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THE HILBERT-SCHMIDT PROPERTY FOR A PARTICULAR
CLASS OF h-ADMISSIBLE FOURIER INTEGRAL OPERATORS

OMAR FAROUK AID and ABDERRAHMANE SENOUSSAOUI

Abstract. In this paper, we define a particular class of h-admissible Fourier
integral operators Fj,. These classes of Integral operators turn out to be bounded
on S (R") (or Schwartz space) and on its dual S8’ (R™). Moreover, we show that
F}, can be extended as a Hilbert-Schmidt operators on L?*(R™).
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1. INTRODUCTION

A h-Fourier integral operator on R", is an integral operator of the following
form

T (a, ) u (z) = / / hIEED (1, €, ) u (y) dyde,

where ¢ is called the phase function, a is the symbol, and h €]0, ho] is a
semiclassical parameter of I (a, ¢). In particular when ¢ (z,&,y) = (z —y, &),
I, (a,¢) := Opy, (a) is called a h-pseudodifferential operator.

As it is well known, Fourier integral operators are used to express solution to
Cauchy problems of hyperbolic equations as well as for obtaining asymptotic
formulas for the Weyl eigenvalue function associated to geometric operators
(see Hérmander [15], 16], [17], and Duistermaat and Hormander [§])

According to the theory of Fourier integral operators developed by Hérman-
der [15], the symbols are considered satisfying estimates of the form

sup |0£05a (,&,y)| < Capic (1+ |y Fll+ol
(z,y)eK

for every compact subset K of R?" (ie. a(z,§) € S7's), while the phase

functions are real-valued, positively homogeneous of order 1 in the frequency
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variable £ and smooth on R™ x (R™\ {0}) with the non-degeneracy condition

det (20 1. 0) £0 V(w6 e R x ®"\ {0})
“\owae @9 " '

That class of operators was initiated in the classical paper of L. Hormander
[15]. Furthermore, G. Eskin [I0] (in the case a € S?,o) and Hormander [15]

(in the case a € 52,1—;)7 3 < p < 1) proved the local boundedness on L* (R")
with non-degenerate phase functions.

Later on, Hérmander’s local L? result was extended by R. Beals [6] and
A. Greenleaf and G. Uhlmann [9] to the case of amplitudes in S ,. On
the other hand, other classes of symbols and phase functions Were2s§udied.
In [18], B. Messirdi and A. Senoussaoui proved the L?-boundedness and L?2-
compactness of Fourier integral operator with symbol class just defined and
¢ (r,&,y) =S (2,8)— (y,&). After then, this kind of operator was investigated
by many authors [4, [5, 111, 12} 13}, 20, 21, 22]. We would mention that the h-
admissible Fourier integral operators were created by D. Robert and B. Helffer
[14, 24], where symbol a belongs to I's (see below).

In this paper, h-admissible Fourier integral operators are defined and these
class of operators turn out to be bounded on the spaces S (R™) of rapidly de-
creasing functions (or Schwartz space) and S’ (R™) of temperate distributions
in Section 2.

Then, in Section 3, we gave some results about the composition of h-
admissible Fourier integral operators with its L?-adjoint. These allow to obtain
results about the L?-boundedness and the L?-compactness.

The main part of the work consists of Section 4 in which basic properties
of Hilbert-Schmidt operators are studied.

More precisely, we show that class of h-admissible Fourier integral operators
can be extended as a Hilbert-Schmidt operators.

2. PRELIMINARIES

DEFINITION 2.1. Let © be an open set in R",u € R and p € [0,1]. A
function a € C*°(Q) is called (p, p)-weight symbol on € if

Vo e N", 3C, >0,Vz€Q |8%a(z)] < CoAPlol(2),

k/2
where \¥(z) = <1 + ]z\2> is called a weight function on R".

We note I';(Q) the space of (u, p)-weight symbols.
LEMMA 2.2. If k > n, then A\=%(2) € LY(R") for all z € R".

Proof. The lemma can easily be proved by using polar coordinates. An
alternative approach can be found in [23, Lemma 1.3]. O
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Now, we consider the following integral transformations
W) nadpl@) = [ [ THEa g u ) dyde, we SERY),
where a € T';(€2) (with € is an open subset of R} x RY x R}) and h €]0, hol.
REMARK 2.3. When Q = R} x RY x Ry, we denote I'; () = I';.

