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MATRIX INVERTIBLE EXTENSIONS OVER COMMUTATIVE
RINGS. PART II: DETERMINANT LIFTABILITY

GRIGORE CALUGAREANU, HORIA F. POP, ADRIAN VASIU

ABSTRACT. A unimodular 2 X 2 matrix A with entries in a commutative ring
R is called weakly determinant liftable if there exists a matrix B congruent
to A modulo Rdet(A) and det(B) = 0; if we can choose B to be unimodular,
then A is called determinant liftable. If A is extendable to an invertible 3 x 3
matrix AT, then A is weakly determinant liftable. If A is simply extendable
(i-e., we can choose AT such that its (3,3) entry is 0), then A is determinant
liftable. We present necessary and/or sufficient criteria for A to be (weakly)
determinant liftable and we use them to show that if R is a I ring in the sense
of Part I (resp. is a pre-Schreier domain), then A is simply extendable (resp.
extendable) iff it is determinant liftable (resp. weakly determinant liftable).
As an application we show that each J21 domain (as defined by Lorenzini) is
an elementary divisor domain.

1. INTRODUCTION

Let R be a commutative ring with identity element 1. For n € N = {1,2,...},
let M,,(R) be the R-algebra of n x n matrices with entries in R. We say that
B,C € M,,(R) are congruent modulo an ideal i of R if all entries of B — C belong
to i, i.e., B—C € M,(i). Let SL,(R) := {I € M,,(R)|det(I) = 1}. For a free
R-module F, let Um(F) be the set of unimodular elements of F, i.e., of elements
v € F for which there exists an R-linear map L : F' — R such that L(v) = 1.

In this paper we study a unimodular matrix A = “ Z ] € Um(Mz(R)).
a b f

Recall that A is called eztendable if there exists AT = | ¢ d —e | € SL3(R)
-t s v

(see [4], Def. 1.1); we call AT an extension of A. If we can choose AT such that
v =0, then A is called simply extendable and A™ is called a simple extension of A.

Definition 1.1. We say that A € Um(M3(R)) is weakly determinant liftable if
there exists B € Ma(R) congruent to A modulo Rdet(A) and det(B) = 0. If there
exists such a matrix B which is unimodular, then we remove the word ‘weakly’, i.e.,
we say that A is determinant liftable.

If either A is invertible or det(A) = 0, then A is determinant liftable. Also, if
A" € My(R) is equivalent to A, then A’ is (weakly) determinant liftable iff A is so.
The following characterizations of determinant liftability are proved in Section [4l

Date: Accepted for publication in final form in Linear Algebra Appl. on July 5, 2025.

2020 Mathematics Subject Classification. Primary: 15A83, 13G05, 19B10. Secondary: 13A05,
13F05, 13F25, 15B33, 16U10.

Key words and phrases. ring, matrix, projective module, unimodular.

1


https://arxiv.org/abs/2404.17656v3

2 GRIGORE CALUGAREANU, HORIA F. POP, ADRIAN VASIU

a b

Theorem 1.2. For A = [ e d } € Um(M2(R)) the following statements are

equivalent.

(1) The matriz A is determinant liftable.

(2) There exists C € Um(Ma(R)) such that A+ det(A)C € Um(Mz(R)) and
det(C) = det(A + det(A4)C) = 0.

(8) There exists (z,y, z,w) € R* such that ax+by+cz+dw = 1 and rw—yz = 0.

(4) There exists C € My(R) such that det(C) = det (A + det(A)C) = 0.

Definition [Tl is motivated by the following implications proved in Section
Theorem 1.3. For A€ Um (Mz (R)) the following properties hold.

(1) If A is simply extendable, then A is determinant liftable.
(2) If A is extendable, then A is weakly determinant liftable.

The converses of Theorem [[13] do not hold in general (see Example [5.1]).

Recall from [4], Def. 1.2(1) that R is called a Il ring if each matrix in Um (Mz(R))
of zero determinant is extendable, equivalently it is simply extendable by [4], Lem.
4.1(1). We will use stable ranges and pre-Schreier domains as recalled in [4], Def.
1.5 and Sect. 2. Each pre-Schreier domain is a I3 ring (see [4], paragraph after
Thm. 1.4). Recall from [4], Def. 1.2(3) that R is called an SFEy ring if each matrix
in Um(Mz(R)) is simply extendable. In particular, an SE; ring is a II, ring.

The next two theorems are proved in Section [7}

Theorem 1.4. The ring R is a o ring iff the simply extendable and determinant
liftable properties on a matriz in Um (MQ(R)) are equivalent.

From Theorem [[4] and [4], Thm. 1.6 we get directly the following result.

Corollary 1.5. If R is a Iy ring with sr(R) < 2, then the simply extendable, ex-
tendable and determinant liftable properties on a matriz in Um (Mg (R)) are equiv-
alent.

As SFEs rings are I rings, from Theorem [ we get directly the following result.

Corollary 1.6. The ring R is an SEa ring iff it is a Ily ring with the property that
each matriz in Um(MQ(R)) with nonzero determinant is determinant liftable.

A matrix N € My(R) is called non-full if it is a product [ Tf’L ] [ 0 ¢ ] with

(I,m,0,q) € R*; so det(N) = 0. Recall that an integral domain R is a pre-Schreier
domain iff each matrix in My(R) of zero determinant is non-full by [I3], Lem. 1.

Theorem 1.7. Assume R is such that each zero determinant matriz in Ma(R) is
non-full (e.g., R is a product of pre-Schreier domains). Then a unimodular matriz

A€ U’ITL(M2 (R)) is extendable iff it is weakly determinant liftable.

