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ROOTS OF A POLYNOMIAL IN A GIVEN INTERVAL

Cristina Blaga and Paul A. Blaga

Abstract. In this note, we present an application of Sturm’s theorem to
determine the number of positive roots of a third-degree polynomial arising
in the study of a compact object. The coefficients of the polynomial depend
on several quantities obtained from measurements; therefore, an analysis
of the existence of its roots within an interval, for a given set of conditions
satisfied by the parameters, is useful.
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1. INTRODUCTION

Students learn in middle school to solve practical problems that lead
to first-degree equations or, at most, second-degree equations. Later, in
high school an important place in mathematics curriculum is occupied by
the study of polynomials. Sometimes problems from astrophysics lead to
solving third-degree or higher equations, with coefficients depending on
parameters derived from measurements. In the sixteen century, formulae
for the roots of a third and fourth degree equations were found. The
search for formulae of solution for fifth and higher degrees equations in
terms of their coefficients was unsuccessful, therefore in the nineteenth
century, theories were developed that allow us to determine whether an
equation has a solution in a given interval. For a brief history of the
search of formulae for the roots of the third and higher degree equations
see [2] or [6].

In this note we present the problem from astrophysics which leads
to the third order equation analysed using the Sturm theorem. In the
section 2 we describe the context in which the third degree equation
arises. In the section 3 we obtain the terms of the Sturm sequence and
discuss their sign for the given set of parameters. Some final remarks are
given in section 4.

2. THE PROBLEM

The third order equation we analyse appears in the study of a fascinat-
ing object called black hole. The existence of such objects was mentioned
by Pierre-Simon Laplace (1749-1827), in 1795, in his book Ezposition of



32 C. Blaga and P.A. Blaga

the System of the World, where he predicted the existence of bright stars
that we do not see, because the escape velocity from their surface is
greater than the speed of light (see [4]). In Einstein’s theory of general
relativity, a black hole is defined as astrophysical objects so dense that
even light cannot escape from it (see [1]). Around a black hole there
is a boundary, where the light cannot escape, the event horizon. Today
different metrics are used to describe the (spacetime) geometry around a
dense object. The existence and the spatial location of horizons depends
on the metric we use.
Next we consider the metric

ds* = B(r)dt* — B~'(r)dr® — r* (d6” + sin® 0d¢*)
where

B(2-307)
r

B(r) =1=3py - +ar o+ kr?,

with 3, v and k constants, obtained by Mannheim and Kazanas in [3].
The constants (3, v are positive, 5y < 1 and k is negative (see [3]).

3. HORIZONS

To determine whether an horizon is formed, we analyze the zeros of
the lapse function,

B(r) = —kr? £ 41?4 (=307 + Vr +36%y - 26

’
We observe that
lim B(r) = sgn[B(3fy — 2)] - 0o = —o0,

r—0t

since By < 1. Moreover,
lim B(r) = —sgn(k) - 0o = 400,

r—00

because k < 0. It follows that there exists ro € (0, 00) such that B(rg) =
0. Hence, an event horizon exists (see [5]).

The number of positive roots of the numerator of the lapse function —
a cubic polynomial — can be determined using the Sturm theorem [2],
which provides a method to evaluate the number of distinct real roots of
a polynomial within a given interval by constructing its Sturm sequence.
The difference in the number of sign changes of this sequence, evaluated
at the endpoints of the interval, gives the number of distinct real roots
of the polynomial in that interval.

Let Py(r) denote the numerator of B(r), and seek its positive roots.
Its Sturm sequence [2] can be derived from Py(r) as follows: set Pi(r) =
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Pj(r). Then divide Py(r) by P;(r) and take the remainder, with reversed
sign, as P(r). In general, once P,_1(r) and Py(r) have been obtained,
the next term Pj41(r) is defined as the remainder (with reversed sign) of
the division of Py_1(r) by Px(r),

(1) By (r) = Biu(r) au(r) = Bia(r),

where ¢x(r) is the quotient of the division. Hence, the Sturm sequence
of the numerator of B(r) is:

(2)  Ro(r) = =k’ + 97 + (1= 387)r - B(2 = 387),
(3)  Pi(r) = —=3kr* +2yr +1— 387,

—6k(1 —387) — 272 98k(2—3B7) —~%(1 —3
1) Por) = ( gfv) 7r+ﬁ( ﬁv)gkv( 57)7

5 p o SRETEE =38y~ D[KZ =38 + 221 - 5]
’ 498y — 7% — 3k)? '
We determine the sign changes of the polynomials of the Sturm se-
quence for r = 0 and r = +o00 using the following results.

THEOREM 1. If B > 0, v > 0, By < 1, and k£ < 0, then the signs of
the polynomials in the Sturm sequence at r = 0 are:
(1) sgn[Py(0)] is negative,
(2) sgn[P;(0)] is positive,
(3) sgn[P»(0)] is positive, and
(4) sgn P3 = sgn [k(2 —367)% +73(1 — 67)}.