In general, the integral is not absolutely convergent, so we use the tech-
nique of the oscillatory integral developed by Hormander. The phase function
¢ is assumed to satisfy the following assumptions

(H1) ¢ is a real function.
(H2) ¢ € I? (Rg x RY x Rg) .
(H3) 3C > 0 such that
X (0y0, 0, y) A\ (2,6,y) < C, Y (2,6,y) € R x RY x Ry
(H'3) 3C" > 0 such that
A(x,0:0,0:0) A1 (2,€,y) <C', V(x,6,y) € RE xRY xR

In order to generalize the notion of h-admissible operators [I, 24],we give
the following definitions

DEFINITION 2.4. We call h-admissible (u, p)-weight symbol, every applica-
tion a :]0, ho] — I'), such that

N
a(h)=> Hhaj+h"ryp (h), VNEN,
j=0

where a; € Fg_ijv and {rn41(h),h €]0, ho]} is bounded in I‘Z_zp(NH).

DEFINITION 2.5. We call h-admissible Fourier integral operator, every C*°
application A :]0, ko] — £ (S (R™);L? (R™))(where £(X,Y) is the set of all
linear continuous operators from X to Y'), for which there exists a sequence
{aj}je{o,...,N} € I'f) satisfying

N
(2) A(h) = b1 (aj,¢) + WV Ryyq (h), YN €N,
j=0

where
I (g 0yl ) = 2ty [ [ (o6 ),

sup |[Rn+1 (h) | oep2mny) < oo
he[0,ho)
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To give a meaning to the right-hand side of equality , we consider g €
S (RZ X Rév X RZ) and ¢ (0,0,0) = 1. If a € Ty, we define

ar(xaéy):g<x,§,y>a(fv,§,y), r > 0.

rror

THEOREM 2.6. Let ¢ be a phase function satisfying (H1),(H2),(H3) and
(H'3). Then
1. For all f € S(R"), limy_s400 [I1 (ar, @) f](x) exists for every point
x € R" and is independent of the choice of the function g. We then
set

0 (@.6) £l (&) = lim [ (0, 6) f)(a) Var € B
2. I, (a,¢) € L(S (R™)) and Ij, (a,p) € L(S' (R™)).
Proof. Let ¢ € C§° (R) such that supp ¢ C [-2,2] and ¢ =1 on [-1,1].
For all € > 0, we set

2
et = [0 (0,0 + o) |

The hypothesis (H3) implies that there exists v > 0 such that we have on the
support of w,

Mo,&y) < (%<y>+e%A<x,§,y>),

< AT (y) +yerA(@,6,y),
Az (y)

1—76%.

w‘,_. I\J\H

IN

Therefore, there exists ¢y and vg = ﬁll/?’ such that for all € < ¢y we have

the inequality A (z,€,y) < ’yo/\% (y), on the support of we.
Now, we fix ¢ = ¢y. Then we have

(3) lim [Ih (weoaT7 ¢) f] (x) - [Ih (weoaa ¢) f] (iL‘) , VzeR"

r—-+00

using (H2) we prove also that I}, (we,a, @) € L (S (R™)).
To study lim,— 100 [In (1 — we,) ar, @) f] (z) for all z € R™, we create the

operator
9¢
Ap = Op(z, &,y
h=®n(z, &y (Z dy; Oy; ]z: o¢; 35])

where @y, (z,&,y) = —ih (]Vy¢|2 + ]Vgczﬁ\Q)_ and

) 96\ 9 ¢ \'
Vi = <8y1 8yn>’ Ved = <€ ’3§N>’
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are Gradient vectors. So, we have

(4) Ay <eih71¢) — oih '

Indeed,

M (") = Balogn) Zay] (&%) Za@ G
= By(a &, y)ih e f: 09 06 5~ 00 00

8y] Byj = 8{1 853

n 2 N 2
= Bz, &, y)ih e Z(Sj) +Z<§?)
5 j=1 J

j=1
.7 —1 ih— 1
= (I)h(x7€’y)7’h’ 1eh ¢ (|vy¢|2 + |V£¢’2>
- ih—1
= 0w, & y)ih " (IVy0f +[Veol?) 7
elh™'e,
Let Qg be the open subset of R” x RY x R™ defined by
QO:{(:J: £,y) e R" x RN x R", |Vy<b\ —|—\V§¢| 2 M2 (z, €, y)}
We will use the next lemma.
LEMMA 2.7. Let g € Ng, and b € C* (Rév X ]RZ) We have
(AR) (L=we)b) = > kL 40800 (1 —we,) D),
lo|+81<q
where kgz,ﬁ e I'y?(Q) and depend only on ¢.
REMARK 2.8. Ny = NU {0} and A, is the transpose of Ay,.