Note that R of Theorem [[7is a II ring by [4], Thm. 1.4. Based on this, from
Theorems and [[.7] and Corollary we get directly the following result.

Corollary 1.8. Assume R is such that sr(R) < 2 and each zero determinant
matriz in Mo (R) is non-full (e.g., R is a product of pre-Schreier domains of stable
range at most 2). Then the simply extendable, extendable, determinant liftable and
weakly determinant liftable properties on a matriz in Um(MQ(R)) are equivalent.
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Example 1.9. Let R be a pre-Schreier domain such that sr(R) = 3 and there exists
A € Um(Mz(R)) which is extendable but not simply extendable (e.g., R = K[X, Y]
with K a subfield of R, see [4], Ex. 6.1). Then A is weakly determinant liftable
by Theorem [[3(2) but it is not determinant liftable by Theorem [[4 So the
inequalities in Corollaries and [[.§] are optimal.

Recall that R is called an elementary divisor ring if for each (j,n) € N? with
7 < n, every matrix of size either j x n or n x j with entries in R admits di-
agonal reduction, i.e., is equivalent to a matrix whose off diagonal entries are 0
and whose diagonal entries a; 1,...,a;; are such that a;; divides a;y1 41 for all
i€ {l,...,j—1}. Also, recall that R is a Hermite ring in the sense of Kaplansky if
R? = RUm(R?), equivalently if each 1 x 2 matrix with entries in R admits diagonal
reduction. Clearly, each elementary divisor ring is a Hermite ring. Moreover, each
elementary divisor ring is an SF5 ring (as defined above) by [4], Prop. 1.3.

Lorenzini introduced 3 classes of rings that are ‘between’ elementary divisor rings
and Hermite rings (see [12], Prop. 4.11). We define the first class, J2 1, as follows.

Definition 1.10. We say that R is:

(1) a WJaq ring if for each (a,b,c,d) € Um(R*) and every (V,A) € R?, there
exists (z,y,2,w) € R* such that ax + by + cx + dw = V¥ and xw — yz = A;

(2) a Ja1 ring if it is a Hermite ring and a W Ja1 ring.

The above definition of a Jo 1 ring is equivalent to the one in [I2], Def. 4.6 (see
Proposition BI). For J, . rings with (n,r) € N? and n > r see [12], Def. 4.6.
Lorenzini shows that an elementary divisor ring is a J, i ring for every integer
n > 1 (see [12], Prop. 4.8) and Fresnel shows that an Euclidean domain is a J,, ,
ring for all (n,r) € N? with n > r (see [6], Thm. 1.1). Theorem [LT1] below, proved
in Section B based on Theorem [[4] solves a problem posed by Lorenzini (see [12],
p. 618) and Fresnel (see [6], Subsect. 3.1) for the case of II; rings.

Theorem 1.11. Let R be a WJ3 1 ring. Then the following properties hold.

(1) Each matriz A € Um(Mz(R)) is determinant liftable.

(2) Assume R is also a Hermite ring (i.e., R is a Ja1 ring). Then R is an
elementary divisor ring iff it is a Ila ring.

(8) Let R be a Jo1 domain. Then R is an elementary divisor domain.

Therefore the constructions for an arbitrary commutative ring performed in [12],
Ex. 4.10 for n = 2 or in Ex. 3.5 always produce rings which are either elementary
divisor rings or are not ITs rings (in particular, the integral domains produced are
elementary divisor domains).

By combining Theorem [[L.TT|(2) with [12], Prop. 4.8 we get directly the following
implication between these classes of rings.

Corollary 1.12. Let R be a J21 ring. If R is a Il ring, then R is a Jy 1 ring for
each integer n > 1.

The commutative R-algebras associated to A and required in the proofs of the
above theorems are introduced in Section [Z} their smoothness properties are pre-
sented in Theorem B.Ilof SectionBl Section [0 proves criteria for weakly determinant
liftability. Section [ studies rings R for which all A € Um(Ma(R)) are (weakly)
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determinant liftable. Section [I0] proves criteria for determinant liftability via com-
pletions. Section [[T]uses Picard groups to refine Theorem BIl(7) when det(A) = 0.
Part 11T of this series of articles [5] will contain applications to Hermite rings.

2. FIVE ALGEBRAS

For a commutative R-algebra S, let N(S5), Z(S), U(S), Pic (S) be the nilradical,
the set of zero divisors, the multiplicative group of units and the Picard group
(respectively) of S. Let Spec S be the spectrum of S. Let Max .S be the set of
maximal prime ideals of S. For f € S, let (f) := Sf and we often abuse the
notation by denoting f := f +1i € S/i for several ideals i of S.

To A = CCL Z € Um(Mz(R)) we attach five commutative R-algebras as
follows. Let XY, Z, W,V and T be variables. The first four R-algebras are

U=Us:=RIX,)Y,Z,W]|/(1 —aX —bY —cZ —dW),
E=Ey = R[X,Y,Z,VV,V]/(l —aXW —bXZ —cYW —dY Z — (ad—bc)V),
X =X4:=R[X,Y,Z,W]/(1—aXW —bXZ — YW —dY Z),
D=D4s:=R[X,Y,ZW]/(1—-aX —bY —cZ —dW,XW —Y Z).

The polynomial

O =P,(X,Y,Z,W):=1-aX—-bY—cZ—dW+(ad—bc)(XW-YZ) € R[X,Y, Z, W]

admits several natural decompositions of the form e;1e22 — e12e21, such as
b=(1-aX —cZ)(1-bY —dW) — (aY + cW)(bX + dZ). The fifth R-algebra is

W =W, := R[X,)Y, Z W]/(D).
If ¢ =0, then

I W = R[X,Y,Z,W]/((1 —aX)(1 - dW) = Y (b + adZ))
M = R[X,Y,Z,W]/((1 —aX)(1 = bY — dW) — aY (bX + dZ)).

