
MATHEMATICA, 67 (90), No 1, 2025, pp. 13–25

THE HILBERT-SCHMIDT PROPERTY FOR A PARTICULAR
CLASS OF h-ADMISSIBLE FOURIER INTEGRAL OPERATORS

OMAR FAROUK AID and ABDERRAHMANE SENOUSSAOUI

Abstract. In this paper, we define a particular class of h-admissible Fourier
integral operators Fh. These classes of Integral operators turn out to be bounded
on S (Rn) (or Schwartz space) and on its dual S ′ (Rn). Moreover, we show that
Fh can be extended as a Hilbert-Schmidt operators on L2(Rn).
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1. INTRODUCTION

A h-Fourier integral operator on Rn, is an integral operator of the following
form

Ih (a, ϕ)u (x) =

∫∫
eih

−1ϕ(x,ξ,y)a (x, ξ, y)u (y) dydξ,

where ϕ is called the phase function, a is the symbol, and h ∈]0, h0] is a
semiclassical parameter of Ih (a, ϕ). In particular when ϕ (x, ξ, y) = ⟨x− y, ξ⟩,
Ih (a, ϕ) := Oph (a) is called a h-pseudodifferential operator.

As it is well known, Fourier integral operators are used to express solution to
Cauchy problems of hyperbolic equations as well as for obtaining asymptotic
formulas for the Weyl eigenvalue function associated to geometric operators
(see Hörmander [15, 16, 17], and Duistermaat and Hörmander [8])

According to the theory of Fourier integral operators developed by Hörman-
der [15], the symbols are considered satisfying estimates of the form

sup
(x,y)∈K

∣∣∣∂αξ ∂βxa (x, ξ, y)∣∣∣ ≤ Cα,β,K (1 + |ξ|)m−ρ|α|+δ|β|

for every compact subset K of R2n (i.e. a (x, ξ) ∈ Sm
ρ,δ), while the phase

functions are real-valued, positively homogeneous of order 1 in the frequency
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variable ξ and smooth on Rn × (Rn \ {0}) with the non-degeneracy condition

det

(
∂2ϕ

∂x∂ξ
|(x,ξ)

)
̸= 0 ∀ (x, ξ) ∈ Rn × (Rn \ {0}) .

That class of operators was initiated in the classical paper of L. Hörmander
[15]. Furthermore, G. Eskin [10] (in the case a ∈ S0

1,0) and Hörmander [15]

(in the case a ∈ S0
ρ,1−ρ,

1
2 < ρ ≤ 1) proved the local boundedness on L2 (Rn)

with non-degenerate phase functions.
Later on, Hörmander’s local L2 result was extended by R. Beals [6] and

A. Greenleaf and G. Uhlmann [9] to the case of amplitudes in S0
1
2
, 1
2

. On

the other hand, other classes of symbols and phase functions were studied.
In [18], B. Messirdi and A. Senoussaoui proved the L2-boundedness and L2-
compactness of Fourier integral operator with symbol class just defined and
ϕ (x, ξ, y) = S (x, ξ)−⟨y, ξ⟩. After then, this kind of operator was investigated
by many authors [4, 5, 11, 12, 13, 20, 21, 22]. We would mention that the h-
admissible Fourier integral operators were created by D. Robert and B. Helffer
[14, 24], where symbol a belongs to Γµ

ρ (see below).
In this paper, h-admissible Fourier integral operators are defined and these

class of operators turn out to be bounded on the spaces S (Rn) of rapidly de-
creasing functions (or Schwartz space) and S ′ (Rn) of temperate distributions
in Section 2.

Then, in Section 3, we gave some results about the composition of h-
admissible Fourier integral operators with its L2-adjoint. These allow to obtain
results about the L2-boundedness and the L2-compactness.

The main part of the work consists of Section 4 in which basic properties
of Hilbert-Schmidt operators are studied.

More precisely, we show that class of h-admissible Fourier integral operators
can be extended as a Hilbert-Schmidt operators.

