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PROOF OF MORLEY’S THEOREMS

Mihéaly Bencze, Marius Driagan and Ovidiu T. Pop

Abstract. In this paper we will prove Morley’s Theorems through four methods, two
trigonometric, with complex numbers and using barycentric coordinates.
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This article is a methodical paper in which known results will be demonstrated
through both old and new demonstration ideas.

In the following we will recall some known notations and results which we will use in
the following.

For a triangle ABC, we will use the established notations: A, B, C' the measures of
the angles; a, b, ¢ the lengths of the sides and C(O, R) the circumscribed circle, with
center O and radius R. In the demonstration using complex numbers, by z4 we will
understand the affix of the point A and ¢, = cosa + isina, a € R.

The following identities are well known

(1) Sinx:sin§<3—4sin2§):4sin§-sinﬂ;;xsinﬂ-;x
if x e R,

(2) sin? x + sin® y — 2sin 2 sin y cos z = sin? z,

if x,y,z € R such that x +y + z = 7,

(3) sin? z 4 sin? y + 2sin x sin y cos z = sin® 2

if x,y,2 € R such that z + y + z = 0 and
(4) sinxsinysin z =

(sin(—z+y+z)+ sin(z—y+2)+ sin(z+y—2z) — sin(z+ y+ 2))

B~ =

ifx,y,z € R.
The following theorem was discovered in 1899 by Anglo-American mathematician
Frank Morlay.

THEOREM 1 (Frank Morley, September 9, 1860-October 17, 1937). In any triangle,
the three points of intersection of the adjacent angle bisectors form an equilateral
triangle.
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Demonstration 1. Applying the law of sine in triangle BO1C (see Fig. 1), we have
4R sin Asin 3

respectively
B
asin — 2R sin Asin —
CO; = 3 = 3 _ .
. B+C (T A V3 A A
sin [ 7 3 sin | o — 3 cos = —sin 2
A +A
Amplify with v/3 cos 3 + sin 3= 2sin T and taking (1) into account
A A . B_ 7w+ A
4Rsin — | 3 — 4sin” — | sin —2sin
o 3 3 3 3
' 3 cos2 102 A 7
COSs g — Sin g
B T+ A

from where
CO; = 8Rsin gsin 3 sin 3

(5)

Figure 1

T+ B
3

Similar in triangle AO2C' we have
A
(6) CO5 = 8Rsin 3 sin 3 sin
Applying the cosine theorem in triangle CO102 and taking (5) and (6) into account,
we have
0,03 = CO? + CO3 —200,CO4 cos — =
o T+B . m+A . m+B C’)
— 2sin sin 3 coS 3/

A
-+ sin

A
= 64R?sin? 3 sin? 3 (bl 2
= 7 and taking relation (2) into

t+B C 2r+(A+B+0)

3

Because 3 3
account, we obtain
A C
0109 = 8Rsin 3 sin 3 sin 3"

T+ A
+

(7)
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A B C
Similarly O203 = O30, = 8Rsin gsin gsin 3> it follows that the triangle O10203

is equilateral triangle.

Demonstration 2.

C

Figure 2

+B
Let the point O} € (COsz such that CO,0% = WT (see Fig. 2) and then

7T+B_€_27T—B—C_7T+A

/ — —
CO50, = 3 3 3 3

From the theorem of sine in the triangle O104C, we have that

co,  COy
7+B | w4+ A
sin — sin —

and taking (5) into account, we obtain that

CO: i T+ B

1 - sin

C’Oéz—zSRsinésinﬁsinﬂ-_'_B.
o a+ A 3 3 3
sin 3

Then, according to (6) it follows that CO} = COy and how O} € (COy it results that
O}, coincides with Os. At this point we are in the situation in Demonstration 1.