We define an arrow diagram of R-algebra homomorphisms

(IT) W——D<—U
\r
E——=X

as follows. The horizontal homomorphisms are surjections defined by R-algebra
isomorphisms W/(XW —YZ) 2D =2 U/(XW —YZ) and X = £/(V) given by
the Third Isomorphism Theorem, and p is defined by mapping X, Y, Z, W to
XW, XZ, YW, YZ (respectively). Equation () and Diagram (IIl) encode many
applications in this Part IT and the sequel Part III [5].

The R-algebra homomorphism R[X,Y,Z, W] — D[T,T7'] ®p , X that maps
X, YV, Z,andWtoT®X, TRY, T7'® Z, and T~' @ W (respectively) maps
1—aXW—-bXZ—-cYW—dYZ to1@(1—aXW —bXZ—-cYW —dYZ) =100 =0
and hence it induces an R-algebra homomorphism

X:X = DT, T\ @p,X
that maps X, Y, Z,and W to T® X, T®Y, T '®Z, and T~ ®@ W (respectively).
The composite R-algebra homomorphism yop: D — D[T, T~ '|®p , X maps X, Y,
Z,and Wto 1@ XW =X®1,10XZ2=Y®1,1YW=201,10YZ=W®l
(respectively) and hence x is a D-algebra homomorphism.
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For two R-algebras S and S’, we consider the set
Hompg(S,5") :={o: S — S'|ois an R-algebra homomorphism}.
The next two lemmas form the first justification for introducing these R-algebras.

Lemma 2.1. Let A = [ (CI Z } € Um(MQ(R)) and the R-algebras U, £, X, D
and W be as above. Then the following properties hold.
(1) For a commutative R-algebra S we have functorial bijections of sets

(IT1)  Homg (U, S) = {(x,y, z,w) € S*|ax + by + cz + dw = 1},
(IV)  Homg(&,S) = {(z,y, z,w,v) € S°|arw+brz+cyw+dyz+ (ad—be)v = 1},
(V) Hompg(X,S) = {(z,y,2,w) € S*|azw + bxz + cyw + dyz = 1},
(VI) Hompg(D,S) = {(z,y, z,w) € S*|laz + by + cz + dw = 1 and xw = yz},
(VII) Homg(W,S) = {(z,y,z,w) € S*|®(x,y, z,w) = 0}.

(2) For a commutative R-algebra S we have a functorial diagram of sets

{(z,y, 2,w) € S*azw + bxz + cyw + dyz = 1} Hompg(X,S)
o(S) VEIE)
{(z,y,2,w) € S*az + by + cz + dw = 1, zw = yz} — Hompg(D, S),

where the horizontal arrows are identifications given by Equations (W) and (Y1),
p(S) maps h € Homp(X,S) to hop € Hompg(D, S), and o(S) is defined by the rule
(z,y,z,w) — (zw,xz,yw, yz)

(3) Let S be a commutative R-algebra. Let o(S) be as in part (2). Let (¢',y', 2/, w') €
S% be such that az’ +by' +c2'+dw' =1, 2'w' = y'2', and {2',y', 2", W' }NU(S) # 0.
Then there exists a quadruple v = (z,y, z,w) € S* such that azw + brz + cyw +
dyz = 1 and o(S)(v) = («',y',2',w’"). Moreover, for each such quadruple v, the
function o(S), = U(S) x {v} — o(S)"(2',y,2',w') defined by o(S),(u,v) =

(uz, uy,utz,u=tw) is a bijection.

Proof. Let Hg := {p € Homg(R[X,Y, Z,W],S)|1 —aX —bY —cZ —dW € Ker(o)}.
Factorization of homomorphisms theorem gives a functorial bijection Hompg (U, S) =
Hg. Similarly, the universal property of polynomial rings gives a functorial bijection
Homp(R[X,Y, Z,W],S5) = S* defined by the rule o0 — (o(X), o(Y), 0(Z), o(W));
this induces a functorial bijection Hg = {(x,y, z,w) € S*|az + by + cz + dw = 1}.
The last two sentences imply that Equation ([II)) holds. Equations ([V]) to (V1) are
proved similarly. So part (1) holds.

Part (2) follows from the definition of p: D — X.

For part (3), to fix the ideas we can assume that ' € U(S); so w’ = (/) "1y'2".
As v we can take (1, (x’)_lz’,y',x’)). If o(S)y (21,41, 21, w1) = (2/,y, 2/, w'), then
xiwy = zw =o' € U(S), x121 = 2z = ¢/, yrw1 = yw = 2’ and y121 = yz = w'.

I Thus the R-algebra homomorphism p : D — X, as a morphism of functors from the cate-
gory of R-algebras to the category of sets, represents decompositions of the unimodular matrix

X Y Xx = > . .
{ Wz i| S Um(Mz(D)) as a product |: Vo i| [ Wx Zx ], the lower right index X em-
phasizing variables for X'.
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For u € U(S), 0(S),(u,v) is equal to (z1,y1, 21, w1) iff u := wwy'. So o(9), is a
bijection and part (3) holds. O

Recall that a retraction of an R-algebra S'is an R-algebra homomorphism S — R.

a b

Lemma 2.2. For A = [ ¢ d ] € U’ITL(M2 (R)) the following statements are equiv-

alent.

(1) The matriz A is extendable (resp. simply extendable).

(2) There exists (z,y,z,w,v) € R (resp. (z,y,2,w) € R*) such that we have
azxw + brz + cyw + dyz + (ad — bc)v = 1 (resp. azw + brz + cyw + dyz = 1).