2. PRELIMINARIES

Definition 2.1. Let Ω be an open set in Rn, µ ∈ R and ρ ∈ [0, 1] . A
function a ∈ C∞(Ω) is called (µ, ρ)-weight symbol on Ω if

∀σ ∈ Nn, ∃Cσ > 0, ∀z ∈ Ω |∂σz a (z) | ≤ Cσλ
µ−ρ|σ|(z),

where λk(z) =
(
1 + |z|2

)k/2
is called a weight function on Rn.

We note Γµ
ρ(Ω) the space of (µ, ρ)-weight symbols.

Lemma 2.2. If k > n, then λ−k(z) ∈ L1(Rn) for all z ∈ Rn.

Proof. The lemma can easily be proved by using polar coordinates. An
alternative approach can be found in [23, Lemma 1.3]. □
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Now, we consider the following integral transformations

(1) [Ih(a, ϕ)u](x) =

∫
Rn

∫
RN

eih
−1ϕ(x,ξ,y)a (x, ξ, y)u (y) dydξ, u ∈ S(Rn),

where a ∈ Γµ
ρ(Ω) (with Ω is an open subset of Rn

x × RN
ξ × Rn

y ) and h ∈]0, h0].

Remark 2.3. When Ω = Rn
x × RN

ξ × Rn
y , we denote Γµ

ρ(Ω) = Γµ
ρ .

In general, the integral (1) is not absolutely convergent, so we use the tech-
nique of the oscillatory integral developed by Hörmander. The phase function
ϕ is assumed to satisfy the following assumptions

(H1) ϕ is a real function.

(H2) ϕ ∈ Γ2
1

(
Rn
x × RN

ξ × Rn
y

)
.

(H3) ∃C > 0 such that

λ (∂yϕ, ∂ξϕ, y)λ
−1 (x, ξ, y) ≤ C, ∀ (x, ξ, y) ∈ Rn

x × RN
ξ × Rn

y .

(H ′3) ∃C ′ > 0 such that

λ (x, ∂ξϕ, ∂xϕ)λ
−1 (x, ξ, y) ≤ C ′, ∀ (x, ξ, y) ∈ Rn

x × RN
ξ × Rn

y .

In order to generalize the notion of h-admissible operators [1, 24],we give
the following definitions

Definition 2.4. We call h-admissible (µ, ρ)-weight symbol, every applica-
tion a :]0, h0] → Γµ

ρ , such that

a (h) =

N∑
j=0

hjaj + hN+1rN+1 (h) , ∀N ∈ N,

where aj ∈ Γµ−2ρj
ρ , and {rN+1 (h) , h ∈]0, h0]} is bounded in Γ

µ−2ρ(N+1)
ρ .

Definition 2.5. We call h-admissible Fourier integral operator, every C∞

application A :]0, h0] → L
(
S (Rn) ;L2 (Rn)

)
(where L(X,Y ) is the set of all

linear continuous operators from X to Y ), for which there exists a sequence
{aj}j∈{0,...,N} ∈ Γµ

0 satisfying

(2) A (h) =
N∑
j=0

hjIh (aj , ϕ) + hN+1RN+1 (h) , ∀N ∈ N,

where

[Ih (aj , ϕ)u] (x) = (2πh)−n

∫
Rn

∫
RN

eih
−1ϕ(x,ξ,y)aj (x, ξ, y)u(y)dydξ,

sup
h∈[0,h0]

∥RN+1 (h) ∥L(L2(Rn)) <∞.
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To give a meaning to the right-hand side of equality (1), we consider g ∈
S
(
Rn
x × RN

ξ × Rn
y

)
and g (0, 0, 0) = 1. If a ∈ Γµ

0 , we define

ar (x, ξ, y) = g

(
x

r
,
ξ

r
,
y

r

)
a (x, ξ, y) , r > 0.

