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AN EXTENSION OF THE CONCEPT OF A COMPLEX NUMBER

S, tefania CONSTANTINESCU and David Mihai RUCĂREANU

Abstract. In this paper we present extensions of the complex numbers, involv-
ing new sets depending on a certain ε, i.e. Hilger’s complex plane. Algebric
properties and somple examples are provided.

MSC 2000. 30E10.
Key words. Hilger Complex Plane, cylindrical transformation.

Definition 1. For any ε > 0 we define the Hilger’s complex plane Cε,
the Hilger’s real axis Rε, the Hilger’s alternating axis Aε and the Hilger’s
imaginary circle Iε as:

Cε =

{
z ∈ C

∣∣∣∣z ̸= −1

ε

}
;

Rε =

{
z ∈ R

∣∣∣∣z > −1

ε

}
;

Aε =

{
z ∈ R

∣∣∣∣z < −1

ε

}
;

Iε =

{
z ∈ C

∣∣∣∣∣∣∣∣z + 1

ε

∣∣∣∣= 1

ε

}
;

For ε = 0 we define C0 = C, R0 = R, A0 = ϕ, I0 = iR.

Definition 2. Let ε > 0 and for any z ∈ Cε we define the Hilger real
(imaginary) part of z by:

ℜε(z) =
|zε+ 1| − 1

ε
=

∣∣∣∣z + 1

ε

∣∣∣∣−1

ε

and the Hilger imaginary part of z by

Imε(z) =
arg(zε+ 1)

ε
=

arg

(
z + 1

ε

)
ε

,

where arg(z) denotes the principal argument of z, i.e. (i.e. −π < arg(z) ≤ π ).

Note that arg

(
z + 1

ε

)
is the argument of the vector that joins −1

ε with z

(i.e. the angle made by this vector with the axis Rε ). The arc of circle made

by this angle or Iε will have the length 1
ε arg

(
z + 1

ε

)
= Imε(z).
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Remark 1. For every z = a+ bi, we have:

lim
ε→0

ℜε(z) = ℜ(z); lim
ε→0

Imε(z) = Im(z).

Indeed, lim
ε→0

ℜε(z) = lim
ε→0

|zε+1|−1
ε = lim

ε→0

|(aε+1)+bεi|−1
ε = lim

ε→0

√
(aε+1)2+b2ε2−1

ε =

= lim
ε→0

(aε+1)2+b2ε2−1

ε
(√

(aε+1)2+b2ε2−1
) = lim

ε→0

a2ε2+2aε+b2ε2

ε
(√

(aε+1)2+b2ε2−1
) = 2a√

1+1
= a = ℜ(z).

Also, lim
ε→0

Imε(z) = lim
ε→0

arg(zε+1)
ε = lim

ε→0

1
ε arg((1+aε)+bεi) = lim

ε→0

1
ε arctan

bε
1+aε =

b =
= Im(z).

Example 1. For ε = 1
n , we have

Cε =

{
z ∈ C

∣∣∣∣z ̸= −n

}
;

Rε =

{
z ∈ R

∣∣∣∣z > −n

}
;

Aε =

{
z ∈ R

∣∣∣∣z < −n

}
;

Iε =

{
z ∈ C

∣∣∣∣∣∣∣∣z + n

∣∣∣∣= n

}
.

When z = −n+ 2ni, we have:

ℜ 1
n
(z) = |z + ε| − ε = |2ni| − n = n

Im 1
n
(z) =

arg(z + ε)
1
n

= h arg(2ni) = n
π

2
=

nπ

2

Example 2. For ε = 1
n , we have

Cε =

{
z ∈ C

∣∣∣∣z ̸= −2

}
;

Rε =

{
z ∈ R

∣∣∣∣z > −2

}
;

Aε =

{
z ∈ R

∣∣∣∣z < −2

}
;

Iε =

{
z ∈ C

∣∣∣∣∣∣∣∣z + 2

∣∣∣∣= 2

}
.

When z = −n+ 2ni, we have:

ℜ 1
n
(z) = |z + ε| − ε = |2ni| − n = n

Im 1
n
(z) =

arg(z + ε)
1
n

= h arg(2ni) = n
π

2
=

nπ

2
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If z = −3 + i, then zε+ 1 = −1
2 + i

2 , |zε+ 1| =
√
2
2 ,ℜ 1

2
(z) =

√
2− 2.

Definition 3. For any ω ∈
(
−π

ε

]
we define the purely imaginary Hilger

number, iεω such:

iεω =
eiεω − 1

ε
.

Remark 2. lim
ε→0

iεω = iω.

Remark 3. iε Imε(z) ∈ Iε,∀z ∈ Cε

Indeed, iε Imε(z) =
eiε Imε(z)−1

ε ,

∣∣∣∣ eiε Imε(z)−1
ε + 1

ε

∣∣∣∣= 1
ε

∣∣∣∣eiε Imε(z)

∣∣∣∣= 1
ε .

Definition 4. Addition on Cε is defined as:

z ⊕ w = z + w + zwε.

Proposition 1. (Cε,⊕) is an abelian group.

Proof. We specify that if z, w ∈ Cε, then z⊕w ∈ Cε. Indeed, 1+ε(z⊕w) =
1+ε(z+w+zwε) = (1+εz)(1+εw) ̸= 0. We observe that: z⊕0 = z,∀z ∈ Cε.
The symmetric of z is: θz = − z

1+zε .

Indeed: z ⊕ θz = z −− z
1+zε −

z2

1+zεε =
1+z2ε−z−z2ε

1+zε = 0.
The commutative is obvious, and the associativity is proven in a canonically
mode. □

Remark 4. (1) θ(θz) = z;
(2) θ(iεω) = iεω;

Here we give some examples of the symmetrical of some elements:
If z = 1 then θz = − 1

1+ε ;

If z = i, then θz = 1
1−ε ;

If z = 1
ε , then θz = − 1

2ε .

Theorem 1. For any z ∈ Cε, we have:

z = ℜε(z)⊕ iε(Imε z).

Proof. ℜε(z)⊕ iε(Imε z) =
|zε+1|−1

ε + ei arg(zε+1)−1
ε + ε |zε+1|−1

ε
ei arg(zε+1)−1

ε =

= zε
ε = z. (We used the fact that w = |w|ei arg(w), ∀w ∈ C) □

Definition 5. For any n ∈ N and for any z ∈ C we define

n⊙ z = z ⊕ z ⊕ . . .⊕ z︸ ︷︷ ︸
n times

.

Mathematical induction to verify that: n⊙ z = (1+εz)n−1
ε , n ∈ N∗.
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Definition 6. Let

Zε =

{
z ∈ C

∣∣∣∣−π

ε
< Im(z) ≤ π

ε

}
.

For ε > 0 we define the cylindrical transformation ζε(z) =

{
ln(1+zε)

ε , if ε ̸= 0

z, if ε = 0

where ln(1 + zε) = ln |1 + zε|+ i arg(1 + zε). Addition on Zε is defined as:

z + w = z + w

(
modulo

(
2πi

ε

))
.

Theorem 2. The cylindrical transformation ζε : (Cε,⊕) → (Zε,+) is a
homeomorphism group.

Proof. The case ε = 0 is peddling. For ε > 0 we have:

ζε(z ⊕ w) =
1

ε
ln(1 + (z ⊕ w)ε) =

1

ε
ln
(
1 + zε+ wε+ zwε2

)
=

=
1

ε
ln(1 + zε) +

1

ε
ln(1 + wε) = ζε(z) + ζε(w)

□
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