(8) The R-algebra € (resp. X) has a retraction.

Proof. The equivalence (3) < (2) follows from Lemma 2] Equation (V) (resp.
(V) applied to the R-algebra R. By very definition, the matrix A is extendable
(resp. simply extendable) iff there exists (x,y, z, w,v) € R® (resp. (z,y,2,w) € R*)

a b vy a b y
such that the matrix | ¢ d —z | (resp. ¢ d —z |)hasdeterminant 1,
-z w v -z w 0
i.e., the identity axw+brz+cywdyz+(ad—bec)v = 1 (resp. axw+brz+cyw+dyz = 1)
holds; hence (1) < (2). Thus the lemma holds. O

3. SMOOTHNESS PROPERTIES

The analogs of Lemma for determinant liftability (see Theorem and
Lemma 2.1} Equation (VI))) and for weakly determinant liftability (see Theorem
[E1(2) to (4) below and Lemma 2.1 Equation (VII)) require substantial extra work
and even some algebraic geometry reviews which are carried out in this section.

For an R-algebra homomorphism & : S — S’ between commutative R-algebras
and f € R, let hy : Sy — S} be the localization of h with respect to the multi-
plicative set My := {fili € NU{0}} (with f°:=1 by convention). In particular,
Ry = M;lR and Sy = Ry ®r S as Ry-algebras. Similarly, for an S-linear map
At M — M' between S-modules, let A\f : My — M} be its localization with re-
spect to My; we have a functorial Sy-linear isomorphism My = Ry ®g M, where
Rf®p M is viewed as an Sy-module via the R¢-algebra isomorphism Sy = Rf®gS.
If f € N(R), then My is the zero module over the zero ring Sy.

Given n € NU {0}, for the definition of a smooth morphism Spec S — Spec R
(equivalently, a smooth homomorphism R — S) of relative dimension n we refer to
[2], Ch. 2, Sect. 2.2, Def. 3. The main example of a smooth homomorphism of rela-
tive dimension n is the polynomial R-algebra homomorphism R — R[X7, ..., X,].
Smoothness of relative dimension n is a local notion in the Zariski topologies of
either Spec S or Spec R and hence (i) the homomorphism R — S is smooth of rela-
tive dimension n if S is a symmetric R-algebra of a projective R-module of rank n
and (ii) the localization homomorphism R — Ry is smooth of relative dimension 0.
If r e NU{0} and the homomorphisms R — S and S — S’ are smooth of relative
dimensions n and r (respectively), then the composite homomorphism R — S’ is
smooth of relative dimension n + 7.

Recall that Gy, r is the commutative affine group scheme over Spec R defined
by the commutative Hopf R-algebra R[T,T~!] whose R-algebra comultiplication
homomorphism cog : R[T, T~ — R[T, T~ ®& R[T, T~ ] is defined by cor(T) =
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T @ T (the R-algebra homomorphisms that are the counit R[T,T~!] — R and the
coinverse R[T, T~ — R[T,T~!] are uniquely determined by the comultiplication
and they map T to 1 and respectively T~1); so for each commutative R-algebra S,
we have a functorial isomorphism of abstract commutative groups

{h : Spec S — G, g|h is a morphism of schemes over Spec R} = U(S).

Recall that a morphism SpecS — Spec R with a (left) action of Gy, g on it
defined by a morphism A : G, g Xgpec r Spec S — Spec S is a Spec R-torsor (in the
Zariski topology) under G, g if there exists n € N and (f1,..., fn) € Um(R™) (so
Spec R = U" ;Spec Ry,) such that for each ¢ € {1,...,n} there exists a Spec Ry,-
isomorphism Spec Sy, = Gy, r 4 under which the action Gy, r s, XSpec Ry, Spec Sy, —
Spec S, becomes isomorphic to the product morphism G, r s, XSpec Ry, Gm.r P
Gum,r,, defined by the comultiplication cog;, .

If we can take n = 1, then SpecS — Spec R with the action of G,, g on it is
called a trivial Spec R-torsor under G, g. If n =1, then f; € U(R) and it follows
that there exist R-algebra isomorphisms S & Sy, = Ry [T, T~ = R[T,T~'] and
in particular that the R-algebra S has a retraction. Conversely, if the R-algebra S
has a retraction h : S — R, then the natural composite morphism

Gm,r = Gm, R Xspec kR SpeC R — Gy R XSpec R Spec S — Spec S

defined by restricting .4 to the closed subscheme Spec h : Spec R — Spec S of Spec S
is an isomorphism between Spec R-schemes and its inverse is a Spec R-isomorphism
SpecS — G, r under which A becomes isomorphic to the product morphism
Gm,r XspecR Gm,r = Gy, r and hence we can take n = 1 with f; := 1.

If S is a commutative R-algebra, the pullback of a Spec R-torsor under G, g via
the morphism Spec S — Spec R is a Spec S-torsor under G, s.

For more details related to the last two paragraphs see [2], Ch. 6, Sect. 5.4 or
[14], Ch. III, Sect. 4 which use the fppq and the flat (respectively) topology; see
[14], Ch. III, Prop. 4.9 for why we can restrict to the Zariski topology.

As A= { Z Z ] € Um(MQ(R)), the R-linear map A4 : R* — R defined by the
rule Aa(z,y, z,w) = ax + by + cz + dw is surjective. Thus

(VIII) P = Py :=Ker(Aa) = {(z,y, 2,w) € R*az + by + cz + dw = 0}

and its dual P* := {f : P — R|f is R-linear} are projective R-modules of rank 3
with P@® R P* @ R R*. Also, P = P* by [L1], Ch. III, Sect. 6, Thm. 6.7 (1).

