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ON AN INTEGRAL INEQUALITY

Mihai Iancu

Abstract. We give a consequence of a Hardy type inequality. The proofs are
elementary.
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1. PROBEM

The following problem can be proposed to a freshman studying Analysis.
It is also suitable for Romanian twelfth-grade high school students preparing
for mathematical competitions. The problem involves an integral inequality in
the spirit of Hardy (see [1, Sections 9.8–9.9]) and, to the best of our knowledge,
is new.

Problem 1. Let p > 0, p ̸= 1, and let f : [0,∞) → [0,∞) be a continuous
function such that (

xf(x)
)p ≤ ∫ x

0
f(t)dt, ∀x ≥ 0.

Prove that lim
x→∞

f(x) = 0.

2. SOLUTIONS

We give two solutions.

Solution 1. Assume that we don’t have lim
x→∞

f(x) = 0.

Case p ∈ (0, 1):

Since f(x)p ≤ x1−p 1

x

∫ x

0
f(t)dt, ∀x > 0, and lim

x↘0

1

x

∫ x

0
f(t)dt = f(0), we

have f(0) = 0. The assumption implies that f is not identically zero, so we
can consider (f being continuous)

x0 = max{x ≥ 0 : f(t) = 0,∀t ∈ [0, x]} < ∞.

Since f is continuous and f(x0) = 0, we can choose δ ∈ (0, 1) such that
f(x) < 1, ∀x ∈ [x0, x0 + δ]. We deduce that there exists x1 ∈ (x0, x0 + δ] such
that max

x∈[x0,x0+δ]
f(x) = f(x1) ∈ (0, 1).

Taking into account the above, we have (x1 − x0)f(x1) ∈ (0, 1) and∫ x1

0
f(t)dt =

∫ x1

x0

f(t)dt ≤ (x1 − x0)f(x1) < ((x1 − x0)f(x1))
p ≤ (x1f(x1))

p,
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in contradiction with the inequality of the problem.

Case p > 1:

By the assumption, f is unbounded. Indeed, if f is bounded above by M >

0, then f(x)p ≤ x−p

∫ x

0
f(t)dt ≤ Mx1−p, ∀x > 0, and thus lim

x→∞
f(x)p = 0.

Let m0 = 1 + max
x∈[0,1]

f(x). Since f is unbounded and continuous, we can

consider
x0 = max{x ≥ 0 : f(t) ≤ m0,∀t ∈ [0, x]} < ∞.

Taking into account the above, max
x∈[0,x0]

f(x) = f(x0) = m0 ≥ 1 and x0 > 1.

So, x0f(x0) > 1 and

∫ x0

0
f(t)dt ≤ x0f(x0) < (x0f(x0))

p, in contradiction

with the inequality of the problem.

Solution 2. Assume that we don’t have lim
x→∞

f(x) = 0.

Let F : [0,∞) → [0,∞), F (x) =

∫ x

0
f(t)dt, x ≥ 0. Since f is continuous,

F is differentiable on (0,∞) with F ′(x) = f(x), x > 0, and lim
x↘0

F (x)

x
= f(0).

Case p ∈ (0, 1):

We have f(x)p ≤ F (x)

xp
, ∀x > 0. Taking into account the above limit, we

deduce that f(0) = 0. The assumption implies that f is not identically zero,
so we can consider (f being continuous)

x0 = max{x ≥ 0 : f(t) = 0,∀t ∈ [0, x]} < ∞.

We have F (x) > 0, ∀x > x0, and
1

x
− F ′(x)F (x)

− 1
p ≥ 0,∀x > x0.

Let q =
1

p
−1 > 0 and let G : (x0,∞) → R, G(x) = q lnx+F (x)−q, x > x0.

The above inequality implies that G is increasing.
Let (xn)n∈N∗ be a sequence in (x0,∞) such that lim

n→∞
xn = x0. Using the

Mean Value Theorem for integrals and the definition of x0, we can choose, for
every n ∈ N∗, yn ∈ (x0, xn] such that F (xn) = xnf(yn) > 0.

We have lim
n→∞

xqn lnxn =

{
xq0 lnx0, x0 > 0

0, x0 = 0
, because, applying the l’Hospi-

tal rule, lim
x↘0

lnx

x−q
= 0. Moreover, lim

n→∞
f(yn) = f(x0) = 0. Hence,

lim
n→∞

G(xn) = lim
n→∞

x−q
n

(
qxqn lnxn + f(yn)

−q
)
= ∞,

in contradiction with G being increasing.



124 M. Iancu

Case p > 1:

The assumption implies that f is not identically zero, thus there exists

x0 ≥ 0 such that F (x) > 0, ∀x > x0. We have F ′(x)F (x)
− 1

p − 1

x
≤ 0,∀x > x0.

Let q = 1− 1

p
> 0 and let G : (x0,∞) → R, G(x) = F (x)q − q lnx, x > x0.

The above inequality implies that G is decreasing.
By the assumption, there exists a sequence (xn)n∈N∗ of positive numbers

such that lim
n→∞

xn = ∞ and lim
n→∞

f(xn) ∈ (0,∞].

The inequality of the problem implies F (xn)
q ≥ (xnf(xn))

p−1, ∀n ∈ N∗.

Applying the l’Hospital rule, lim
n→∞

lnxn

xp−1
n

= 0. So,

lim
n→∞

G(xn) ≥ lim
n→∞

xp−1
n

(
f(xn)

p−1 − q
lnxn

xp−1
n

)
= ∞,

in contradiction with G being decreasing.

3. REMARKS

Remark 1. In the case p = 1, we can easily give examples of continu-
ous functions f that satisfy the inequality of the problem, but don’t satisfy
lim
x→∞

f(x) = 0, using the following observation: if f is decreasing, then f sat-

isfies the inequality of the problem for p = 1. Example: f(x) = e−x + 1,
x ≥ 0.

Remark 2. In the case p ∈ (0, 1), according to the above solutions, the only
function f that satisfies the conditions of the problem is the zero function. In
the case p > 1, there are functions f that satisfy the conditions of the problem

and are not identically zero. Example: (xe−x)p ≤ xe−x ≤
∫ x

0
e−tdt,∀x ≥ 0,

for p > 1.
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