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A NOTE ON APPROXIMATION PROPERTIES OF
DERIVATIVES OF SCHOENBERG SPLINES

HEINER GONSKA, MICHAEL WOZNICZKA, and FRANK ZEILFELDER

Abstract. We analyze approximation properties of derivatives of variation-di-
minishing Schoenberg splines with emphasis on the case of purely equidistant
knots. New direct inequalities regarding simultaneous approximation up to the
second derivative are obtained in terms of the classical second order modulus of
smoothness. For adequate polynomial degree and sufficiently smooth functions
these quantitative estimates imply a simultaneous approximation order which is
quadratic with respect to mesh size. These results remain valid if we drop the
general requirement of data given outside the basic interval. Numerical tests
verify our theoretical error bounds.

MSC 2010. 41A15, 41A17, 41A25, 41A28, 41A36, 65DO0T7.

Key words. Schoenberg operator, splines, derivatives, degree of approxima-
tion, simultaneous approximation, modulus of smoothness, Hestenes extension.

REFERENCES

[1] BARNHILL, R.E. and RIESENFELD, R.F., editors, Computer Aided Geometric
Design: Proceedings of a Conference held at the University of Utah, Salt Lake
City, UT, USA, March 18-21, 1974, Academic Press, New York, NY, USA,
1974.

[2] BARTELS, R.H., BEATTY, J.C. and BARSKY, B.A., An Introduction to Splines
for Use in Computer Graphics and Geometric Modeling, Morgan Kaufmann, Los
Altos, CA, USA, 1987.

[3] BERNSTEIN, S.N., Démonstration du théoréme de Weierstrass fondée sur le
calcul des probabilités, Communications de la Société Mathématique de Kharkov,
13 (1912), 1-2.

[4] BEUTEL, L.M., Gonska, H.H., Kacsd, D.P. and Tacuev, G.T., On
variation-diminishing Schoenberg operators: new quantitative statements, in
M. Gasca, editor, Multivariate Approrimation and Interpolation with Applica-
tions: Proceedings of the 6th International Workshop (MAIA 2001), Almunécar,
Granada, Spain, September 10-14, 2001, Monografias de la Academia de Cien-
cias Exactas, Fisicas, Quimicas y Naturales de Zaragoza, 20, pp. 9-58, Zaragoza,
Spain, 2002.

[5] CoHEN, E., RIESENFELD, R.F. and ELBER, G., Geometric Modeling with
Splines: An Introduction, A K Peters, Natick, MA, USA, 2001.

We are obliged to Prof. Ioan Rasa for clarifying some details about higher-order convexity
and to Prof. Valery A. Zheludev for sending us a copy of his survey [34] which also includes
an extensive bibliography of English and Russian language literature on approximation by
local splines.



(6]

[12]

[13]

[14]

[15]

DE BOOR, C.R., A Practical Guide to Splines, Springer, New York, NY, USA,
revised edition, 2001. 1st edition, 1978.

DE BOOR, C.R., Divided differences, Surv. Approx. Theory, 1 (2005), 46-69.
FARIN, G.E., Curves and Surfaces for CAGD: A Practical Guide, 4th edition,
Academic Press, New York, NY, USA, 1997.

GOLDBERG, D., What every computer scientist should know about floating-point
arithmetic, ACM Computing Surveys, 23 (1991), no. 1, 548.

GonskA, H.H., Quantitative Korovkin type theorems on simultaneous approzi-
mation, Math. Z., 186 (1984), 419-433.

GonskA, H.H. and KovacHiEvA, R.K., The second order modulus revis-
ited: remarks, applications, problems, Conferenze del Seminario di Matematica
dell’Universita di Bari, 257 (1994), 1-32.

HesTENES, M.R., Eztension of the range of a differentiable function, Duke
Math. J., 8 (1941), no. 1, 183-192.

Horr, E.F., Uber die Zusammenhinge zwischen gewissen héheren Dif-
ferenzenquotienten reeller Funktionen einer reellen Variablen und deren Dif-
ferenzierbarkeitseigenschaften, Dissertation, Philosophische Fakultét, Friedrich-
Wilhelms-Universitdt Berlin, Berlin, Germany, 1926.

HoscHEK, J. and LASSER, D., Fundamentals of Computer Aided Geometric
Design, A.K. Peters, Wellesley, MA, USA, 1993.