Demonstration 3. We will give a proof with complex numbers (see Fig. 1). We
have immediately that

- COl o COQ

Zoy = Zc = ——(Za— Zc)esg, Zo, = Zc = —~(Za~ Zo)eg

from which by subtraction, we obtain that

Za— 7
7202:u6

Z
© b

1

(co1 ec fcog).

wlQ
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Taking (5) and (6) into account, we have

ZAs—Z A B
Zol—ZOZZ%E%SRSingsmg(Sinﬂ-_‘_ ~5%—sinﬂ-_g )
Zas— 7 A B
:%-5%-8Rsingsin§-
<< T+ A c . 7T+B) . T+ A C’)

. Sin COS — — sln + 2 sIn sin — .
3 2 3 3 3

Moving to the modulus, we have that

Za— 27 A B
fa—2c €c 8Rsin§sin—~

b 3

(sinW+AcosC—sin7T+B)2+(sinﬂ+AsinC)
3 3 3 3 3

A B
= 8Rsin§sin§~

\/.27T+A . om+ B . T+A 7w+ B C
-\/sin + sin — 2sin sin cos — .
3 3 3
n+A 7w+ B ) ) )
Because 3 + 3 + 3= and taking (2) into account, from above we obtain

A B (C
that 0102 = 8Rsin gsin gsin 3> so 010503 is equilateral triangle.

Demonstration 4. In this proof we will use barycentric coordinates. We consider
a1, B1,71 the barycentric coordinates of Oy, as, 82,72 barycentric coordinates of Os,
F be the area of triangle ABC' and let
A B C
p = sin —sin —sin —.
Using (5), (6) and their analogues, we have

00 sinCa  sRsin Fein Bean ™A, ©
a0y, BC)  FHsmza sin = sin —-sin

sin —a
a1 = = = 3
a(A, BC) 2F 2F
from where
dapR . 7+ A
(8) a1 = g sin 3
B = d(01,CA) _ 18— _ sin —sin —-sin sin —
d(B,CA) 2F 2F
. 2C . C _
and because sin 3 = 2sin gcos 3> we obtain
S8hpR A C
(9) pr = %sinﬂ_g cos =
B0 sin 2B e sRsin tein Con T A, 28
y o= d(O1,AB) 18I 7gmC _ SIN o SIS —5—sin —

d(C,AB) 2F 2F



Proof of Morley’s Theorems 15

from where
_8cpR . T+ A B

(10) Mm=-—Fsin—g—cos .
imilarly, taking into account that as = d(A,BC) o = (B, CA) and vy =
d(O2, AB) have that
d(C. AB) , we have tha
8apR . m+ B C
(11) g = Fp sin ——cos o,
4bpR B
(12) By = % sin ”;
and
8pR . m+ B A
(13) Yo = }2 sin — 53 -
4apR +A +B C
Using (8) and (11), we have a3 — ap = a};z; (sin T 3 2 sin cos 3) and
because
. C . T+ B+C . m+B-C
2sin cos — = sin + sin =
3 3 3
L 2r— A . m+B-C . ( 7T+A) . m+B-C
= sin + sin =sm|mT— +sm——=
3 3 3
. A ( B-C- 27)
= sin +sm|\m+ —F7—7—],
3
SO
4 B-C-2
(14) ) —ag = aplt sin ¢-2n .
F
Similarly, using (9) and (12), we have
5 5 _4pr(2. T+A C 7T+B)_4pr . T+ A-C
1 5 = I S1 3 COS3 sin 5 = F Sin 3 )
SO
4bpR . 27— B -2C
(15) 61 - 62 = l]": sin T 3 .
From (10) and (13) we have
- —SCpR(sinﬁ—’_AcosEfsinﬂ—’_Bcosé)—
Y1 V2= I3 3 3)=
_ 8cpR 1 (sin T+A+B sin T+A—B _sin T+B+A _sin 7r+B—A> B
- F 2 3 3 3 3 B
_ 8B sin A-B cos —, SO
B 3 3’
4 — 2B —
(16) V1= Y2 = Cﬁ,RsinW 3 C.