Theorem 2.6. Let ϕ be a phase function satisfying (H1) , (H2) , (H3) and
(H ′3). Then

1. For all f ∈ S (Rn), limr→+∞ [Ih (ar, ϕ) f ] (x) exists for every point
x ∈ Rn and is independent of the choice of the function g. We then
set

[Ih (a, ϕ) f ] (x) := lim
r→+∞

[Ih (ar, ϕ) f ] (x) ∀x ∈ Rn.

2. Ih (a, ϕ) ∈ L(S (Rn)) and Ih (a, ϕ) ∈ L(S ′ (Rn)).

Proof. Let ψ ∈ C∞
0 (R) such that supp ψ ⊂ [−2, 2] and ψ ≡ 1 on [−1, 1].

For all ϵ > 0, we set

ωϵ (x, ξ, y) = ψ

[
λ−2 (x, ξ, y)

ϵ

(
|∂yϕ|2 + |∂ξϕ|2

)]
.

The hypothesis (H3) implies that there exists γ > 0 such that we have on the
support of ωϵ

λ (x, ξ, y) ≤ γ
(
λ

1
2 (y) + ϵ

1
2λ (x, ξ, y)

)
,

≤ γλ
1
2 (y) + γϵ

1
2λ (x, ξ, y) ,

≤ γλ
1
2 (y)

1− γϵ
1
2

.

Therefore, there exists ϵ0 and γ0 = γ
1−γϵ1/2

, such that for all ϵ ≤ ϵ0 we have

the inequality λ (x, ξ, y) ≤ γ0λ
1
2 (y), on the support of ωϵ.

Now, we fix ϵ = ϵ0. Then we have

(3) lim
r→+∞

[Ih (ωϵ0ar, ϕ) f ] (x) = [Ih (ωϵ0a, ϕ) f ] (x) , ∀x ∈ Rn

using (H2) we prove also that Ih (ωϵ0a, ϕ) ∈ L (S (Rn)).
To study limr→+∞ [Ih ((1− ωϵ0) ar, ϕ) f ] (x) for all x ∈ Rn, we create the

operator

Λh = Φh(x, ξ, y)

 n∑
j=1

∂ϕ

∂yj

∂

∂yj
+

N∑
j=1

∂ϕ

∂ξj

∂

∂ξj

 ,

where Φh(x, ξ, y) = −ih
(
|∇yϕ|2 + |∇ξϕ|2

)−1
and

∇yϕ =

(
∂ϕ

∂y1
, . . . ,

∂ϕ

∂yn

)t

, ∇ξϕ =

(
∂ϕ

∂ξ1
, . . . ,

∂ϕ

∂ξN

)t

,
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are Gradient vectors. So, we have

(4) Λh

(
eih

−1ϕ
)
= eih

−1ϕ

Indeed,

Λh

(
eih

−1ϕ
)

= Φh(x, ξ, y)

 n∑
j=1

∂ϕ

∂yj

∂

∂yj

(
eih

−1ϕ
)
+

N∑
j=1

∂ϕ

∂ξj

∂

∂ξj

(
eih

−1ϕ
)

= Φh(x, ξ, y)ih
−1eih

−1ϕ

 n∑
j=1

∂ϕ

∂yj

∂ϕ

∂yj
+

N∑
j=1

∂ϕ

∂ξj

∂ϕ

∂ξj


= Φh(x, ξ, y)ih

−1eih
−1ϕ

 n∑
j=1

(
∂ϕ

∂yj

)2

+
N∑
j=1

(
∂ϕ

∂ξj

)2


= Φh(x, ξ, y)ih
−1eih

−1ϕ
(
|∇yϕ|2 + |∇ξϕ|2

)
= Φh(x, ξ, y)ih

−1
(
|∇yϕ|2 + |∇ξϕ|2

)
eih

−1ϕ

= eih
−1ϕ.

Let Ω0 be the open subset of Rn × RN × Rn defined by

Ω0 =
{
(x, ξ, y) ∈ Rn × RN × Rn, |∇yϕ|2 + |∇ξϕ|2 >

ϵ0
2
λ2 (x, ξ, y)

}
.

We will use the next lemma.

