On the recognition of rings of upper triangular
matrices
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1 Introduction

It is well-known that the elements a of a (unital associative) ring R may be
identified with the scalar matrices al, € M, (R) and these matrices commute
with all the e;;. The converse also holds (see [2] or [5]): Let R be a ring
containing n® elements ei; satisfying e;jers = 0jre;s [the §’s equations] and
Yoi e =1 [also called a full set of matrix units]. Then R = M., (C) where the
ring C is the centralizer of the e;; in R.

Sketch of the proof. Define C' as in the statement and for a € R put a;; =

n n

> epriaejr. Then a;; € C and we have ) ajje;; = a. Hence the bijection
r=1 i,j=1
needed is a <— [a;;], and this is verified to be an isomorphism.

Note that according to the §’s equations, this characterization of (full) matrix
rings uses n idempotents and n? — n zerosquare elements, that is, n? elements
satisfying some conditions.

In the last decade of the past century, the ”recognition” of (full) matrix
rings, has seen a new impetus, mainly by diminishing the number of elements
needed for a characterization.

In [7], a characterization was given using only n 4 1 elements (one nilpotent
together with all its powers and another n elements) and in [1] (see also [5]),
a characterization of matrix rings was given using only 3 elements (only two
powers of a nilpotent and another two elements).

More precisely, these characterizations follow.

Robson: A ring is a complete n X n matriz ring if and only if it contains
elements ai, ..., an, [ such that f* =0 and

L=ayf" '+ faof" > + fPasf" >+ ..+ [ a,.

Agnarrson et altri: Let R be a ring and p,q > 1 be fixed integers. Then
R = M,14(S) for some ring S iff there exist elements a,b, f € R such that
fPT4 =0 and af? + fib = 1.



In both characterizations, one nilpotent of index n (or p+¢) is given together
with some other elements which permit the reconstruction of the idempotents.
In the second characterization (see also [5], the "only if” part of (17.10)), a
(strictly) lower triangular matrix (the sum of the elements on the subdiagonal)
is taken
f=Fa+Esa+ 4+ Epigpiq1,

for which fP*9 = 0, and another a,b two (strictly) upper triangular matrices
(with identity superdiagonal) are needed.

Notice that here it was essential to use both lower and upper triangular
matrices.

We proceed with the subject of this exposition, that is, the recognition of
the upper triagular matrix rings.

A result of the same genre (the base ring of the ring of upper triangular
matrices is the centralizer of the e;;’s) is a special case (Theorem 2.9) in [8].
The characterization of rings of (upper) triangular matrices was given using
@ matrix units (i.e. all the upper triangular matrix units) together with
some conditions.

More precisely, we recall this special case (for which the natural quasi-order
on {1,2,....,n} is considered).

Theorem 1 Let R be a ring with a set {e;; : i < j} of matriz units, that is,
€11+ ... +enn =1 and e;jer = djre.

R is isomorphic with a ring of upper triangular matrices Ty, (S) if and only
if R has a subring S with 1 € S and the following properties.

(1) S € C({eij i < j});

(ZZ) eiiRejj = Seij fO?“i S j,’

(Z’LZ) eijeii = {0} fO’f’ 1< 7J;

() If se;; =0 for some s € S (and i < j), then s = 0.

Moreover, the isomorphism ¢ : T,,(S) — R is given: ¢([a;]) = >, aizei;
The goal of this exposition is to perform the explicit inverse of ¢, which is
not an easy task even for n = 2.

2 The n =2 case

To simplify the writing denote e := e11, t := e12 and so € = ea9.

2.1 Prerequisites

Lemma 2 Let e = e? and r € R. The following conditions are equivalent.
(i) ere = re;
(i1) ere = 0;
(i) ere =er.



Proof. (i) = (ii) e(re) = (ee)re = 0.
(ii) = (iii) ere =er(l —e) =er.
(iii) = ) ere=(1—&)r(l—e)=r—er—re+ere=r—re=re. W
Definition. An idempotent e is called left semicentral if eéRe = {0}. Equiv-
alently, re = ere for every r € R and also equivalently, eR <1 R.

Lemma 3 If e is left semicentral, and t € R satisfies et =t, te = 0 then
(iv) trt = 0,
(v) tre =0, (v’) tre = tr,
(vi) ert =0; (vi’) ert =rt,
(vii) et =t equivalent to €t = 0;
(viii) t€ = t equivalent to te = 0.

Proof. Just notice that in any ring and for any two elements a, b from ab = b,
ba = 0 follows b?> = 0. Then > = 0 and the rest is easy. m

In what follows, (i)-(viii) will be used only with respect to this previous
lemma.

