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THE (ALMOST) IMPOSSIBLE PUZZLE

Mihai Iancu

Abstract. Tom, Jerry and Spike play the following game. Tom generates a
random binary code of length n, which he sends to Spike along with a secret
number between 1 and n. Spike flips exactly one bit in the code and then
sends only the modified binary code to Jerry. Is there a pre-established strategy
for Spike and Jerry such that Jerry can determine the secret number solely by
looking at the code sent by Spike?
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1. SOLUTION

The puzzle and its solution(s) have been discussed in [4, 2, [1l 3] and others,
mainly focusing on the case n = 64 (often formulated as a chessboard puzzle).
See [5] for a generalization. We present a short proof of the following theorem,
understandable for a first-year student taking a course in Linear Algebra.

THEOREM 1. There is a pre-established strategy for Spike and Jerry if and
only if n = 2™ for some m € N.

Proof. Let I = {1,...,n}, where n > 2 (the case n = 1 is trivial). In the
following, we consider Z5' = Zso X ... X Zo as a vector space over Zsg, where
m € N*. For i € I, let e; € Z3 be the canonical vector with 1 on the ¢-th
position and zeros elsewhere. Note that z + ¢; is the code z with the i-th bit
flipped, for every z € Zy and i € 1.

Spike and Jerry have a pre-established strategy if and only if there exists
f 1 Z% — I such that for every z € Z3 and every k € I there exists ¢ € I such
that f(z +¢;) = k.

“=" Assume there exists f as above. For every z € Z3, let

B,={z+e1,...,2+en}
and note that
(1) f(B:) =1

Claim 1: | )] B.=173.
zef~1(1)
Indeed, if z € Z%, then there exists ¢ € I such that f(z + e;) = 1, and thus
there exists x € f~1(1) such that 2 = 2 + ¢; € B,.
Claim 2: B N By =0, for z,y € f~1(1) with = # y.
Let z,y € f~1(1). If there exist 4,5 € I such that x +e¢; =y +e; = 2, then
f(z+e) = f(z+¢€;) =1, hence, by (1), i = j, and thus z = y.
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Claims 1 and 2 imply n-card f~1(1) = 27, therefore n = 2™ for some m € N.

“="” Assume that n = 2™ for some m € N. First, Spike and Jerry define
the one-to-one map ¢ : I — Z5" such that ¢(i) is the binary representation
of i — 1 with m bits, for every i € I. Next, they define g : By — Z3' such
that g(e;) = (i), for every i € I. Next, they extend g by linearity to have
g:7Z% — Z3. Finally, they take f = p~tog:Z8 — I.

Let z € Zy and k € I. Since g(By) = Z3', there exists i € I such that
g(ei) = g(z +ex). Then g(z +e;) = g(2) + g(z +ex) = g(z + 2 + ex) = glex),
so f(z+e;) =k.

O

2. EXECUTING THE SOLUTION

Assume Spike and Jerry want to program their strategy (which is viable if
n = 2™ for some m € N) in Python. They can use the xor operator which
performs addition in Zsy on the corresponding bits of two integers. Examples:
xor(0,0) and xor(1,1) return 0, while xor(0,1) and xor(1,0) return 1;
xor (10,7) returns 13, because the binary representations (with 4 bits) of 10,
7 and 13, are 1010, 0111, respectively 1101.

In the following, we present the Python coding of the solution given in the
proof of Theorem [I}

from operator import xor
#Spike and Jerry pre-establish this function
def f(binary_code):
ones_positions=[i for i,b in enumerate(binary_code) if b!=0]
output=0
for k in ones_positions:
output=xor (output ,k)
return output+1

Let’s test the function, by executing Spike and Jerry’s plan on some data
produced by Tom.
Tom’s part:

from random import choices

n=128

# Tom generates the random binary code
rnd_code=choices ([0,1] ,k=n)

# Tom writes the secret number

k=113

Spike’s part:

# Spike uses Tom’s code and secret number,

# to find the bit i that he has to flip
code=rnd_code.copy(); codel[k-1]=xor(codel[k-1],1)
i=f(code) # Spike calls the pre-established function
# Spike flips the i-th bit
rnd_code[i-1]=xor(rnd_code[i-1],1)
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Jerry’s part:

# Jerry just calls the pre-established function
print ("The secret number is %d." %f(rnd_code))

[1]
2]
3]
(4]
[5]
[6]

The code can be easily tested in, e.g., a Jupyter notebook [6].
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