Proof. We prove the lemma by recurrence. For ¢ = 0 it is evident. Now we
see easily that

0
(5) A=) Ah,jaf +> Bh,ka + Ej,

where
Ang €T (), Vie{l,....n}
Brr €Ty (), Vke{l,...,N}

and Ej, € T52 (Qp) (which results from the hypothesis (H2)). Therefore, the
recurrence is immediately proved. O
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We have from
(6)
[In (1 = weo) ar, @) f1 () = // T OEED) (PN (1 = wey) ar f (y)) dydé,

for all ¢ € Np.
Now (*Ap)? (1 — wey)) ar f described (when r varies) a bound of Ty ™%, and

(1) lim ("An)" (1~ wey) arf) (2,6, 9) = ("An)" (1 — wey) af) (2,6, 9)

r—-+00

for all (z,£,y) € R® x RV x R™.
Finally, we have

(8) 2 @) [[ 37 w6 g) dgdy < 3.

for all s > n+ N.
It results so from @ — and using Lebesgue’s dominated convergence
Theorem show us that

©9)  lim (I (1 - we) ar, &) f] () = // HTIO@EN) 5, (1€ y)dyde,

r—-+o00

where 61,4(2,&,y) = (*An)? (1 —wey) af (y)) and ¢ > n+ N + p.

From and @[) we can show the first part of the theorem.

Now let us prove that Ij, (1 — we,) a, @) is bounded. Taking account of ()
and @D , we find

10) (1 —wo)ad) fl@) =Y / 82.q, €, )0 F () dyde,

[v1<q

where 6 4(z,&,y) = e~ to(:6.) (x &,y) and b(q) ey =
On the other hand, we have

(11) xa8£627q(x,§,y) € Fg—q+\a|+lﬂ\‘

We deduce from and that, for all ¢ > n+ N + p + |a| + |5], there
exists a constant C, g, such that

xaaflh ((1 - wso) a, (b) f (1’)‘ < Ca,,B,q |S1|1<p S;%) |8:;:Yf ($)| ’
,Y_qx n

which proves I}, ((1 — we,) a,¢) € L(S (R™)).
The boundedness of Ij, (a, ¢) on the space S’ (R™) is obtained by the same
way via the condition (H’ 3). O
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3. L>-BOUNDEDNESS AND L?-COMPACTNESS OF Fy
In this section we will study a particular case on the phase function ¢, which
is very useful for solving Cauchy problems [19]. Let ¢ (z,y,&) = S (z,£)—(y, &),
where S € O (R; x RY; R) satisfying
(G1) Ser? (Ri@)

(G2) There exists dp > 0 such that
2

S
f
(e | oz 5)’

PROPOSITION 3.1. If S satisfies (G1) and (G2). Then the phase function ¢
satisfies (Hy) , (Hz), (Hs) and (HY) .

Proof. (Hy) and (Hs) are trivially satisfied.

By the global implicit function theorem and using the conditions (G1) and
(G2), we can easily see that the mappings hy and hg defined by hy : (z,§) —
(2,0.5 (x,§)) and hy : (x,§) — (& 0:5 (x,€)) are global diffeomorphism of
R,

Indeed,
oo (I 53 @8
hl (xvg) - (O gfgg (l',f) )
: (o gﬁgg £
and
2
’det R (m,{)’ = |deth'2 (l’,f)‘ = |det ;3355 (m,{)‘ >8>0 V(x &) eR™
Then
/ 0%S / :
| )7 = \d et 5 (%( o ool el], vie

where Co [} (z, )] is the cofactor matrix of Al (z,§) for all i € {1,2}. By (G1),
tCo R} (z,€)]| are uniformly bounded for all i € {1,2}.