Remark. Note that ¢t # 0 implies e ¢ {0,1} (from et = ¢ resp te = 0).
However all equalities hold also for ¢ = 0.

We also mention ere = er(l —¢) D er e (so a left semicentral idempotent
may not be central).

In the sequel we suppose e? = e, et =t and te = 0 (so t> = 0). Notice that
eRe = 611R€22 = 6125 = 5612.

Lemma 4 Let S = C(t). If eRe = St = ¢S then for every r € R there exist
s,8',s" €S such that rt = ts, tr = s't and ere = s''t.

Proof. The existence follows from the hypothesis and the following equalities

rt & et 2D e(rt)e = ts, tr @) gz ) etz = o't resp. ere = s”’t. m

2.2 Direct characterization for triangular 2x2 matrix rings

To simplify the wording, we say that ¢ has the cancellation property if s = 0
whenever s € S and st = 0.

Theorem 5 Let e be a left semicentral idempotent in a ring R, t € R is such
that et = t, te = 0 and for S = C(e,t) assume that t has the cancellation
property (with respect to S) and eRe = St = tS. Then the map ¢ : R — T2(5)

. re +es s
given by o(r) = 0 or 4 e
a ring isomorphism.

The inverse is given by @1 ([ (x) g} }) = ze + yt + we.

} where rt = ts, tr = s't and ere = 5"t is



Proof. We have already mentioned that from et = ¢, te = 0 follows t?> = 0. The
existence of the elements s,s’,s” follows from Lemma 4. Notice that, by the
cancellation property of ¢, these elements are unique with respect to rt = ts,
tr = s't and ere = s”t, respectively.
The entries of ¢(r) belong to S, the centralizer C(e,t) = C(t,€).
Indeed, e(re +es) = ere @ e @ (re + es)e, and t(re + es)

(re+es)t () rt, and

{v),&;iii) ‘s

)

eler + s'e) =er +es’e @ o @) e = (er 4+ s'e)e, and t(er + s'e)t
r @D e @ ere = ot & (er + s'e)t

¢ is unital, i.e., p(1) = I5: indeed, for r =1 we get s=5 =1 and s’ =0
[using the cancellation property of elements of S with respect to t and e+ = 1].

(viii,(v)

t

¢ is additive: we have rit = ts1, rot = tso, try = sit, tro = sht and
eri€ = sit, erg€ = sht. ®m
| me+es st | ree+tesy sh
Then ¢(r1) = [ 0 e+ sle |’ p(ra) = 0 ero + she
| (i +ro)e+E(s1 + s2) st + sb
and so (1) + ¢(ra) = [ 0 e(r1 +72) + (4 + sh)e

o(r1 +r2). Indeed, (r1 + 7o)t = tsy + tse = t(s1 + s2), t(r1 +r2) = sit + sht =
(s} + sh)t and e(r1 + ro)e = st + sht = (s + s5)t.
¢ is multiplicative amounts to [comparing the corresponding entries of
both upper triangular matrices]:
(1,1): (r1e 4+ €s1)(roe + €s2) = riroe + €s182 [indeed &(syra)e @) 0 and
@) N (.
ri(erqe) = rirae, (€s1€)s2 =’ €813
1,2): (rie +€s1)sy + s/ (ery + she) = s, where e(rira)e = s/ ,t [here we
2 1 2 1,2 1,2
have to check [(r1e +€s1)sh + s{(€ra + she)|t = e(rira)e = er1ra — r172€;
indeed [(r1e +€s1)sy + s (era + she)|t = (r1e +es1)erqe + sierat + stry @
= T1€Tr2€ + eri{eéryg = ri€rgy — 1€ + erire — riery (Z:) —rirge + 67"17"2]

(2,2): (er1 + she)(era + she) = erira + sishe [indeed &(r1sh)e @ 0 and
_ () B O R
eriery = erira, sieshe = sishel.
re 4+ €s s
0 er+ s'e
er +s'e=s" =0 with rt = ts, tr = s’t and ere = s"'t.

As " = 0 we have ere = 0 and (using (ii)) er = ere = re. Right multipli-
cation by e of re + es = 0 gives (by (iii)) re = 0. Left multiplication by € of
er + s'e = 0 gives (also by (iii)) er =0, and so 0 =r —er =r —re =r, as
desired.

¢ is surjective: ze + yt +we = (re +es)e+ ere + (er+ s'e)e = re+er(l —
e)+ (1 —e)r(1 —e) =r, as desired.