Theorem 3.1. For A = [ Ccl Z } € Um(Mz(R)), let P be as above. The following

properties hold for the R-algebras U, £, X, D, and W of Section [2.

(1) For f € {a,b,c,d}, the Ry-algebra Uy is isomorphic to a polynomial Ry-
algebra in 3 variables. In particular, the R-algebra U is smooth of relative dimension
3.

(2) The R-algebra U is isomorphic to the symmetric R-algebra of P.
(8) The R-algebra D is smooth of relative dimension 2.
(4) The R-algebra € is smooth of relative dimension 4.
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(5) The localization W(lf(adfbc)(waYZ)) of W is a smooth R-algebra of rela-

tive dimension 3. In particular, if ad —bc € N(R), then the R-algebra W is smooth
of relative dimension 3.

(6) We consider the morphism of Spec R-schemes Specp : Spec X — SpecD
defined by the R-algebra homomorphism p : D — X of Section[2 and the morphism

Spec x : G, p Xspecp Spec X — Spec X

of Spec D-schemes defined by the D-algebra homomorphism x of Section[d. Then
this morphism of Spec D-schemes is a Gy, p-action on Spec p.

(7) Referring to part (6), Spec p with its G, p-action is a Spec D-torsor under
G, p. In particular, the morphism Spec p is smooth of relative dimension 1 and
the R-algebra X is smooth of relative dimension 3.

(8) Assume det(A) = 0. Then for f € {a,b,c,d} the Ry-algebra Dy is a poly-
nomial Rg-algebra in 2 variables. Moreover, there exists a self-dual projective R-
module @ of rank 2 such that the R-algebra D is isomorphic to the symmetric
R-algebra of Q and Q ® R = P (thus Q ® R?> = R*).

Proof. (1) As A € Um(Mg(R)), we have Spec R = Ujfcap,c,aySpec Ry. For f =
a, as a is invertible in R,, the R,-algebra U, is easily seen to be isomorphic to
R,[Y,Z,W]. The other three cases f € {b,c,d} are similar.

(2) We consider the R-algebra

U = RIX"Y', 2\ W')(aX'+bY' + cZ' +dW').
Let (a/,',c/,d") € R* besuch that Aa(a’,b’,c/,d') = 1. The R-algebra isomorphism
R[X,Y,Z, W] — R[X'",)Y', Z',W'] that maps X toa'— X", Y tob/=Y’, Z to /-7,
and W to d' — W' also maps 1 —aX —bY —cZ —dW to aX'+bY’' +cZ'+dW’' and
hence it induces an R-algebra isomorphism U = U’. We consider the R-module

M= (XY, Z'\W')/(aX' +bY' + cZ'+dW' + (X',Y',Z',W’)2)
of quotient of ideals of R[X', Y’ Z' W’]; it is isomorphic to the quotient R-module
[RX'® RY' ® RZ' ® RW'|/R(a X', bY’ cZ', dW')

whose dual is naturally isomorphic to P. Thus the R-module M3 is isomorphic to
P* and hence also to P. We consider the R-linear map [ : M3 — U’ that maps x+7J
to x + J for each x € {X',) Y, Z/, W'}, where J and J are the ideals (aX’ +bY' +
cZ'+dW' + (X’,Y’,Z’,W’)Q) and (aX' 4+ bY' + ¢Z' +dW') of RIX',Y', Z' W]
(respectively). If & is the symmetric algebra of the R-module M3, then there exists
a unique R-algebra homomorphism [ : & — U’ that extends [. To check that [ is an
isomorphism it suffices to show that the R¢-algebra homomorphism I : & — U} is
an isomorphism for each f € {a,b,c,d}. For f = a, as a is invertible in R,, the R,-
algebra homomorphism [, is naturally identified with the identity automorphism
of R,[Y,Z,W]. The other three cases f € {b,c,d} are similar. We conclude that
there exists an R-algebra isomorphism &/ — & with M3 = P, thus part (2) holds.
(3) We consider the matrix

a b ¢ d
w —-Z -Y X

For n € Max (R[X,Y, Z,W]) such that {XW — Y Z,1—aX —bY —cZ —dW} C n.
Let ry € {0,1,2} be the rank of N4 modulo n and let x := R[X,Y, Z, W]/n. We

Ny = € My(R[X,Y, Z,W]).
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show that the assumption that r, < 1 leads to a contradiction. As N4 modulo n
has unimodular rows, we have r, = 1 and thus there exists o € R[X,Y, Z, W]\ n
such that (a,b,c,d) + a(W,—Z,-Y, X) € n*. So 2a(XW — Y Z) is congruent to
(aX+bY +cZ+dW) modulo n, and thus, as {XW-YZ,1—aX —bY —cZ—dW} C n,
it is congruent to both 0 and —1 modulo n, a contradiction. Therefore r,, = 2.

We denote the differential forms operator by § in order to avoid confusion with
the element d € R. As r, = 2, the two differential forms 6(XW —Y Z) = WoX —
Z0Y —Y6Z + X5W and §(1 —aX —bY —cZ —dW) = —adX — bOY — ¢6Z — d6W
of the free R[X,Y, Z, W]-module Q}%[X,Y,Z,W]/R = Oue(x,v,z,w}R[X,Y, Z, W]ox of
relative differential forms (of degree 1) of R[X,Y, Z, W] over R (see [2], Ch. 2, Sect.
2.1, p. 31) are linearly independent in Q}%[X)KZ)W]/R QR[x,v,z,w] - From this and
Jacobian Criterion (see the implication (a) < (d) in [2], Ch. 2, Sect. 2.2, Prop.
7) it follows that the morphism SpecD — Spec R is smooth of relative dimension
4-2=2atn/(XW—-YZ1—aX —bY —cZ — dW) € SpecD. From this and
[2], Ch. 2, Sect. 2.2, Prop. 11 it follows that Spec D — Spec R is smooth of relative
dimension 2 at all points of Spec D contained in an open subset of SpecD that
contains Max D and thus at all points of Spec D. Thus part (3) holds by the very
definitions (see [2], Ch. 2, Sect. 2.2, Def. 3).