Lemma 2.7. Let q ∈ N0, and b ∈ C∞
(
RN
ξ × Rn

y

)
. We have(

tΛh

)q
((1− ωϵ0) b) =

∑
|α|+|β|≤q

kqα,β∂
α
ξ ∂

β
y ((1− ωϵ0) b) ,

where kqα,β ∈ Γ−q
0 (Ω0) and depend only on ϕ.

Remark 2.8. N0 = N ∪ {0} and tΛh is the transpose of Λh.

Proof. We prove the lemma by recurrence. For q = 0 it is evident. Now we
see easily that

(5) tΛh =

n∑
j=1

Ah,j
∂

∂yj
+

N∑
k=1

Bh,k
∂

∂ξk
+ Eh

where

Ah,j ∈ Γ−1
0 (Ω0) , ∀j ∈ {1, . . . , n}

Bh,k ∈ Γ−1
0 (Ω0) , ∀k ∈ {1, . . . , N}

and Eh ∈ Γ−2
0 (Ω0) (which results from the hypothesis (H2)). Therefore, the

recurrence is immediately proved. □
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We have from (4)
(6)

[Ih ((1− ωϵ0) ar, ϕ) f ] (x) =

∫∫
eih

−1ϕ(x,ξ,y)
(
tΛh

)q
((1− ωϵ0) arf (y)) dydξ,

for all q ∈ N0.
Now

(
tΛh

)q
((1− ωϵ0)) arf described (when r varies) a bound of Γµ−q

0 , and

(7) lim
r→+∞

(
tΛh

)q
((1− ωϵ0) arf) (x, ξ, y) =

(
tΛh

)q
((1− ωϵ0) af) (x, ξ, y) ,

for all (x, ξ, y) ∈ Rn × RN × Rn.
Finally, we have

(8) λs−n−N (x)

∫∫
λ−s (x, ξ, y) dξdy ≤ γs,

for all s > n+N.
It results so from (6) − (8) and using Lebesgue’s dominated convergence

Theorem show us that

(9) lim
r→+∞

[Ih ((1− ωϵ0) ar, ϕ) f ] (x) =

∫∫
eih

−1ϕ(x,ξ,y)δ1,q(x, ξ, y)dydξ,

where δ1,q(x, ξ, y) =
(
tΛh

)q
((1− ωϵ0) af (y)) and q > n+N + µ.

From (3) and (9) we can show the first part of the theorem.
Now let us prove that Ih ((1− ωϵ0) a, ϕ) is bounded. Taking account of (5)

and (9) , we find

(10) [Ih ((1− ωϵ0) a, ϕ) f ] (x) =
∑
|γ|≤q

∫∫
δ2,q(x, ξ, y)∂

γ
y f (y) dydξ,

where δ2,q(x, ξ, y) = eih
−1ϕ(x,ξ,y)b

(q)
γ (x, ξ, y) and b

(q)
γ ∈ Γµ−q

0 .
On the other hand, we have

(11) xα∂βx δ2,q(x, ξ, y) ∈ Γ
µ−q+|α|+|β|
0 .

We deduce from (10) and (11) that, for all q > n + N + µ + |α| + |β|, there
exists a constant Cα,β,q such that∣∣∣xα∂βx Ih ((1− ωϵ0) a, ϕ) f (x)

∣∣∣ ≤ Cα,β,q sup
|γ|≤q

sup
x∈Rn

|∂γxf (x)| ,

which proves Ih ((1− ωϵ0) a, ϕ) ∈ L (S (Rn)).
The boundedness of Ih (a, ϕ) on the space S ′ (Rn) is obtained by the same

way via the condition (H ′3). □
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3. L2L2L2-BOUNDEDNESS AND L2L2L2-COMPACTNESS OF FHFHFH

In this section we will study a particular case on the phase function ϕ, which
is very useful for solving Cauchy problems [19]. Let ϕ (x, y, ξ) = S (x, ξ)−⟨y, ξ⟩,
where S ∈ C∞

(
Rn
x × Rn

ξ ;R
)
satisfying

(G1) S ∈ Γ2
1

(
R2n
x,ξ

)
(G2) There exists δ0 > 0 such that

inf
(x,ξ)∈R2n

∣∣∣∣det ∂2S∂x∂ξ
(x, ξ)

∣∣∣∣ ≥ δ0;

Proposition 3.1. If S satisfies (G1) and (G2) . Then the phase function ϕ
satisfies (H1) , (H2) , (H3) and (H ′

3) .