¢ is injective: assume p(r) = = 09, that is, re+es =



3 The 3 x 3 case

Here we start with the 0’s relations for three orthogonal idempotents ej1, €29, €33,
two zerosquare €12, a3 and we define ej3 := ejae03.

The additional ¢’s relations hold: 6%3 = eja(e23€12) a3 = 0, enne1s =
€11€12€23 = €12€23 = €13, €13€11 = €12 (623611) =0, e13622 = €12 (623622) =0,
eaze13 = (e22€12) €23 = 0.

Notice that e11 + e + e33 = 1 implies €11 = e + €33 and other two
permutations.

We gather here some obvious equivalences, consequences of the assumed §’s
relations.

Lemma 6 (vii) ej1e12 = e12 equivalent to ejze;s = 0;

(viii) e12€11 = e12 equivalent to ejzeqr = 0.
(zii) e11e13 = e13 equivalent to ejreis = 0.
(ziii) e13€11 = e13 equivalent to eyzerr = 0.
e12€22 = €12 equivalent to e1aea3 = 0.
€22e12 = e12 equivalent to esseis = 0.
€99€23 = €23 equivalent to eszeas = 0.
€23€22 = ea3 equivalent to egzess = 0.
(zxi) eazess = eaz equivalent to eazesz = 0.
(xxii) €33€23 = ea3 equivalent to ezzess = 0.
(zxv) e13e33 = €13 equivalent to e13€33 = 0.
€33€13 = €13 equivalent to eszeiz = 0.

Summarizing, for any idempotent e and element a,
ea = a is equivalent to ea = 0

ae = a is equivalent to ae = 0

ae = 0 is equivalent to ae = a, and

ea = 0 is equivalent to ea = a.

As e33 = e11 + €29, we also have €33e20 = e99€33 = €99 and similarly e3ze;; =
€11€33 = €11, €22€11 = €11€22 = €11-

We still suppose eqy is left semicentral (i.e., e;7Re;; = {0}). Hence all
properties in Lemma 3 hold but we can add many new ones (related to ej1)
corresponding to the zerosquares ess, e13. However, here €11 = eoy fails | We
now have €11 = €22 + €33 (fI‘OIIl €11 + e22 + €33 = 1)

Lemma 7 (Z) €11T€11 = Treiy1,
(Z’L) ejjrey] = 0,'
(1) errrers = emr.
(Z"U) €e12Te12 = O,
(v) erarer; =0, (v) e1arerr = eqar,
(vi) exireis = 0; (vi’) ernrein = reqa,
(ZZL’) €13T€13 = 0,
(x) exsrern =0, (z’) ersrer; = exsr,
(xi) errrers = 0; (x1’) enrrers = ress,



However es2 may not be left nor right semicentral but ess is right semicentral.
Assuming essress = 0 leads to another (similar and symmetric properties):

Lemma 8 (ziv) essress = essr,
(xv) essress = 0,
(xvi) e33ress = ress,
(zvii) eggreas = 0, (zvii’) Ezzreas = reas
(zviii) eagress =0
(xz) eazress = 0; (1x’) eagress = easr,
(ZZL’) €13T€13 = 0,
(xziii) essrers = 0, (zziii’) eszreis = reis,
(xziv) e1sress = 0, (zxiv’) eigress = eysr.

We start with
T = T11€11 + T12€12 + T13€13 + To2€o2 + Tozeos + Tazess  (2)

and are looking to Tij S 0(611, €22, €12, 623) = 0(612, €23, €29, 633) =

= C(e11, €12, €13, €22, €23, €33).

The 12 relations obtained by left and right multiplication of (2) with the six
e;j. The x;;’s are supposed to belong to the centralizer.

€117 = Z11€11 + Ti2€12 + Ti3€13, T€11 = T11€11

€227 = Tg€23 + Ta3€23, T€22 = T12€12 + T22€22

€337 = T'33€33, T€33 = T13€13 1+ T23€23 1+ T33€33

€127 = Xo2€12 + Ta3€13, T€12 = T11€12

€137 = X33€13, €13 = L11€13

€237 = T33€23, I"€23 = T12€13 1 T22€23.

11. For x11, by left and right multiplication with e1; we get (211 — r)e;; =
0 = (211 —r)ei2 [actually also (217 —7)e13 = 0] and the continuation is (almost
!) identical to the n = 2 case.

Since (x11 — r)e11 = (z11 — r)ere = 0 we are searching for z1; = r + a,
commuting with e;; and ey, where ae1; = aejo = 0.

i i ()
€111 = T11€11 1S equivalent to ejja0 = rey; — e r = ejre;; — enr =
—e11reil whence 611(@ —+ 7’611) = 07 o+ Te_ll c 7’(611) 5 E

. (%)
and so we choose a + ré;; = e118. This way ej1x11 = ejireqn = rej; =

x11e11 and we have to choose 8 for ejox11 = x11€12.

