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A GENERALIZATION OF THE CIRCULANT MATRIX,
AND THE IRREDUCIBILITY OF THE POLYNOMIAL X" —a

Andrei MARCUS si Paul Rizvan TAPOS

Abstract. We study in an elementary way the irreducibility over Q of the poly-
nomial X" — a € Q[X], by using the properties of an n X n matrix with rational
entries associated to a polynomial of degree less that n.
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1. INTRODUCTION

One of the often encountered exercises in high school exams is the following:
Prove that if a,b, ¢ are rational numbers such that a +bv/2 +cv/4 = 0,
then a =b=c=0.

A usual elementary argument leads to the equality
a® 4 263 + 4¢® 4 6abe = 0.
Note that the left hand side is just the determinant of the matrix

a b c
2¢c a b,
2b 2¢ a

which we denote here by Ca(a,b, ¢), and we regard it as a modification of the
cyclic matrix C(a, b, c).

In this paper, to a polynomial f of degree < n and a rational number a we
associate an n x n matrix Cy(f), and we investigate the connection between
det Cy(f) and the irreducibility of the polynomial X™ —a € Q[X].

Readers familiar with the theory of field extensions (see [4, Chapters 5, 6])
may recognize that we are talking about the field norm Ng vz 0(f({/a)) (see
[4, Section 6.5]). But our approach intends to be as elementary as possible,
being inspired by Toma Albu’s papers [1, 2, 3].We obtain the properties of the
matrix Cy(f) by using the properties of the cyclic matrix C(f).

The paper is organized as follows. In Section 2 we recall some basic facts
about simple extensions of the field Q of rational numbers, in the form we
need them. For any other unexplained notions we refer to [5]. In Section 3 we
introduce the matrix C,(f), we calculate its characteristic polynomial, and we
obtain a matrix representation over Q of the field Q({/a). Finally, in Section
4 we discuss the irreducibility over Q of the polynomial X™ — a, in terms of
the determinant of Cy(f).
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2. PRELIMINARIES ON FIELD EXTENSIONS

DEFINITION 1. A polynomial is called irreducible over the field K if it cannot
be expressed as a product of lower degree polynomials with coefficients in K.

DEFINITION 2. Let K be a subfield of L. The dimension of the vector space
L over K is called the degree of the field extension K < L, and it is denoted
by [L : K].

Let n > 1,let f =ap+a1X +aX?+ ... +a, 1 X" 1+ X" € Q[X], and
let @ € C a root of f. Denote by

Qo) = {bg+bia+ba®*+...+ b, 10" | b;€Q, i=0,...,n—1}

the Q-vector space generated by the set {1,a,a?,..., 0" 1}.
The following result is well-known, but we include a complete proof, for
convenience.

PRrOPOSITION 1. The following statements are equivalent:

(i) f is irreducible over Q;

(ii) g € Q[X], g(a) =0 = fyg;

(iii) the quotient ring Q[X]/(f) is a field;

(iv) the quotzent ring Q[X]/(f) is an integral domain;

(v) 1,a,a?,...,a" ! are linearly independent over Q.

(Vi) « is not a root of a non-zero polynomial of degree less than n.

In this case
a) Q(«a) is a subfield of C;
b) QIX]/(f) ~ Q).

Proof. (i) = (ii) Suppose by contradiction that f t g. Since f is irre-
ducible, we have that the greatest common divisor of f and g is 1. There-
fore, there exist u,v € Q[X] such that fu + gv = 1. Hence 1 = f(a)u(a) +
g(a@)v(a) =0-u(a) + 0 - v(a) = 0, contradiction.

(ii) = (i) Suppose by contradiction that f is reducible over Q. Then there
exist f17f2 € Q[X]a such that f1>f2 7é 07 deg(fl) <deg(f)7 deg(fQ) <deg(f)
and f = f1fe. Thus, f(a) = fi(a)f2(a) = 0, which means that fi(a) =0 or
f2(a) = 0. Assume, without loss of generality, that fi(a) = 0. Then f | fi,
which means that deg(f) < deg(f1), contradiction.

