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Abstract
Abelian groups with dual endomorphism ring are characterized via
semiperfect and finitely left dual endomorphism rings.

1 Introduction

A ring R is a left dual ring if every left ideal is a left annihilator (i.e., using the
left and right annihilators, for every left ideal L, [(r(L)) = L). Right dual rings
are defined similarly and a ring is dual if it is right and left dual (this notion
comes back to Kaplansky [3]).

A ring is right P-injective if every left principal ideal is a left annihilator
(the natural definition reads as: every map aR — Rp extends to R). Observe
that, if a left principal ideal, say Ra, is a left annihilator, then Ra = I(r(a)).

Just to have a term at hand, we introduce the following definition: R is
finitely left dual if every finitely generated left ideal is a left annihilator.

A ring is Baer if every left (or right) annihilator is a direct summand in
rR (respectively Rp) and semisimple if every left (or right) ideal is a direct
summand (i.e., generated by an idempotent) in gpR (respectively Rp). Notice
that a ring is semisimple if and only if it is Baer and dual.

Finally a ring is semiperfect if it is semilocal and idempotents lift modulo the
Jacobson radical. Notice that (by [1], Theorem 3.9), dual rings are semiperfect.

In this short note, we characterize the Abelian groups having dual endomor-
phism ring - via semiperfect and finitely left dual endomorphism rings .
From now on, the term ”group” will designate an ” Abelian group”.

2 The characterization

In the sequel we shall use the following chart

left dual = finitely left dual = right P-injective

f

dual = semiperfect — semilocal
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First recall the following

(23.8) Theorem ([4]) Let M be a right module over a ring k. Then R =
End(Mjy) is semiperfect iff M is a finite direct sum of strongly indecomposable
k- modules.

Here a module Ny, is called strongly indecomposable if End(Ny,) is local.

Therefore

Proposition 1 A mized group has semiperfect endomorphism ring if and only
if it is a direct sum of a torsion and a torsion-free group (i.e., splitting), both
with semiperfect endomorphism ring.

A torsion group has semiperfect endomorphism ring exactly if it is of finite
rank (finite direct sum of cocyclic groups).

A divisible group has semiperfect endomorphism ring exactly if it is of finite
rank (i.e. a finite direct sum of quasicyclic groups Z(p>) and Q).

A torsion-free group G has semiperfect endomorphism ring if and only if it
decomposes into a finite direct sum of indecomposable groups, all having local
endomorphism rings.

Proof. Every strongly indecomposable Abelian group is indecomposable (see
[5]) and the classical Kulikov theorems imply that there are no mixed indecom-
posable Abelian groups. Moreover, since any nontorsion-free group is (strongly)
indecomposable if and only if it is cocyclic, it only remains to use the above
mentioned Theorem. m

Further on, recall

Theorem 2.2 [2]The endomorphism ring of an abelian group G is finitely
left dual iff G = D & R with torsion-free divisible D and reduced R such that:

(i) the nonzero p-components of R are homogeneous p-groups;

(ii) R/T(R) is divisible (and so R is a pure subgroup of || R, which includes

P
? Rp) ;

(iii) if H is any endomorphic image of R, then every (group) homomorphism
H — R extends to an endomorphism of R;

(iv) if D # 0, every subgroup H of R such that R/H embeds in a finite
direct sum of copies of G, has a (suitable) subgroup, generated by the image of
a homomorphism G — H;

(v) if a subgroup H of R is an intersection of finitely many kernels of en-
domorphisms of R and K is a subgroup of H which is the image of a ho-

momorphism R — H, then every subgroup M of G which is a kernel of an
endomorphism of G, such that K C M, includes H.

Finally, here is the structure of the groups having dual endomorphism rings:



Theorem 2 A mized group has dual endomorphism ring if and only if it is a
direct sum of a torsion and a torsion-free group (i.e., splitting), both with dual
endomorphism Ting.

A torsion group has dual endomorphism ring exactly if it is of finite rank
with homogeneous primary components (i.e., finite direct sums of isomorphic
p-groups).

A divisible group has dual endomorphism ring exactly if it is of finite rank
(i.e., a finite direct sum of quasicyclic groups Z(p™) and Q).

A torsion-free group G has dual endomorphism ring if and only if it finite
rank divisible (i.e., a finite direct sum of Q).

Proof. Since dual rings are semiperfect, and groups with semiperfect endomor-
phism rings are splitting using the first two conditions (i) and (ii) we deduce
right away the above statements (by routine Abelian Group Theory arguments).
]

Among these, the groups with semisimple endomorphism rings are well-
known: all finite direct sums of finite elementary (torsion) groups and finite
rank torsion-free divisible groups.

Open problem. Find the Abelian groups having left-dual endomorphism
rings.

The difficulty here is lack of information about the non-finitely generated
(one-sided) ideals of End(G), the endomorphism ring of a group G.
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