(v),(vidz)
We have ejpx11 = eprerr +epperif = eeff and x11e12 = reqjer +

e11pe1s @9 reis, so we need [ such that rejs = e120.
i’
Asreqs () e117e12 (i e1ire12eil € ern Reqr = e11 R(eaa+ess) C e Reaa+
e11Res3 = €125 + €135 = €125 + e12€235 = e125.
For n = 3, e11 # egs. It is now €11 = e + ess.
Hence
T11 = rej11 + €S

with rejs = e19s.



The commutation with ej3: z11€13 = reis = rejsesz = e128€23 and
13211 = €138 = €12€238 = e125€33 since e;; commute with elements in
S.

The commutation with ess: Z11€99 = €115€20 = €11€228 = €998 and e99x11 =
€227€11 + €22€118 = €228 since egaRep; = {0}[was already checked)]

The commutation with €923: X11€23 =— €118€23 = €11€238 = €938 and €23T11 —
€93T€11 + €23€11S = €238 since €93T€11 = €22 (6237’) €11 = 0 (as above).

Checking x17 = rej; + €115 with rejs = ejas.
_ (i) _ (zi)

re;; = (re1 +emrs)ern = rein, ok, rejz = (re1; +€115)e1z = reis, ok
_ (vi)

reja = (re11 +€115)e1a = reia ok, and

- (i4) .
e11r = (re1n + €rrs)e1n + Tri2e12 + rize13 = rei; + Tize12 + Tize1s, that is,

T12€12 + T13€13 = e11r —rerr (3)

remains to be checked. That x1; belongs to the centralizer was checked above.

33. Now z33 will be similar to x11. We start with [e13(x33 — 1) =]eas(x33 —
r) = es3(wss — r) = 0 that is x33 = r + a with [e;3a =]easa = eszza = 0.

. . (ziv)
€33L33 — I33€33 1S equwalent to (€33 — €337 — Iresz — €33r€z3z — I'ezz —
—ez3ress whence (o + e33r)ess = 0, a + €337 € I(ez3) D €33 and so we choose
« + €331 = 5633. Thus 33 = €337 + 5633 and we choose ﬂ for €923T33 — X33€23.

. . . cy . (za’)
This (using (xx) resp. (xxii), (xvii)) gives essr = Beas. Since eagr = easregs =
e99e93Te33 € eggRe33 = €935 so there is s3 such that egsr = s3eq3 and

T33 = €337 1 S3€33.

. . (zviii’),(xzviid)
The commutation with ei3: z33e13 = e33reis + s3e3zei3 = = S3€13

and ej3(essr + ssess) (ziv) e13r, which holds, left multiplying es3r = szess by
e12, since e;; commute with elements in S.

The commutation with €9292: T33€22 = (6337’+83€_33)622 = S3€22 and €22133 —
ea2(€e33T + 53€33) = s3e22 since eg2€33 = €33€22 = €22.

The commutation with eja: x33e12 = (e337+ S3€33)e12 = sze12 and ejpx1; =
e12(e33r + s3€33) = Sze12 since e19€33 = €33€12 = €12.

It remains to verify ress = x13e13 + Xo3€23 + x33€33, which amounts to
T13€13 + Ta3€23 = T€33 — (€337 + S3€33)€33 = T'€33 — €337

12+4-22. The relations are e;1r = x11€11 + T12€12 + T13€13, 2y = T12€12 +
Tooezs and ress = Ti2€13 + T22€23.

Replacement in the first e;17 = (re11+e118)e11 +x12e12+x13€13 gives (again)
(3): z12e12 + T13€13 = €117 — Teq1.

We can write the other two (T*SCQQ)SQQ = T12€12 and (7’71‘22)623 = T12€13 =
x12€12e93 [the later follows from previous by right multiplication with es3).



So r — xaa — T12€12 € I(e23) = {e11, €13, €23, €33}

We write also the other x5 relations: eqor = Tosesa+Tozess, €101 = XTose1o+

Toze13. Hence

€22 (r—x22) = Tageas and e12(r—2x92) = wagzers [the s are in the centralizer].

Both include xs3.

The later can be written r — xos — xageas € r(e12) = {e11, €12, €13, €33} and

50 (1 —e22)(r — x22) € r(e12) = {e11, €12, €13, €33}

Here 1 — e99 = €11 + €33.

Too complicated, so I give up !
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