(4) Similar to the last two paragraphs, it suffices to show that for

OX,Y,Z,W,V) :=1—aXW—bXZ—cYW —dY Z—(ad—bc)V € R[X,Y, Z, W, V],

and its five partial derivatives Ox, Oy, Oz, Oy, and Oy, the differential form
00 = Ox6X + OydY + Oz07 + O oW + OV € Q}%[X,Y,Z.,W.,V]/R is nonzero
modulo each maximal ideal of R[X,Y,Z, W, V] that contains ©. So it suffices to
show that © and its five partial derivatives generate R[X,Y, Z, W, V], which follows
from the identity 1 = 0 — VOy — XOx — YOy. So part (4) holds.

(5) Similarly to the last paragraph, part (5) follows from the fact that we have
an identity 1 — (ad—be)(XW —Y Z) = & — Xy — Y By — ZO, — Wdy,. Note that
if ad — bc € N(R), then 1 — (ad — be)(XW — Y Z) € U(W) and thus the R-algebra

localization homomorphism W — W(l—(ad—bc)(XW—YZ)) is an isomorphism

(6) Tt is easy to see that we have an identity of D-algebra homomorphisms
(cop®@1x)ox = (lprr-y®x)ox: X = D[I,T ' @p DT, T~ " ®p, X,
with 14 denoting the identity automorphism of the R-algebra % and the comul-
tiplication cop : D[T,T~] — D[T,T~'] @p D[T,T~'] as in the beginning of this
section. For instance, (cop ® 1x)ox(Z2) = (cop@1x) (T '@ 2)=T"'@T ' ~Z

is equal to (1D[T,T*1] ® X) o X(Z) = (1D[T,T*1] ® X)(Til ® Z) =T 'eT '®Z.

Also, x : X — D[I, T~ '] ®p,, X has a retraction defined by the X-algebra
homomorphism DT, T~ ®@p,, X — X that maps T'® 1 to 1.

Part (6) follows from the last two paragraphs.

(7) As 1 = aX +bY + c¢Z + dW in D, SpecD = Uregx,v,z,wySpec Dy So it
suffices to show that for f € {X,Y,Z, W}, the pullback Dj-torsor under Gy, p;,
i.e., the morphism Spec Xy — Spec Dy defined by p; with its induced action, is
trivial. We only show this for f = X as the other three cases are similar; based on

2The morphism Spec W — Spec R is not smooth of relative dimension 3 at precisely the points
of the closed subscheme of Spec W which is the closed subscheme of Spec W, 4_p. defined by the
zero locus X — (ad —be)"l'd =Y — (ad —bc) e = Z — (ad — bc) "1b =W — (ad — bc) "la = 0. In
particular, if A is invertible, then this closed subscheme is isomorphic to Spec (R/N(R)).
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the diagram of Lemma [ZT(2), this case follows from the last part of Lemma [21§3)
applied to S = Dx.

(8) For the polynomial R-algebra part we only consider the case f = a as the
other three cases are similar. By eliminating X = a='(1 — bY — ¢Z — dW) € D,,
we obtain an isomorphism

Dy 2 R, Z,W]/(YZ - a 'W(1 = bY — cZ — dW)),

which via the change of variables (Y1, Z1, W;) = (aY + cW, Z 4+ a='bW, W) over
R, is isomorphic, as ad = bec, to Ry[Y1, 21, Wi]/a 2(Y1Z1 — W1) =2 R.[Y1, Z1]
and hence to the symmetric R,-algebra of R2. From [I], Thm. (4.4) it follows
that D is isomorphic to the symmetric R-algebra of a projective R-module Q.
From [I], Lem. (4.6) applied to R and Ry with f € {a,b,c,d} it follows that @ is
uniquely determined up to isomorphism and that @ = Rfc for each f € {a,b,c,d}.
Thus @ has rank 2. So there exists an R-algebra homomorphism D — R; let
¢ = (a,b,c,d) € R* be such that As(¢) = 1 and a/d’ = V'’ by Lemma 211
Equation (V). The R-algebra D is isomorphic to
RIX"Y", Z' W'/ (aX'+bY' +cZ'+dW' ,d X' - Y =6 Z'+d W = X'W' +Y'Z")
via the change of variables (X', Y', Z', W') := (d/, ¥, ¢, d) + (X, Y, Z,W).

We consider the R-submodule My := R(a,b,c,d) + R(d',—c', =V, a’) of R*. To
study My we introduce the nondegenerate bilinear form (,) : R* x R* — R on the
R-module R* defined by the rule

4
(w1, 22,23, 24), (Y1, Y2, Y3, ¥4)) = > Tl
i=1

We have identities ((, (a,b,¢,d)) =1 and ((, (d', —¢',—¥',a’)) = 0. Let m € Max R;
so R/m is a field and V; := (R/m)* is a vector space over it of dimension 4. The
image V3 of M in Vj is a vector subspace of dimension dy,, € {0,1,2}. The images of
(a,b,c,d) € Um(R*) and (d', —c/,—b',a’) € Um(R*) in V, are two nonzero vectors
v and v’ (respectively), hence dy, > 1. We show that the assumption that dy, = 1
leads to a contradiction. This assumption implies that there exists a nonzero scalar
B € R/m such that v = Sv'. If {y, is the image of ¢ in Vj, by denoting also by (,)
its reduction modulo m, we compute 0 = ((m,v") = f((m,v) = B, a contradiction
to 8 # 0. Thus dy, # 1, hence d, = 2. As d, = 2 for each m € Max R, we have
My = R? and R*/M; is a projective R-module of rank 2 by Lemma below.
Hence M, is a direct summand of R?.
Let
D =RIX"Y' Z' W|/(aX' +bY' +cZ' +dW' d X' - Y —bZ +dW').

