)p)dp

1
#0) [ (= pu0nt = (0
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We have 7(t)0yu,(0,t — 7(t)p) = (7(t)p — 1)0,us(0,t — 7(t)p) and after some
integrations by parts, we get

1
(28) S Valt) =200,1) - /0 (1 - +HB)p)2 (0, — 7(t)p)dp.

From , and we obtain

(iV( 0+ 24V (1)

< (82 = 1BI(L = d) + pu LE*)uz (0, — 7(t)) + (B8] — 1 + p2)u3(0)

9 L L
—3u1/ (z,t)dx + 3u1/ u(z, t)de + (u + 2 + 2L’yu1)/ u?(x,t)dx
0 0

+(29|BIM + 2Mypz — pi2(1 — d)) /01 uz(0,t — 7(t)p)dp.
We have
L
| e < PPl .
Then we get

2 L
SV + 2V (1) < (fym 2y 4 2Lmn) + 2Ly :ml) JRCCTE
(B = 1+ ) (0,8) + (8% — [BI(1 — ) + LA (0,1 — 7(0)
1
HNAIM + 201 M = pa(1 =) [ 20,0 = r(e)o)a.

We take u1 and po small enough to have 82 — |3|(1 — d) + 1 LB% < 0 and

1—d)— B2
|B] — 1+ p2 <0, then, p; < W and pe < 1—15|.
Following [1], since L < /3, we can choose r sufficiently small to have r <
%. Hence, we can choose v > 0 such that
2
%(Hl +v+2Luy) + §L3/2?”/~01 —3u1 <0,
29|B|M 4 2payM — pa(1 —d) < 0.
We obtain
< (972 — 2w2L3/2r — 3021y
7= 6L2(; L + 1) ’
and
p2(1 —d)

= MBI+ )
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then

(29) ~v < min {

(972 — 2w L3 — 3Ly po(1 — d) }
6L2(pu1L +1) T2M(|B] 4 p2)

d
Finally we get aV(t) + 29V (t) < 0 and by solving this equation we obtain
V(t) <V (0)e=>" for all t > 0. Using we obtain

E(t) < Ke ' E(0), Vt > 0,
Since D(.A(0)) is dense in H, we can take (ug, z9) € H. O

4. CONCLUSION

In this work, we presented some well-posedness and stability results for the
nonlinear KdV equation with internal feedback without delay and a bound-
ary feedback with time-dependent delay. We take some assumptions on the
weights of the feedbacks, on the length of the spatial domain and on the time-
dependent delay in order to prove the exponential stability results, using a
Lyapunov functional approach. We can mention a possible future research on
the study of the well-posedness and the stability of the nonlinear KdV equa-
tion in the case of a boundary feedback without delay and an internal feedback
with delay (constant or variable).
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