Proof. (H1) and (H2) are trivially satisfied.
By the global implicit function theorem and using the conditions (G1) and

(G2) , we can easily see that the mappings h1 and h2 defined by h1 : (x, ξ) →
(x, ∂xS (x, ξ)) and h2 : (x, ξ) → (ξ, ∂ξS (x, ξ)) are global diffeomorphism of
R2n.

Indeed,

h′1 (x, ξ) =

(
In

∂2S
∂x2 (x, ξ)

0 ∂2S
∂x∂ξ (x, ξ)

)
,

h′2 (x, ξ) =

(
0 ∂2S

∂x∂ξ (x, ξ)

In
∂2S
∂x2 (x, ξ)

)
.

and∣∣deth′1 (x, ξ)∣∣ = ∣∣deth′2 (x, ξ)∣∣ = ∣∣∣∣det ∂2S∂x∂ξ
(x, ξ)

∣∣∣∣ ≥ δ0 > 0 ∀ (x, ξ) ∈ R2n

Then∥∥∥(h′i (x, ξ))−1
∥∥∥ =

∣∣∣∣det ∂2S∂x∂ξ
(x, ξ)

∣∣∣∣−1 ∥∥tCo [h′i (x, ξ)]∥∥ , ∀i ∈ {1, 2}

where Co [h′i (x, ξ)] is the cofactor matrix of h′i (x, ξ) for all i ∈ {1, 2} . By (G1),
we know that

∥∥tCo [h′i (x, ξ)]∥∥ are uniformly bounded for all i ∈ {1, 2}.
The mappings Rn ∋ ξ → π1,x (ξ) = ∂xS (x, ξ) and Rn ∋ x → π2,ξ (x) =

∂ξS (x, ξ) are global diffeomorphisms of Rn. From (G1) and (G2) , it follows

that
∥∥∥(h−1

i

)′∥∥∥ , ∥∥∥∥(π−1
1,x

)′∥∥∥∥ and

∥∥∥∥(π−1
2,ξ

)′∥∥∥∥ are uniformly bounded. Thus (G2)

and the Taylor’s theorem lead to the existence of M,N > 0, such that for all
(x, ξ) , (x′, ξ′) ∈ R2n,

|ξ| =
∣∣∣π−1

1,x (π1,x (ξ))− π−1
1,x (π1,x (0))

∣∣∣ ,
≤ M |∂xS (x, ξ)− ∂xS (x, 0)| ,(12)

≤ C1λ (x, ∂xS) ,
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with C1 > 0,

|x| =
∣∣∣π−1

2,ξ (π2,ξ (x))− π−1
2,ξ (π2,ξ (0))

∣∣∣ ,
≤ N |∂ξS (x, ξ)− ∂ξS (0, ξ)| ,(13)

≤ C2λ (x, ∂xS) ,

with C2 > 0,

| (x, ξ)−
(
x′, ξ′

)
| = |h−1

2 (h2 (x, ξ))− h−1
2

(
h2
(
x′, ξ′

))
|

≤ C| (ξ, ∂ξS (x, ξ))−
(
ξ′, ∂ξS

(
x′, ξ′

))
|,

and from (13) and (14) we have

λ (x, y, ξ) ≤ λ (x, ξ) + λ (y) ≤ C3 (λ (ξ, ∂ξS) + λ (y)) ,

with C3 > 0.
Also, we have ∂yjϕ = −ξj ; and ∂ξjϕ = ∂ξjS − yj , so

λ (ξ, ∂ξS) = λ (∂yϕ, ∂ξϕ+ y) ≤ 2λ (∂yϕ, ∂ξϕ, y) ,

which finally gives for some C4 > 0,

λ (x, ξ, y) ≤ C3 (2λ (∂yϕ, ∂ξϕ, y)) ≤
1

C4
λ (∂yϕ, ∂ξϕ, y) .