From (14)-(16) and distance formula between two points, we have that
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0103 = —(B1 — B2) (11 — 12)a® — (11 — 72) (1 — @2)b? — (a1 — a2)(B1 — Ba2)c® and
a =2Rsin A = 2Rsin(m — B — C) and analogues, we have

16R?*p%a?be . 2r—2C —-B . m—2B—-C

0,02 = 7 sin 3 sin 3
_16R2p2ab20 - B-C—2r - m—2B—-C B 16R2p2ab02 - B-C—2r
P 3 3 P 3
. 2r—B-2C —16R2p22Rabc<_ 2n—B-2C | #1—2B-C
-sin = sin sin .
3 F? 3 3
— 2B — B-C-2
~sin(7rfoC)JrSin7r 3 Csin C:; T sin B+
. B-C-2r . 2n—-DB-2C |
+ sin 3 sin 3 sinC' ).

Using the identity (4) and as A+ B + C = 7, we have

2r — B —2 —2B — — 2B —
sin =& 3 C(sinﬂ- 3 Csin(ﬂ—B—C)—&—sin%-
. B-C-27 . B-C—-2r  2r—DB-2C
~smfsmB+sm 3 sin 3 sinC =
1 2 4B —2 4 — 2B — 4
:7<sin Tt . Crsndm . C (2 — 2B — 20—
4B + 2C —2B+2C
—sin(m — 2B) — sin TrAst +sin” +
3 3
dmr — 2B+ 2 4m —2B — 4
+sin %JFC + sin(—2C) — sin %C) -~

1
= —Z(sin 2A +sin2B +sin2C)+
1/ . 2n—4B-2C . m+4B+2C
+1 sin 3 —sin 3

) = —sin Asin BsinC.

Substituting into the above identity, we have that
32abep® R?

0103 = TsinAsinBsinC’.
abc a
But F = iR’ sinA = 3R and analogues, then 0103 = 64p?R?, so 010y =
A B (C

8Rsin —sin —sin —.

In the same way 0203 = 03071 = 8pR, so 010203 is an equilateral triangle.

THEOREM 2 (The second Morley’s triangle). In any triangle, the three points of
intersection of the adjacent exterior angle bisectors, form an equilateral triangle.

Demonstration 1.
Similarly Demonstration 1 from Theorem 1 (see Fig. 3), we have in triangle BO;C
that
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. m—B . . m—B . . m—B
asin 2R sin Asin — 2Rsin(m + A) sin
CO, = 3 _ 3
. T+ A T4+ A T4+ A
sin sin — sin —

Taking (1) into account, we have

A 2+ A A _B
_9R . dsin 2 gn T '(f >sin7T

Sin Sin

3 3
CO = ’
! . T+ A
sin
3
from where
A —A - B
(17) CO; = 8Rsin 3 sin — sin — 3
and similarly
B - B —A
(18) CO5 = 8Rsin 3 sin — 3 sin = 7
y|
03 02
B C
="
I1-B
3 171-C
3
0,
Figure 3

Applying the cosine theorem in triangle CO; O3 and taking (17) and (18) into account,
we have

2+ C
0102 = CO? + CO2 — 2C0; - COs - cos 22—
—A - B
= 64R?sin? " 3 sin? = 5
- sin® — + sin® — — 2sin — sin — cos .
2 3 3 3 3
A B 2n+C . . .
Because 3 + 3 + 3 =™ and using relation (2), we obtain that

—A - B 2r 4+ C
0,03 = 64R? sin? T 3 sin? T 3 sin? T 3 and how
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27+ C 27+ C n—=C
)zsmT,then

= sin (77 —
—A _B —c
0,02 = 64R2sin? —sin’ T Zgn2l .50

sin

sin
3

|
(19) (hngSRﬁnﬁg sin " .

T—A _ w—B  w-C i . i
sin 3 sin 3 so triangle 010503 is equi-

Similarly O203 = 0307 = sin

lateral triangle.
Demonstration 2. Let O} € (CO; such that 0;04C = 3 and then

—— A 2+ C -A-C B
e _r :§(seeFig. 4).