(i) = (iii) For any g € Q[X], we use the notation § = ¢g + (f), hence
g € Q[X]/(f). Let g € Q[X]/(f), § # 0. Then g € Q[X] is a polynomial
which is not divisible by f. Since f is irreducible and f t g, we have that the
greatest common divisor of f and g is 1. Then there exist u,v € Q[X] such
that fu + gv = 1. Since fu € (f), we have fu=0and §- o= gv =1, which
shows that ¢ is invertible, thus Q[X]/(f) is a field.

(iii) = (i) Assume that f is not irreducible. If f = fi fo, where f; and f,
are non-constant polynomials, then deg(f1) < deg(f) and deg(fg) < deg(f),
so f1 and fo are not multiples of f, and therefore f1 # 0 and f2 # 0. However,
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fifs = fifo = f = 0. Therefore, Q[X]/(f) has a zero divisor hence is not a
field.

(iii) = (iv) is obvious.

(iv) = (iii) Q[X]/(f) is a Q-algebra with basis {i,X,X:Q, ., X" 1Y Let
a € Q[X]/(f),a # 0. We define the function

F:QIX]/(f) = QXI/(f),  Flz)=ax.

Let x,y € Q[X]/(f) such that F(z) = F(y). Therefore, ax = ay and
a(z — y) = 0. But, we are in an integral domain and a # 0, hence x —y = 0.
Thus F' is injective. Moreover, dim(Q[X]/(f))< oo, so F is a bijection. We
conclude that there exists b € Q[X]/(f) such that F(b) = 1, so b is the inverse
of a. It follows that Q[X]/(f) is a field.

(ii) = (v) Let bg, b1, ...,by,—1 € Q such that

bo + bia+bea® + ...+ b1 =0.
We define the polynomial
g=0bo+b1 X +bX>+ ... +b, 1 X" eQ[X]
Therefore, g(a) = 0 and, using ii), we have that f | g. However, deg (g)<deg(f)

and this implies that g = 0, hence by = ... =b,_; =0 and 1,,a?,...,a""!
are linearly independent over Q.

(v) = (i) Suppose that f is not irreducible. Then there exists fi, fo € Q[X]
such that deg(f1) < n — 1, deg(f2) < n —1, fi is irreducible, fi(a) = 0 and

f = fife. Let k be the degree of f1, where k < n — 1. Therefore we may write
fi=b XF b 1 X+ 4+ 01X+ by,

where by, # 0. Since f(a) = 0, we conclude that 1,a,...,a" "1, o™ are linearly
dependent over Q.

(v) <= (vi) is obvious.

a) We have that Q(a) C C and 0,1 € Q(«). Let

w="by+bra+by®+...+b_1a" € Q(w),
v=—co+cra+ca +... +c_1a" € Qla).
Clearly, u — v € Q(ax). Let
g=bo+ b X +bX>+ .. +b, 1 X" eQ[X],
h=co+c1 X +eX?+... +e 1 X" eQ[X].

Hence, uv = g(a)h(a) = (gh)(«). But there exists ¢, r € Q[X], deg(r)<deg(f)
such that gh = fq + r. Thus,

uv = gh(a) = fq(a) +r(a) =r(a) € Qa),
because deg(r)< n — 1.

Now, if u # 0, then g(a) # 0. But f is irreducible, so the greatest common
divisor of f and ¢ is 1 and, therefore, there exist z,w € Q[X] such that



48 Andrei Marcug si Paul Razvan TAPOS

fz 4+ gw = 1. Thus, f(a)z(a) + g(a)w(a) =1 and u - w(a) = 1, which means
that u is invertible in Q(«), hence Q(«v) is a field.

b) Let ¢ : Q[X] — Q(«), ¢(g9) = g(a) for all g € Q[X]. Then Im(p) =
{9(a) | g € QIX]} = Q(a), and Ker(g) = {g € QX] | g(a) = 0} = (). By
the first isomorphism theorem we have that Q[X]/(f) ~ Q(«). O

DEFINITION 3. The polynomial f satisfying one of the equivalent statements
of Proposition 1 is unique and is called the minimal polynomial of a.