As Aa(¢) = aa’ +bb 4 cc/ +dd" = 1, we have Spec R = Ujc(qp,c,aySpec Rypr (if
f=athen f' =d,if f =bthen f' =V, etc.). For f € {a,d} (vesp. f € {b,c}),
the Ry p-algebra D', is isomorphic to Ry [Y”, Z] (vesp. Ryp/[X', W']). Let J and
J’ be the ideals of D and D’ (respectively) generated by the images of X', Y’  Z’,
W'. We view D and D’ as augmented R-algebras (in the terminology of [I], Sect.
4, Cor. (4.3)) with the augmentations D — R and D’ — R which are the R-algebra
homomorphisms having J and J’ (respectively) as their kernels. The R-modules
Q:=J/J? and Q' = J'/(J')? are identified via the Third Isomorphism Theorem
to the following R-module quotient of ideals

(XY Z' W ((aX'+bY +cZ'+dW', d X'~ Y'-V Z'+d' W) +(X"Y', Z',W')?)
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of R[X'",Y’ Z',W’], thus they are isomorphic to R*/Ms. From [I], Cor. (4.3) and
the isomorphisms of localizations D, = R,[Y1,Z1] and D., = R.[Y’,Z’] that
involve variables that are linear polynomials in X1,Y7,Z1, W7 and X', Y', Z/, W'
(respectively) and their analogs with a replaced by b, ¢, or d, it follows that the
augmented R-algebras D and D’ are isomorphic to the symmetric R-algebras of Q
and Q' (respectively) endowed with their natural augmentations, and so they are
isomorphic. So the R-algebra D is isomorphic to the symmetric R-algebra of Mj.

As M, is a direct summand of R?*, there exists a short exact sequence 0 —
R — P* - @Q — 0 of R-modules, so Q ® R = Q" & R = P* =2 P. Thus
Q®R?>= P®R=R* Asthe R-module Q is stably free of rank 2, it is self-dual
by [1I], Ch. III, Sect. 6, Thm. 6.8. O

For reader’s convenience we include the following lemma whose statement and
proof are probably well-known, but for which we could not find a reference.

Lemma 3.2. Let (i,j) € [NU{0}]?. Let M; be an R-submodule of R**J generated
by i elements and such that for each m € Max R the image of M; in R /mR**I
is a vector space of dimension i over the field R/m. Then M; = R and R /M;
is a projective R-module of rank j.

Proof. Let | : R® — M; be a surjective R-linear map. For m € Max R, let I :
RJ — R'J be an R-linear map such that the rule (z1,...,z;4;) = U(z1,...,2;) +
L (®ig1, ..., 2ip;) defines an R-linear map fy : R — R whose reduction
modulo m is an isomorphism. Let f,, € R\ m be the determinant of ¢,. As the
Ry, -linear map (¢w)y,, is an isomorphism, it follows that I, is an isomorphism
and (R /M;)s,, = R;m. As Spec R = Unemax rSDPeC Ry,,, we conclude that [ is
an isomorphism and R/ /M; is a projective R-module of rank j. ([

Corollary 3.3. Assume there exist two ideals iy and iy of R such that iy Niz = {0}
and det(A) € is. Then for C € {D,W}, each R-algebra homomorphism C — R/i;
lifts to an R-algebra homomorphism C — R.

Proof. Let h12 : C — R/(i1 + i) be induced by an R-algebra homomorphism Ay :
C — R/i1. As A modulo is has zero determinant, C/i2C is the symmetric algebra of
a projective R/iz-module Q2 of rank 2 if C = D and of rank 3 if C = W (see Theorem
BIK1) and (8)). The R-algebra homomorphism ki o is uniquely determined by an
R-linear map l12 : Q2 — R/(i1 +12). If s : Q2 — R/iy is an R-linear map that
lifts {1 2 and if he : C — R/iy is the R-algebra homomorphism uniquely determined
by la, then hg lifts hy 2. As iy Niz = {0}, we have a pullback diagram

R R/iy

| {

R/lz e R/(ll + 12),

so there exists a unique R-algebra homomorphism C — R that lifts hy and hy. O

a Z } € Um(Mg(R)),

let P be as in Equation (VIIN). Then the following properties hold.

(1) We have P = R3 and the R-algebra U is a polynomial R-algebra in 3 vari-
ables.

Corollary 3.4. Assume R is a Hermite ring. With A =
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(2) Assume det(A) = 0 and let the projective R-module @ be as in Theorem
[Z1(8). Then Q = R? and the R-algebra D is a polynomial R-algebra in 2 variables.

Proof. The stably free R-module P is free by [17], Cor. 3.2. As P = R3, part (1)
follows from Theorem BI](1).

If det(A) = 0, then we similarly argue that the stably free R-module @ is free
and that part (2) follows from Theorem B.I|(8). O

4. PROOF OF THEOREM

For E € M (R) let Tr(E) be its trace, let adj(E) € Ma(R) be its adjugate, and
let Kerg be the kernel and Img be the image of the R-linear map Ly : R? — R?

defined by E. Let I := { (1) (1) ] € Mq(R).