Proof. Evaluating the first three terms of the Sturm sequence at r = 0
gives

(6) Po(0) = —B(2 = 387),
(7) Pi(0) =1-3p,

~9Bk(2 = 3Py) —v*(1 = 307)
(8) Py(0) = % :

From the parameter constraints, it follows that Py(0) < 0 and P;(0) > 0.
For P,(0), note that its denominator has the sign of k (negative), while its
numerator is also negative (a sum of negative terms), implying P5(0) > 0.
The sign of Pj is determined by the third factor in its numerator, as the
first two factors are negative and the denominator is positive. 0

THEOREM 2. If >0, v > 0, fy < 1, and k < 0, then the signs of
the polynomials in the Sturm sequence at r = +oco are:
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(1) sgn[Py(+00)] is positive,

(2) sgn[P;(+00)] is positive,

(3) 3k(1—387)+~>
k

(

3) sgn[Pe(+o00)] = sgn( )oo,

4) sgn Py = sgn[k(2 — 307)> +7*(1 — B7)].

Proof. The signs follow from taking limits of the polynomials as r —

00:
9) lim Py(r) = —sgn(k) oo = +o0,

r—00
(10) lim Pi(r) = —sgn(k) oo = +o0,

r—00

3k(1—3 2

(11) lim Py(r) :sgn< ( )+ )oo

r—00 k‘
Again, the sign of P; is determined by the third factor in its numerator.

O

The sign changes of the Sturm sequence at » = 0 and r = oo depend
on the signs of Py(400) and Ps.

THEOREM 3. If >0, v >0, v < 1, and k < 0, then:
2

: - : e
(].) if k < m, then rll)n;) PQ(T) = —0OQ;
2
. —(1—57)

2) if k < ————~, then P; < 0.
G gy e Iy

Proof. These results follow directly from the parameter constraints,
relation (11), and

(12) sgn Py = sgn [k(2 — 367)° + (1 = B7)] .
]
THEOREM 4. Let fi, fo : R? — R be defined by
fi(B,y) = s fa(B,7) = by
’ 3(1—367)’ ’ (2-367)?

If vy < %, then
f1(577)<07 f2(ﬁ77)<0? and f1(6?7)<f2<577)

Proof. The first two inequalities follow directly. Furthermore,
f(By) _ 98%* — 125y +4

f2(B,7) 98292 — 126y +3
Since fo(B,7) < 0, it follows that f1(5,7v) < f2(5,7). O
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Fig. 3.1 — Plots of f1(8,7) (green) and fa(5,7) (gold).

We are now ready to discuss the number of positive roots of the equa-
tion B(r) = 0. From the parameter constraints 5 > 0, v > 0, fy < 1,
and k£ < 0, there are three possible cases:

(1) If & < fi(B,7), the signs of the Sturm sequence at r = 0 and
r — oo are given in Table 1.

r | By(r) Pi(r) Py(r) Ps|Sign changes
o[ - + + - 2
+oo | + + — — 1

Table 1 — Sign changes in Case 1.

(2) If f1(B,v) < k < fa(B,7), the signs are shown in Table 2.

r | Po(r) Pi(r) Py(r) P3| Sign changes
0 ] = + + - 2
too| + + + - 1
Table 2 — Sign changes in Case 2.

(3) If fo(8,v) < k < 0, the signs are listed in Table 3.

The graphs of the functions F,, P;, P, and P; for three representative
choices of the parameters (5,7, k), illustrating the three cases discussed
above, are shown in Fig. 3.5. In all these three cases, the difference
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r | Po(r) Pi(r) Py(r) Ps|Sign changes
0o - + + T 1
Yoo +  +  + ¥ 0

Table 3 — Sign changes in Case 3.

Py(r) .
olr) Pi(r)

10 1 Py(r)

P(r) P(r) PO ]

-2 Py(r) -2
-3 + + -3
0 1 2 3 4 5 6 0 1 2 3 1 5 6
Fig. 32 — Case 1: k < Fig.3.3- 2: f1(8,7) <k < Fig. 34 - Case 3:
f1(8,7) f2(8,7) f2(B,7) <k

Fig. 3.5 — Sturm sequences for the numerator of B(r) in Weyl conformal gravity,

for (8,7) = (0.1,0.1): (a) Case 1: k = —0.045 < f1(0.1,0.1) = —0.0034; (b) Case 2:

£(0.1,0.1) < k = —0.0028 < f5(0.1,0.1) = —0.0026; (c) Case 3: f2(0.1,0.1) < k =
—0.0015.

between the number of sign changes at 0 and oo equals 1, indicating a
single real positive root of B(r) = 0. Hence, if § > 0, v > 0, 0y < 1,
and k < 0, then an unique horizon exists.

4. CONCLUDING REMARKS

In this note, we studied the existence of positive roots of a third-degree
polynomial using Sturm’s theorem. The equation arises in the analysis
of the existence of the black hole horizon in Mannheim—Kazanas space-
time. The metric describing this spacetime depends on three parameters
determined from measurements. Using Sturm’s theorem, we proved that
if 5 and ~ are positive and their product is less than 1/3, and if & is
negative, then the cubic equation has a unique positive solution. This
article is intended for those who wish to enrich their classes with practi-
cal examples and to encourage students to make connections with other
disciplines, such as physics.
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