3. A GENERALIZATION OF THE CIRCULANT MATRIX
Let n > 1. We fix the polynomial
f=ao+a X +aX?*+.. +a, 1 X" €Q[X].

We also fix the element a € Q*, and let o € C such that a” = a..
By using the element a and the coefficients of f, we define the matrix

ag al a9 e Ap—9 Ap—1
aQp—1 aq ay c. Ap—3 an—2
AQp—9 AQp—_1 ag c. Qp—4 an—3
Ca(f) :Ca(a07a17 ‘7an—1) =
aan aas aa4 ... ag al
aay aas aas ... QQp—1 aq

belonging to M,,(Q). In this section we study the properties of Cy(f).
Observe that in the particular case a = 1, we obtain the circulant matriz

C(f) = C(ao, at, ... ,anfl)

of elements ag, ay, ..., a,—1. The following result is well-known (and note that
it is valid for any complex coefficients). Denote by
2r . . 2w
W = COS — ~+ 781N —
n n

a primitive n-th root of unity.

LEMMA 1. The determinant of the circulant matriz is given by

n—1

det C(ag,a1,...,an—1) = H f(wj).
7=0

The next result shows that the calculation of det Cy(f) reduces to the de-
terminant of a circulant matrix.

LEMMA 2. We have

det C(ap, a1, . . ., an_lanfl) = det Cy(ag,a1,...,an_1).
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Proof. By using elementary row and column trasformations, we have that

det C(ag, a1, . .., an_10™ 1)
ag aio asa? Q101
Ap_qa" ! ag a1 Ay 2
ap_20""2 an,_1a™ 1 ap Ap_3a" 3
2 3
ase aso aso a1«
a1 a2a2 az a
ag aio asa? ap_1a™"
Ay 1 aag aaio Qlpy_o™™
— 1 aPan_20" % a1} a2ag a“p_3a™
o---anl ) )
" laja a" lasa? a"lasad a" Lag
ag alo asQ Ap_20" "  ap_1a"”
an_10Q apQ alo ap_30" "% ap_oa"”
1 Un_20 Qn10  aoo> Ap_40" "% ap_za””
- o an_l . .
asa aaze  aa 0’ apa™ aio"”
aia aasQ aa3a2 aan_la”_2 apgo -1
ag ai ag Anp—2 an—1
aln—1 ag ai an-—3 an—2
a-o? ol |aap—2 aan—1  ag (p—4  Ap-3
- a- a2 an—1
aas aas aay ao ai
aaq aas aas AQp—1 ag
= det Cy(ag, a1, ...,an—1),
so the statement is proved. ]
REMARK 1. By the above lemma we get that det C(ag, a1, . . ., an,_10" 1) €
Q, even if o does not necessarily belong to Q.
COROLLARY 1. We have that
n—1
n—1 j
detC(GOaalaa"'aanfla ) = Hg(w])v
=0

where
9(X) = f(aX) =ao+a1aX + asa®X? + ..+ 1" 1 X1 e ClX].

Next we want to discuss some other properties of the matrix Cq(f).
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PROPOSITION 2. 1) Cy(ag, a1, .. .,an_1) and C(ag, aay,...,a" ta,_ 1) have
the same characteristic polynomial.
2) The characteristic polynomial of Cy(f) is given by

n—1

Pe,py(X) = [T (X = f(aw)).

§=0
Proof. We have that
Pc,(X) =det(X 1, — Cylap, a1, ...,an-1))

X - a —aq —ag PN —Up—92 —Qp—1
—aa,—1 X —ag —aq ee. —Qp_3  —Qp_9
—aGp_o —aQp_1 X —ag ... —Qp_4 —Qp_3
—aas —aag —aay ... X —ag —ay
—aay —aas —aaz ... —aan,_1 X —ag
= det Ca(X — ap, —ai1, —ag, ..., —an_l)
=det C(X — ap, —a;«, —asa?,. .., —an,la”_l)
X —ap —a1x —asa? ... —ap_1a™!
—apy_1a™ 1 X —ag —a1 ... —ap_oa™ 2
—|l=ap—20"?% —a,1a" " X—qay ... —ap_3a"3
—ajo —asa? —asa® ... X —aqp

= PC(ao,moc,...,a"*lan,l)(X)'
2) We have that
PCa(f) (X) = PC(ao,ala,...,a”_lan_l)(X)
= det(X 1, — Clag, a1, ...,a" La,_1))

= det O(X — ag, —a1a, —aga?, ..., —ap_1a" ).