Kacso, D.P., Simultaneous approzimation by almost convex operators, in F. Al-
tomare, A. Attalienti, M. Campiti, B. Della Vecchia, G. Mastroianni and M.R.
Occorsio, editors, Proceedings of the 4th International Conference on Functional
Analysis and Approximation Theory, Acquafredda di Maratea, Potenza, Italy,
September 22-28, 2000, Volume II, in Supplemento ai rendiconti del Circolo
matematico di Palermo, serie 11, 68 (2002), 523-538.

KNoopr, H.B. and POTTINGER, P., Ein Satz vom Korovkin-Typ fiir C*-Réume,
Math. Z., 148 (1976), no. 1, 23-32.

LICHTENSTEIN, L., Fine elementare Bemerkung zur reellen Analysis, Math. Z.,
30 (1929), no. 1, 794-795.

LORENTZ, G.G., Zur Theorie der Polynome von S. Bernstein, Mat. Sb. (Recueil
Mathématique), 2 (44) (1937), no. 3, 543-556.

LoRreENTZ, G.G., Bernstein Polynomials, 2nd edition, Chelsea Publishing Com-
pany, New York, NY, USA, 1986.

Lupasg, A., Some properties of the linear positive operators (I), Mathematica
(Cluj), 9 (32) (1967), no. 1, 77-83.

LycHE, T. and SCHUMAKER, L.L., Local spline approzimation methods, J. Ap-
prox. Theory, 15 (1975), no. 4, 294-325.

MARSDEN, M.J., An identity for spline functions with applications to variation-
diminishing spline approzimation, J. Approx. Theory, 3 (1970), no. 1, 7—49.
MARSDEN, M.J., On wuniform spline approximation, J. Approx. Theory, 6
(1972), 249-253.

MARSDEN, M.J. and RIEMENSCHNEIDER, S.D., Asymptotic formulae for
variation-diminishing splines, in Z. Ditzian, A. Meir, S.D. Riemenschneider and
A. Sharma, editors, Second Edmonton Conference on Approximation Theory:



1982 Seminar on Approximation Theory held at the University of Alberta, Ed-
monton, AB, Canada, June 7-11, 1982, in Canadian Mathematical Society Con-
ference Proceedings, 3 (1983), 255-261.

[25] NURNBERGER, G., Approximation by Spline Functions, Springer, Berlin, Ger-
many, 1989.

[26] PALTANEA, R., Optimal estimates with moduli of continuity, Results Math., 32
(1997), no. 3-4, 318-331.

[27] SCHOENBERG, I.J., On spline functions, in O. Shisha, editor, Inequalities: Pro-
ceedings of a Symposium held at Wright-Patterson Air Force Base, OH, USA,
August 19-27, 1965, Academic Press, New York, NY, USA, 1967, with a sup-
plement by T.N.E. Greville, 255-291.

[28] SCHUMAKER, L.L., Spline Functions: Basic Theory, 3rd edition, Cambridge
University Press, Cambridge, United Kingdom, 2007.

[29] ScuwARzZ, H.A., Démonstration élémentaire d’une propriété fondamentale des
fonctions interpolaires, in Gesammelte mathematische Abhandlungen, 2nd edi-
tion, Chelsea Publishing Company, New York, NY, USA, 2 (1972), 307-308,

[30] SPERLING, A., Konstanten in den Sdtzen von Jackson und in den Ungleichun-
gen zwischen K-Funktionalen und Stetigkeitsmoduln, Diplomarbeit, Fachbere-
ich Mathematik, Universitat-Gesamthochschule Duisburg, Duisburg, Germany,
1984.

[31] VrapisLav, T. and RasA, 1., Analizd Numericd, Editura Tehnicd, Bucharest,
Romania, 1997.

[32] WHITNEY, H., On functions with bounded nth differences, J. Math. Pures Appl.
(9), 36 (1957), 67-95.

[33] ZHELUDEV, V.A., Asymptotic formulas for local spline approzimation on a uni-
form mesh, Dokl. Math., 27 (1983), no. 2, 415-419.

[34] ZHELUDEV, V.A., Local splines of defect 1 on a uniform mesh, Sib. J. Computer
Math., 1 (1992), no. 2, 123-156.

Received December 5, 2009 University of Duisburg-Essen
Accepted January 12, 2010 Faculty of Mathematics
47048 Duisburg, Germany
E-mail: heiner.gonska@uni-due.de
E-mail: michael.wozniczka@uni-due.de

University of Mannheim
Institute of Mathematics
68131 Mannheim, Germany
E-mail: frank.zeilfelder@gmx.de