The second inequality in (H3) is a consequence of (13) .
By the same argument we can show (H ′

3) . □

Example 3.2. Consider the function given by

S (x, ξ) = α1x
2 + α2xξ + α3ξ

2 ∀x, ξ ∈ R
where αi ∈ R for all i ∈ {1, 2, 3}, S (x, ξ) verifies (G1) and (G2).

Theorem 3.3. Let Fh be the h-admissible Fourier integral operator defined
by

(14) Fhu(x) =

∫∫
eih

−1(S(x,ξ)−⟨y,ξ⟩)a (x, ξ)u (y) dyd̂ξ

where d̂ξ = (2πh)−n dξ, a ∈ Γm
k

(
R2n
x,ξ

)
, k ∈ {0, 1} and S satisfies (G1) and

(G2) . Then FhF
∗
h and F ∗

hFh are h-pseudodifferential operators with symbol in
Γ2m
k

(
R2n

)
, k ∈ {0, 1} , given by

σ (FhF
∗
h ) (x, ∂xS (x, ξ)) ≡ |a (x, ξ)|2

∣∣∣∣∣
(
det

∂2S

∂ξ∂x

)−1

(x, ξ)

∣∣∣∣∣ ,
σ (F ∗

hFh) (∂ξS (x, ξ) , ξ) ≡ |a (x, ξ)|2
∣∣∣∣∣
(
det

∂2S

∂ξ∂x

)−1

(x, ξ)

∣∣∣∣∣ ,
we denote here a ≡ b for a, b ∈ Γ2p

k

(
R2n

)
if (a− b) ∈ Γ2p−2

k

(
R2n

)
and σ stands

for the symbol.
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Proof. See [2] or [3]. □

Corollary 3.4. Let Fh be the h-admissible Fourier integral operator de-
fined as (14). Then, we have

(1) For any m such that m ≤ 0, Fh can be extended as a bounded linear
mapping on L2 (Rn) .

(2) For any m such that m < 0, Fh can be extended as a compact operator
on L2 (Rn) .

Proof. It follows from theorem (3.3) that F ∗
hFh is an h-admissible operator

with symbol in Γ2m
0

(
R2n

)
.

(1) If m ≤ 0, the weight λ2m (x, θ) is a bounded, so we can apply the
Calderon-vaillancourt theorem [7] for F ∗

hFh and obtain the existence of a pos-
itive constant γ (n) and a integer k (n) such that

(15) ∥(F ∗
hFh)u∥L2(Rn) ≤ γ (n)Qk(n) (σ (FhF

∗
h )) ∥u∥L2(Rn) , ∀u ∈ S (Rn) ,

where

Qk(n) (σ (FhF
∗
h )) =

∑
|α|+|β|≤k(n)

sup
(x,θ)∈Rn

∣∣∣∂αx ∂βθ σ (FhF
∗
h ) (∂θS (x, θ) , θ)

∣∣∣ .
Hence, for all v ∈ S (Rn) ,

∥Fhu∥2L2(Rn) = ⟨Fhu, Fhu⟩L2(Rn),

= ⟨F ∗
hFhu, u⟩L2(Rn),

≤ ∥F ∗
hFhu∥L2(Rn) ∥u∥L2(Rn) ,

from (15), we obtain

∥Fhu∥L2(Rn) ≤
(
γ (n)Qk(n) (σ (FhF

∗
h ))
) 1

2 ∥u∥L2(Rn) .

Thus Fh is also a bounded linear operator on L2 (Rn) .
(2) If m < 0, lim|x|+|θ|→∞ λm (x, θ) = 0, and the compactness theorem show

that the operator F ∗
hFh can be extended as a compact operator on L2 (Rn) .