By Lemma 1, we have that

n—1
det C(X — ag, —a;q, —aga?, ..., fan,loz”_l) = H g(wj),
§=0
where g(Y) = X — ap — a1aY — a20?Y? — ... — a,_1a" Y"1, Therefore,

9(w’) = X — f(aw?),

and the statement follows. O
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We now consider the matrix M, = (m;;) € M,(Q), where m; ;41 = 1 for

alli=1,...,n—1, m,1 = a, and m;; = 0 otherwise. This means that
[0 1.0 0 0 0]
0 010 0 0
0 0 01 0 0
M, = .
00 00 0 1
la 0 0 0 0 0

is just the companion matrix of the polynomial X" — a.

THEOREM 1. The following statements hold:

1) Ca(f) - f(Ma)'
2) M} = al,, and X" — a is the minimal polynomial of M,.

Proof. 1) We compute the powers of M,. We find that

0 01 0 0 0
0 0 0 1 0 0
Mg:z 9
0O 0 0 O 01
a 0 0 O 0 0
0 a 00 0 0]
and then
0 0 0 1 0 0]
0 0 0 O 0 0
Mg’:: E
a 0 0 O 0 0
0 a 0O 0 0
0 0 a 0 0 0]

Similarly, for all k € {1,...,n—1}, we have that M¥ = (m;;), where m; ;4 = 1
foralle =1,...,n—k, my_j4;; = aforalli =1,... k, and m; ; = 0 otherwise.
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Now,
[ ag a1 a2 ap—2 an—l_
aln—1 ao ai ap—-3 (Gp—-2
alp—2 aGp—1 Qo Gp—4  Gp-—3
Ca(f) = . .
aas aas aay ag ai
| aa aas  aas aan-1  ao |
[ag 0 0 0 0 0] [O a 0 O 0
0 a 0 O 0 O 0 0 a1 O 0
0 0 a O 0 O 0O 0 0 0 0
— | : e : : :
0 0 0 O ag O 0O 0 0 0 ay
K 0O 0 O 0 ao | Laay 0 0 O 0
[0 0 ay O 0 0]
0 0 0 a9 0 0
0 0O 0 O 0 0
+ ] R Co
0 0O 0 O 0 a9
aas O 0 O 0 O
i 0 aay 0 O 0 O_
[0 0 00 0  an_1]
Aln—1 0 0 O 0 0
0 aan—1 0 O 0 0
+ ...+ : : : : :
0 0 0 0 0 0
0 0 0 0 0 0
| 0 0 0 O Alpn—1 0 ]
= apl, + a1 My + agM? + ...+ an 1M1 = f(M,).
2) We similarly compute that
(e 0 0 0 0 0]
0 a 0O 0 0
0 0 a O 0 0
My =M™ Moo= |1 @ & i =aln
00 0 O 0 0
00 0 O a 0
_O 0 00 0 a

These calculations show that X™ — a is the minimal polynomial of M,.
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PROPOSITION 3. Let n € N* and a € Q. Let Q,[X] denote the Q-vector
space comprising the polynomials with degree smaller than n and f, g € Q,[X].
Then:

a) Co(f) + Calg) = Colf + 9);

b) Ca(f) ) Ca(.g) = Ca(fg mod (Xn - a))

More precisely, the correspondence f +— Cq(f) induces an injective homo-
morphism of Q-algebras

QX]/(X™ —a) = My (Q).
Proof. Let
P Qu[X] = Mn(Q),  @(f) = Culf).

Then @ is a Q-linear map. Moreover, using Theorem 1, we have that

Ca(f) = f(Ma) = @(fg) = (f9)(Ma) = f(Ma)g(Ma) = (f)®(g).

Therefore, ® is an algebra homomorphism.