The mappings R" 3 { = m,(§) = 0,5 (x,§) and R" > ¢ — ma¢(x) =
0¢S (z,€) are global diffeomorphisms of R”. From (G1) and (G2), it follows

/ !/
! 7 ‘(ﬂf}c) and ‘ <772_§)
and the Taylor’s theorem lead to the existence of M, N > 0, such that for all
(z,€),(2',&) e R*",

€l

that H(h_1 are uniformly bounded. Thus (G2)

ik (1 (€)= 71k (e (O))]
M 10,8 (x,&) — 0,5 (x,0)],
Cl)\ ($, 8358) s

(12)

VANVAY
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with C7 > 0,
| = |mog (mag (2)) — myg (mag (0))],
(13) < NS (2,8) — 0:5(0,8)]
< Cg)\ (.T,axS),
with Cy > 0,

[(2,6) = (¢,€) | = |hy" (ha(2,€)) = hy ' (b2 (2',€")) |
< C| (faaﬁs (-TC,{)) - (5/7855 ($,7£,)) |7
and from and we have
A(,9,6) <A (,€) + A () < Cs (A (€ 968) + A (1))

with C3 > 0.
Also, we have 0y, = —§;; and O, ¢ = O¢, S — yj, so

A(€,065) = A0y, 0 + y) < 2X (9, O¢d,y) ,
which finally gives for some C4 > 0,

)‘(x7£7y) < CS (2>‘ (ay¢7 8£¢’y)) < 7)‘( y¢a 8§¢7 )

The second inequality in (H3) is a consequence of (13).
By the same argument we can show (Hj}). O

ExAMPLE 3.2. Consider the function given by
S (x,6) = a12? + agzé + az€? VYV, £ €R
where «; € R for all i € {1,2,3}, S (x,&) verifies (G1) and (G2).

THEOREM 3.3. Let F}, be the h-admissible Fourier integral operator defined
by

(14) Fu(a) = [ [ "7 S0 080 (0,¢) u () dydg
where d€ = (2rh)""dE, a € TP (Ri"s) , k€ {0,1} and S satisfies (G1) and

(G2). Then FyFy and Fy Fy, are h-pseudodifferential operators with symbol in

rym (R?), k € {0,1}, given by
925\ !

925\ !
(det 6&%) (2,€)

we denote here a = b fora,b € Fip (R*™) if (a —b) € Fip_2 (R*") and o stands
for the symbol.

o (Fpky) (2,058 (2,€)) = |a (2, 6)|”

o (Fy Fr) (9¢S (,€) ,€) = |a(,£)|”

)
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Proof. See [2] or [3]. O

COROLLARY 3.4. Let Fy, be the h-admissible Fourier integral operator de-
fined as (14). Then, we have

(1) For any m such that m < 0, Fj can be extended as a bounded linear
mapping on L? (R").

(2) For any m such that m < 0, F} can be extended as a compact operator
on L? (R").

Proof. It follows from theorem that Fj Iy, is an h-admissible operator
with symbol in I3 (R?") .

(1) If m < 0, the weight A\ (x,0) is a bounded, so we can apply the
Calderon-vaillancourt theorem [7] for FjF}, and obtain the existence of a pos-
itive constant vy (n) and a integer k (n) such that

(15)  [(FpFn) ullp2rny < v (1) Qi (0 (FpEy)) [ull p2(gny » Yu € S (R™),
where

Qi) (0 (FRF7) = > sup |92 0 (FiFy) (99 (x,6) ,0)| .

lal+|8I<k(n) (B ER"

Hence, for all v € S (R"),

1FvullTogny = (it Fyt) p2(en)s

(Fp Frhu, u) p2(gn),

IN

15 Enell o ny [l 2 ny »

from , we obtain

1
”FhuHL2(Rn) < (’Y (n) Qr(n) (0 (FhF}t))) ? HUHL2(R") :

Thus F}, is also a bounded linear operator on L? (R?).