Thus, the Fourier integral operator Fh is compact on L2 (Rn) . Indeed, let
(φj)j∈N be an orthonormal basis of L2 (Rn) , then

∥∥∥∥∥∥F ∗
hFh −

n∑
j=1

⟨φj , .⟩F ∗
hFhφj

∥∥∥∥∥∥→ 0 as n→ ∞.
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Since Fh is bounded, for all ψ ∈ L2 (Rn) ,∥∥∥∥∥∥Fhψ −
n∑

j=1

⟨φj , ψ⟩Fhφj

∥∥∥∥∥∥
2

L2(Rn)

=

〈
Fhψ −

n∑
j=1

⟨φj , ψ⟩Fhφj , Fhψ −
n∑

j=1

⟨φj , ψ⟩Fhφj

〉
L2(Rn)

,

=

〈
Fh

ψ −
n∑

j=1

⟨φj , ψ⟩φj

 , Fh

ψ −
n∑

j=1

⟨φj , ψ⟩φj

〉
L2(Rn)

,

=

〈
F ∗
hFh

ψ −
n∑

j=1

⟨φj , ψ⟩φj

 , ψ −
n∑

j=1

⟨φj , ψ⟩φj

〉
L2(Rn)

,

≤

∥∥∥∥∥∥F ∗
hFh

ψ −
n∑

j=1

⟨φj , ψ⟩φj

∥∥∥∥∥∥
L2(Rn)

∥∥∥∥∥∥ψ −
n∑

j=1

⟨φj , ψ⟩φj

∥∥∥∥∥∥
L2(Rn)

,

≤

∥∥∥∥∥∥F ∗
hFhψ −

n∑
j=1

⟨φj , ψ⟩F ∗
hFhφj

∥∥∥∥∥∥
L2(Rn)

∥∥∥∥∥∥ψ −
n∑

j=1

⟨φj , ψ⟩φj

∥∥∥∥∥∥
L2(Rn)

,

it follows that ∥∥∥∥∥∥Fhψ −
n∑

j=1

⟨φj , .⟩Fhφj

∥∥∥∥∥∥
L2(Rn)

→ 0 as n→ ∞.

Finally, Fh is a compact linear operator on L2 (Rn). □

4. THE HILBERT-SCHMIDTNESS OF FHFHFH

This section concerns another important set of bounded operators, namely
the Hilbert-Schmidt operators. The class of Hilbert-Schmidt operators has a
natural Hilbert space structure.

Definition 4.1. Let H1 and H2 be two Hilbert spaces. A bounded lin-
ear operator A : H1 → H2 is called a Hilbert-Schmidt operator if for some
orthonormal basis {en}∞n=0 in H1 we have

(16)

∞∑
n=0

∥Aen∥2H2
< +∞

The set of all Hilbert-Schmidt operators A : H1 → H2 is denoted by
C2 (H1, H2), or C2 (H) in case H1 = H2 = H.
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Remark 4.2. The square root of the left-hand side of (16) is called the
Hilbert-Schmidt norm or the Frobenius norm of the operator A and denoted
by ∥.∥HS .

Proposition 4.3. Let A ∈ C2 (H).

(1) The Hilbert-Schmidt norm ∥.∥HS is independent of the choice of or-
thonormal basis

(2) ∥A∗∥HS = ∥A∥HS
(3) ∥A∥ ≤ ∥A∥HS, where ∥.∥ is the usual operator norm.
(4) every operator A ∈ C2(H1, H2) is compact.

Lemma 4.4. If T ∈ L (H) then AT, TA ∈ C2 (H) and

(17) max {∥AT∥HS , ∥TA∥HS} ≤ ∥T∥.∥A∥HS

Now let Rn be a space with positive measure and H1 = H2 = L2 (Rn). In
this situation, the operators A ∈ C2(H1, H2) are described as follows

Theorem 4.5. The operators A ∈ C2(L2 (Rn)) are exactly those which can
be represented as

(18) Au (x) =

∫
Rn

k (x, y)u (y) dy,

with a kernel k ∈ L2
(
R2n

)
. We then also have

(19) ∥A∥HS = ∥k∥L2(Rn) .