Due to the fact that X™ — a is the minimal polynomial of M,, we must
have that Ker® = (X" — a). Moreover, Q[X]/(X™ — a) can be identified
with Q,[X], regarded as Q-vector spaces. We conclude that ® is an injective
homomorphism, hence statements a) and b) hold. O

4. THE IRREDUCIBILITY OF THE POLYNOMIAL X" — a

We keep the notations of the preceding section. Next, we want to discuss
the irreducibility of the polynomial X™ — a over QQ, with the aid of the matrix
Co(f). Tt turns out that we need to work in the subfield Q(w) of C, generated
by Q and the primitive n-th root of unity w. Recall that [Q(w) : Q] = ¢(n),
where ¢ is Euler’s totient function.

THEOREM 2. Assume that X" —a is irreducible over Q if and only if X" —a
is irreducible over Q(w). The following statements are equivalent:

(1) X™ — a is irreducible over Q.
(2) For all ag,ay,...,an—1 € Q, det Cy(ag,a1,...,ap—1) =0 = a; =0
foralli=0,...,n—1.

Proof. “(1) = (2) Assume that X" — qa is irreducible over Q. Then, by
assumption, X" — qa is irreducible over Q(w). Let o € C be a root of X™ — a.
By using Lemma 1 and Lemma 2, we have that

0 =det Cylag,a1,...,an-1)

= det C(ag, a1, . .., an_10™ 1)
n—1

= H(ag + ajow’ + agdPw¥ + ..+ an_lanflw("*m).
Jj=0

Therefore, there exists j € {0,1,...,n — 1} such that

ap + ar0w’ + asc®w® + .. 4 ap_1a" tw 7 = 0.
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n=1 are linearly independent over Q(w), we conclude that

Since 1, a, ..., «
a():al:...:an_lzo.

“(2) = (1)” We argue by contradiction. Assume that X™ — a is reducible
over Q. Then 1,a,...,a" ! are linearly dependent over Q, so there exist
ap,ai,...,an—1 € Q, not all zero, such that

n—1

Z akak =0.

k=0
By Corollary 1, we find that det C,(ag,a1,...,a,—1) = 0, but we also know
that ag,aq,...,ay_1 are not all zero, contradiction. ]

The assumption of the theorem is satisfied when n is a prime number.

PROPOSITION 4. Let p be a prime number, a € Q* and o € C such that
o =a. Then

XP — a is irreducible over Q < XP — a is irreducible over Q(w).

Proof. “=" We argue by contradiction. Assume that X? — a is reducible
over Q(w). Hence, there exist non-constant polynomials g,h € Q(w)[X] such
that deg (f), deg(¢) < p and

XP—a=gqg-h.
Let 1 <7 < p—1 be the degree of g. Therefore,
p—1
XV —a= H(X —wka) =gh=(X"+ ... +'a")(XP" 4+ .. +waP"),
k=0

for some [, s € N. Since g,h € Q(w)[X], we have that o, a’™" € Q(w). Let d
be the greatest common divisor of r and p — r. Thus, there are u,v € Z such
that d =7 -u+ (p —r) - v. Moreover,

ad _ ar~u+(p—7")~v _ (ar)u . (ap—r)v'
Since a”, aP~" € Q(w), we find that a? € Q(w). Also, d | 7 and d | p—r, hence
d|r+p—r =p. Due to the fact that » < p, d | r and d | p, we must have

d = 1. Therefore, o = o € Q(w) and, because Q(w) is a field, we conclude
that

Q) < Q(w).
Thus,

But we know that
[Qw) : Q] = ¢(p) =p—1 and [Q(a) : Q] = p,

hence p | p — 1, contradiction.
The converse is obvious, since Q < Q(w). O
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EXEMPLE 1. Let n =6 and f = X%+ 3. Then f is irreducible over Q, but
f is reducible over Q(w) = Q(iv/3), because

f=X043=(X?+iV3)(X? —iv3) = (X + 2w — 1)(X® — 2w +1).

We will discuss the irreducibility over Q(w) of the polynomial X” — a in a
subsequent paper.
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