! P N —
050,C = 3 3 3
cO, COj .
and taking

A~ B

sin —  sin —
3 3

From the theorem of sine in the triangle O;05C, we have

(17) into account, we obtain
B
COy sin 3 B w—-A =w—-B
O} = A = 8Rsin gsin 3 sin T
Sin g
Then according to (18), it follows that CO% = COz and how Of € (COs, it results
that O} coincides with O3. At this point we are in the situation in Demonstration 1.

Figure 4
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CO,

Demonstration 3. We have Z0; — Z¢g = (Za— ZC)EW+3zc ,

COq T+ 2C

Zo, —Zc = 5 (ZA—ZC)ef% and because Z—Eihgzc,it results that
COq .
Zo, — Zc = —T(ZA —Zo)e_ 2r_C (see Fig.3).
A
Then ZO, — Z05 = —%5% (001 E_x-c + COg) and taking (16) and (17)
into account, we have
Zo, — Zo, =
_ Za—Zc SRsi T—A | W—B(, A _ B)_
—Ts_% sin sin 3 smgs_%—ksmg =
ZA— 7 - A - B
:7%67%8]%5111%3 sin7T3 .
((sn 2 eos ™= v B) —smAan™=9)
sm3 S 3 sua3 51n31n 3 7).
Moving to the modulus, we have that
Zp— 7 —A - B
0102 = |Zo, — Zo,| = % |<€_%}8Rsin7T sin — T
(, A T-C B>2+< A 77—0)2
. sin — sin — —sin — sin
T T ST
—A —-B A B A B —
:8Rsin7r3 sin7T3 -\/sin2§+sin2§+2sin§sin§cos7r30:

= 8Rsin ﬂ;A sin W;B \/sim2 (—?)—&—sirﬁ (—?)4—2 sin (— ?) sin (—g) cos W;O

A B m—C . .
Because (— §> + (— §> + = 0 and taking (3) into account, from the above

. . m—A 7-B 7-C . .
we obtain that 0102 = 8 R sin 3 sin 3 sin 3 so 010503 is an equilateral

triangle.

Demonstration 4. We consider a1, 1y; the barycentric coordinates of O; and
a, B2, v2 the barycentric coordinates of Oq. Using (17), (18) and their analogues, we
have

. 2(r—C)
B 7d(Ol,BC) B 7C’01 -sin —5 a
YT YA, BO) oF
SRsi . nm—A @w—By 7w-C T—C
_ 51n351n 3 sin 3 sin 3 cos 3
2F
from where
4dap’ A
(20) o = 2R G4
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where p’ = sin 3 sin 3 sin 7
. 2(r=0)
6 _ d(Ol,OA) _ C’Olsmfb
YT 4B, CA) 2F
SRsi nm—A -8B 0 T—C T—C b
_ sin - -sin ——sin — sin ——cos —
2F ’
from where
by’ A -
(21) ﬁlzngsingcosW?)C,
. 2(r=B)
_ d(Ol,AB) _BOl'SIHT'C
N TYC AB) 2F
SRsi A\, T—A | 7ch2. m—B m™—B
_ Sin o sin ———sin ——2sin ——cos —
2F ’
from where
8p'R ., A w—B
(22) "= 2‘ sin - cos —
Similarly, taking int ¢ that ap = W02 B g MORCA) o
imilarly, taking into account that as = AA.B0) 2= TuB.oa and vy =
d(O2, AB) have that
d(C,AB)’We ave tha
8ap'R . B m—C
(23) az = —p—sin 5 cos ——,
4bp’ B
(24) By = — gRsing
and
8cp'R B —A
(25) Yo = clp; simgcosﬂ3
. dap R/ = A B m—C
Using (20) and (23) we have ay — ay = — 2 <sm§—|— 2sin 3c08— ) and
. B m-C 7-C+B  B—7n+C
because 2sin —cos = sin + sin =
3 3 3 3
_ . (7T—C—|—B >+. ( A)
= —sin | —————7 | +sin 3 %0
dap’ B-C-2
(26) o] — oy = — al‘ZRSin 3 T