Now, we have the following result concerning the Hilbert-Schmidt class of
h-admissible Fourier integral operators

Proposition 4.6. Let us recall that Fh on Rn, are integral operators of the
form

(20) Fhu (x) = (2πh)−n
∫∫

eih
−1(S(x,ξ)−⟨y,ξ⟩)a (x, ξ)u (y) dydξ,

where a ∈ Γm
0

(
R2n
x,ξ

)
, and S satisfies (G1) and (G2) . Then,

For any m such that m ≤ −n, Fh can be extended as a Hilbert-Schmidt
operator on L2 (Rn) .

Proof. First, let us observe that h-admissible Fourier integral operator Fh,
can be written as

Fhu (x) =

∫
eih

−1S(x,ξ)a (x, ξ)Fhu (ξ) dξ,

where Fh is semi-classical Fourier transform defined by

Fhu (ξ) =

∫
Rn

e−ih−1⟨y,ξ⟩u (y) dy.

We put

(21) Fh = Ah (S)Fh,



24 O.F. Aid and A. Senoussaoui 12

clearly we have

(22) Ah (S)u(x) =

∫
Rn

eih
−1S(x,ξ)a (x, ξ)u (ξ) dξ.

It results so from (21) and using lemma 4.4 we have

∥Fh∥HS = ∥Ah (S)Fh∥HS ≤ ∥Ah (S)∥HS ∥Fh∥L(L2(Rn)) .

Now, it is enough to prove Ah (S) ∈ C2
(
L2(Rn)

)
.First, let us observe that

Ah (S) has a integral representation just as (18) with kernel kh (x, ξ) . In fact,
straightforward computation shows us that

(23) Ah (S)u (x) :=

∫
Rn

kh (x, ξ)u (ξ) dξ,

where

(24) kh (x, ξ) := eih
−1S(x,ξ)a (x, ξ) .

Now let us show that kh ∈ L2
(
R2n

)
:

|kh (x, ξ)| =
∣∣∣eih−1S(x,ξ)a (x, ξ)

∣∣∣ = |a (x, ξ)| , ≤ C0,0λ
m (x, ξ) .

Hence |kh (x, ξ)|2 ≤ C2
0,0λ

2m (x, ξ). We deduce from lemma 2.2 that, for all

m < −n, kh ∈ L2
(
R2n

)
, and from (19) we have

(25) ∥Ah (S)∥HS = ∥kh∥L2(R2n) < +∞,

which proves that Fh ∈ C2
(
L2 (Rn)

)
. □

REFERENCES

[1] O.F. Aid and A.Senoussaoui, The boundedness of h-admissible Fourier integral operators
on Bessel potential spaces, Turkish J. Math., 43 (2019), 2125–2141.

[2] O.F. Aid and A. Senoussaoui, Hs boundeness of a class of a Fourier integral operators,
Math. Slovaca, 71 (2021), 889–902.

[3] O.F. Aid and A. Senoussaoui, The boundedness of a class of semiclassical Fourier inte-
gral operators on Sobolev space Hs, Matematychni Studii, 56 (2021), 61–66.

[4] O.F. Aid and A. Senoussaoui, The boundedness of Bilinear Fourier integral Operators
on L2 × L2, Int. J. Nonlinear Anal. Appl., 13 (2022) 1565–1575.

[5] O.F. Aid and A. Senoussaoui, L2-Hilbert-Schemidtness of Fourier integral operators with
weighted symbols, Mem. Differential Equations Math. Phys., 88 (2023) 1–11.

[6] R. Beals, Spatially inhomogeneous pseudodifferential operators II, Comm. Pure Appl.
Math., 27 (1974), 161–205.

[7] A.P. Calderón and R. Vaillancourt, On the boundedness of pseudodifferential operators,
J. Math. Soc. Japan, 23 (1971), 374–378.
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