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DETERMINAREA LIMITEI UNEI SUME

Horea Adrian JURGE

Abstract. Pornind de la următorul rezultat: limn→∞
∑n

k=1
n

n2+k2 = π
4
, am de-

dus rezultatul limitei urmatoarei sume:

lim
n→∞

n2∑
k=1

n

n2 + k2
=?

1. O METODĂ DE SOLUŢIONARE A PROBLEMEI

Considerăm următoarea funct, ie:f : [0, ∞) → R, f(k) = n
n2+k2

,∀k ∈ [0,∞).
Se poate us,or demonstra că funct, ia f este descrescătoare, deci avem relat, ia:

f(k + 1) ≤ f(x) ≤ f(k),∀x ∈ [k, k + 1], ∀k ∈ [0,∞)

Funct, ia fiind monotonă pe orice interval de forma [k, k + 1], este integrabilă.
Integrăm s, i obt, inem:

f(k + 1) ≤
∫ k+1

k
f(x)dx ≤ f(k),∀k ∈ [0,∞)

Dăm valori succesiv lui k, s, i obt, inem:

f(1) ≥
∫ 2

1
f(x)dx

f(2) ≥
∫ 3

2
f(x)dx

...

f(n2) ≥
∫ n2+1

n2

f(x)dx

n2∑
k=1

f(k) ≥
∫ n2+1

1
f(x)dx

f(1) ≤
∫ 1

0
f(x)dx

f(2) ≤
∫ 2

1
f(x)dx

...

f(n2) ≤
∫ n2

n2−1
f(x)dx

n2∑
k=1

f(k) ≤
∫ n2

0
f(x)dx

Din cele două inegalităt, i obt, inem:

(∗)
∫ n2+1

1
f(x)dx ≤

n2∑
k=1

f(k) ≤
∫ n2

0
f(x)dx, ∀n ∈ N∗
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Calculăm apoi,∫ n2

0

f(x)dx =

∫ n2

0

n

n2 + x2
dx

t= x
n ,dt= dx

n︷︸︸︷
=

∫ n

0

n

n2 + n2t2
ndt =

∫ n

0

1

1 + t2
dt = arctg n

Analog,∫ n2+1

1
f(x)dx =

∫ n2+1

1

n

n2 + x2
dx

t= x
n
,dt= dx

n︷︸︸︷
=

∫ n+ 1
n

1
n

n

n2 + n2t2
ndt =

=

∫ n+ 1
n

1
n

1

1 + t2
dt = arctg (n+

1

n
)− arctg (

1

n
)

Înlocuim ı̂n relat, ia (∗) s, i obt, inem:

(∗∗) arctg (n+
1

n
)− arctg (

1

n
) ≤

n2∑
k=1

f(k) ≤ arctg n,∀n ∈ N∗

lim
n→∞

arctg n = lim
n→∞

(arctg (n =
1

n
)− arctg(

1

n
)) =

π

2
.

Trecem la limită ı̂n relat, ia (∗∗), folosind apoi criteriul cles,telui, obt, inem:

lim
n→∞

n2∑
k=1

f(k) =
π

2
.
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