Similarly, using (21) and (24), we have
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5 ﬂ_4bp'R(2. A 7r—C+. B>_4bp’R. A+m—-C
1 2= % sin - cos — sin o | = ——sin 3 , SO
4bp' R B+ 2C
(27) B1— B2 = ; sin = + 3+ .
From (22) and (25) we have
— *8Cp/R(sinécosﬁ_stiHE(:osﬁ_A)*
neE g 3 3 3 3 )
8cp'R 1 ( . A4+nm—B . A-n+B B+n-A . B—7r+A)
= — | sin =+ sin — — sin =
F 2 3 3
8p'R . A—B s
= sin cos — ,
F 3 3
SO
4ep'R . m—2B-C
(28) Y= = 2 .

sin
F 3
Taking (26)-(28), a = 2Rsin A = 2Rsin(m — B — C) and analogues into account, we
have
0103 = — (1= B2) (11 —12)a® = (71 —72) (a1 —2)b? — (a1 —ag) (b1 — 2)* =
_ 32abcp”°R® ( _m+B+20  1-2B-C

72 3 sin 3 sin(m — B — C)—
. m—=2B-C ., B-C-27 . B-C-2r . n+DB+2C |
—sin 3 sin 3 sin B—sin 3 sin 3 sinC |.

Using the identity (4) and as A+ B 4+ C = m, after calculus similarly Demonstration
4 from Theorem 1, we obtain
-A wm-B _ =n-C

0105 = 8p'R = 8Rsin T 3 sin 3 sin 3 so the triangle 010503 is an

equilateral triangle.

THEOREM 3 (The third Morley’s triangle). In any triangle, the bisector of two ex-
terior angles and one interior angle of the given triangle, form an equilateral triangle.
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Demonstration. We consider the bisectors of the exterior angles A and B and the
bisector of the interior angle C' (see Fig. 5).

The four methods of proof this theorem are identical to those in Theorem 1 and
Theorem 2, so we will not give the full proofs. For each proof, we will give the
important results that appear in the demonstration.

Demonstration 1. We have

29 A0, = 8Rsin & sin 7= sin T8
(29) e =3
B - B
(30) AO9 = 8Rsin % sin % sin = T
—A - B B
(31) COy = 8Rsin =— 2 sin TP n T2
3 3 3
—A - B A
(32) CO3 = 8Rsin T 3 sin 3 sin 7r—|3:
and
—A - B
(33) 0102 = 0203 = 0301 = 8Rsin il sin T 3 sin g

Demonstration 3. We have

AO
(34) Zo, = Za=—=(Zp = Za)e_n_s
and
AO
(35) Z02 - ZA = TQ(ZB — ZA)E_z(W;A) .

Demonstration 4. We have
_8ap'R . m-C m™—B

(36) a1 7 S —g— cos ——,
(37) b1 = 8b§:Rsin7T;Ccos7T;A,
(38) by = _40;;’]?, sinwgc,

(39) ag = 8a§’R sin g B cos % ,
(40) g = WG B

(41) 72:—8C?Rsinﬂ;Bcosﬂ;A,
(42) ag = 4aZ];’R sin = _g A ,

(43) [33:4bp/Rsin7T+AcsC

F 3 P30
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780p'RS, T+ A m—B

(44) V3 = 7 s —g—cos ——,
4ap'R B-C-
(45) a1 — Qg = aj; sin 3 )
4bp'R —B-2C
(46) p1— B2 = i_, sin — 3 )
4cp'R —-2B-C
(47) Y=Y = C? cos = 3 ,
4ap’ B -
(48) Qg —az = G;RsinﬂJr?) C,
dap’ B+2
(49) B2 — B3 =— aﬁRSiHW+ 3+ C,
and
(50) Y2 =73 =0.
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