(2) If m < 0, limg 49|00 A™ (¥, 0) = 0, and the compactness theorem show
that the operator F}'F}, can be extended as a compact operator on L? (R™).
Thus, the Fourier integral operator Fj, is compact on L? (R"). Indeed, let
() jen be an orthonormal basis of L? (R™), then

n
FyFy, — Z (pj,.) Fy Frej|| = 0 as n — oo.
j=1
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Since F}, is bounded, for all ¢» € L? (R"),
. 2
Fup = > {95, 0) Fap;
j=1

L2(R™)

n

th}_Z<S0]71/}>Fh9037Fh1/]_Z<@]’w>Fh¢]> >
L2(R™)

J=1 J=1

Jj=1 Jj=1 L2(R")
< |NFrFu [ =) (i 0) ¢ Y=Y {05,9) @ :
Jj=1 LQ(R") Jj=1 LQ(R”)
< |[FpFnd =Y (95, 0) Fi Fuep; = (059) 0 :
Jj=1 LZ(R") Jj=1 LQ(R")

it follows that

n
Fh¢_z<80jw>Fh90j — 0 asn — oc.
= L2 (E")
Finally, F} is a compact linear operator on L2 (R™). 0

4. THE HILBERT-SCHMIDTNESS OF Fgy

This section concerns another important set of bounded operators, namely
the Hilbert-Schmidt operators. The class of Hilbert-Schmidt operators has a
natural Hilbert space structure.

DEFINITION 4.1. Let Hy; and Hs be two Hilbert spaces. A bounded lin-
ear operator A : Hy — Hs is called a Hilbert-Schmidt operator if for some
orthonormal basis {e,} -, in H; we have

(16) S [[Aenll?, < +oo

n=0

The set of all Hilbert-Schmidt operators A : H; — Hs is denoted by
Cg (Hl,HQ), or Cg (H) in case H1 = _H2 =H.
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REMARK 4.2. The square root of the left-hand side of is called the
Hilbert-Schmidt norm or the Frobenius norm of the operator A and denoted

by -l zrs-
PROPOSITION 4.3. Let A € Co (H).

(1) The Hilbert-Schmidt norm ||.|ms is independent of the choice of or-
thonormal basis

(2) 14" rs = [[All s
3) 1Al < |Allas, where ||.|| is the usual operator norm.
(4) every operator A € Co(H1, Hy) is compact.

LEMMA 4.4. If T € L (H) then AT, TA € Cy (H) and
(17) max {||[AT|us, |[TAllus} < |IT[|.[|All s

Now let R™ be a space with positive measure and Hy = Hy = L* (R"). In
this situation, the operators A € Co(H1, Hy) are described as follows

THEOREM 4.5. The operators A € Co(L? (R™)) are ezactly those which can
be represented as

(18) Auta) = [ (o) uly)dy,
with a kernel k € L2 (R2”) . We then also have
(19) 1Al s = 1kl L2(gn) -

Now, we have the following result concerning the Hilbert-Schmidt class of
h-admissible Fourier integral operators

PROPOSITION 4.6. Let us recall that Fy, on R™, are integral operators of the
form

20 Fuu(e) = nh) " [ [ SO0 @, u ) dyd,

where a € T (Ri"g) , and S satisfies (G1) and (G2) . Then,

For any m such that m < —n, Fy can be extended as a Hilbert-Schmidt
operator on L? (R").

Proof. First, let us observe that h-admissible Fourier integral operator Fj,
can be written as

Fyu(a) = [ 715690 2, Fyu ()
where F}, is semi-classical Fourier transform defined by
Fa@ = [ 09 ()dy.

We put
(21) Ey, = Ap (S) F,
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clearly we have

(22) A, (8) ulz) = / WSO g (, €) u (€) dE.

n

It results so from and using lemma we have
1Enll s = I1An (S) Fallgs < 11An (S) s 1Fnll £ r2@ny) -

Now, it is enough to prove Ay (S) € Ca (L*(R™)).First, let us observe that
Ap, (S) has a integral representation just as with kernel &y, (z,€) . In fact,
straightforward computation shows us that

(23) A (S u@) = [z u©d
where
(24) ki (,€) = " 5000 (,€)
Now let us show that kj, € L? (]R2"):
ki (2, )] = [ 50 9a (2,6)| = la (@,9)], < Coo\™ (2,6).

Hence |ky, (z,€)* < Cg,ox\%” (x,€). We deduce from lemma that, for all
m < —n, ky € L? (RQ”), and from we have

(25) 1A (D)l is = knll g2 (geny < 400,
which proves that £}, € Ca (L* (R™)). O
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