We first prove the following general lemma.
Lemma 4.1. Let G, H, E € My(R). Then the following properties hold.

(1) There ezists a matriz O € Ma(R) such that H = G(I2 + adj(G)O) iff G and
H are congruent modulo Rdet(G).

(2) If GE is unimodular, then G and E are unimodular.

(8) If G is unimodular and G and GE are congruent modulo Rdet(G), then GE

is unimodular iff E is unimodular.

Proof. As Gadj(G) = det(G)Iz, for O € My(R) we have H = G + det(G)O iff
H = G(I; + adj(G)0). So part (1) holds.

The only nontrivial implication of parts (2) and (3) is the ‘if’ of part (3). It
suffices to show that the ideal h of R generated by the entries of GE is not contained
in any m € Max R. This holds if det(G) € m as G and GE are congruent modulo
Rdet(G). If det(G) ¢ m, then G modulo m is invertible, thus GE modulo m is
nonzero as this is so for £ modulo m, so h € m. O

We are now ready to prove Theorem Let A = { i Z
be as in Theorem To A and a quadruple v = (7,y,2,w) € R*, we associate
matrices in M (R) as follows:

OU:_{_“’ § }

] € Um(Ma(R))

y -

- ) | 1-by—dw bx + dz
Day =1 +adj(A)C, = { ay + cw 1—azx—cz } ’
B - [ a—det(Aw b+ det(A)z
Bay:=AD4, = A+ det(A)C, = [ c+det(Ay d—det(A)z |

We have Tr(Da,,) = 2 — ax — by — ¢z — dw and one computes

(IX) det(Da,y) = Pa(z,y, 2z, w),
(X) det(Ba,) = det(A)Pa(z,y, 2, w),
(X1) 1 —det(A)det(Cy) = Tr(Dap) —det(Dag ).

To prove Theorem [[.2] we first remark that clearly (2) = (1) and (2) = (4).
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To prove that (3) = (2), let the quadruple v = (z,y,z,w) € R* be such
that ax + by + cz +dw = 1 and 2w — yz = 0. We claim that the matrix
C := C, satisfies the conditions in (2). We have ®(z,y,z,w) = 0, det(C) = 0,
C € Um(Mz(R)) and for B4, = A+ det(A)C we have det(Ba.,) = 0 by Equa-
tion (X)). As Tr(Da,,) — det(D4,,,) =1 by Equation (XI), D4, is unimodular, so
Ba,w = ADy,, is unimodular by Lemma FI)(3). Hence (3) = (2).

To show that (4) = (3), let C € My(R) be such that det(C) = det(A +
det(A)C) = 0. There exists a unique v = (z,y,2,w) € R* such that C = Cy;
so A+ det(A)C = By ,. We have det(Ba,,) = det(Cy,) = 0. Thus zw — zy = 0
and det(A)®(x,y, z,w) = det(Ba,,) = 0 by Equation (X]). If det(A4) ¢ Z(R), then
®(x,y, z,w) = 0; from this and zw—yz = 0 it follows that 1 —ax—by—cz —dw = 0.
Hence (4) = (3) if det(A) ¢ Z(R).

In general, (3) holds iff there exists an R-algebra homomorphism h : D — R
by Lemma 2T Equation (VI) applied to S = R. By replacing R with a finitely
generated Z-subalgebra S of R such that A, Ba, € Um(M2(S)) and C = C, €
My (S), to show that h exists we can assume that R is noetherian. Thus N(R) is
nilpotent and there exists j € N such that the set {p1,...,p;} of minimal prime
ideals of R has j elements. As the R-algebra D is smooth (see Theorem [BI{3))
and N(R) is nilpotent, each R-algebra homomorphism D — R/N(R) lifts to an
R-algebra homomorphism D — R (e.g., see [2], Ch. 2, Sect. 2.2, Prop. 6). Thus,
by replacing R with R/N(R), we can assume also that N(R) = n/_,p; = {0}.
If det(A) = 0, then the R-algebra D is isomorphic to a symmetric R-algebra by
Theorem BI(8) and thus h exists. So we can assume also that det(A) # 0. Let
det(A); := det(A) + p; € R/p;. As det(A) # 0, there exists an index i € {1,...,5}
such that det(A) ¢ p,, i.e., det(A); # 0. We can assume that the minimal prime
ideals are indexed such that there exists j* € {1,...,j} for which det(4); # 0

’

if i € {1,...,7'} and det(A); = 0if i € {j/ +1,...,5}. If iy := N/_,p; and
i := ﬂz:j,ﬂpi, we have i1 Nip = {0} and det(A) € i5. As det(4) +1; ¢ Z(R/11),
from the prior paragraph applied to R/i; and Lemma 2] Equation (V1) applied to
S = R/i; it follows that there exists an R-algebra homomorphism hy : D — R/i;.
So there exists h : D — R that lifts hy by Corollary B3l Hence (4) = (3).

We conclude that (1) <= (2) & (3) < (4).

We prove that (1) = (2). As (2) & (3), as above we argue that it suffices to
prove that (1) = (2) when R is noetherian and N(R) = {0}. Let the ideals i; and
iz of R be as above. Let B € Um(M;z(R)) be congruent to A modulo Rdet(A)
and det(B) = 0. Let v = (x,y,2,w) € R* be such that B = B4, (see Lemma
EI(1)). With C := C, and D := Dga,, as B = AD € Um(Mz(R)) we have
D € Um(Mz(R)) (see Lemma[LI(2)). As det(A)+iy ¢ Z(R/i1), from the identity
det(B) = det(A)det(D) = 0 and Equation (X)) it follows that ®(z,y,z,w) € i1,
hence there exists an R-algebra homomorphism g; : W — R/i; that maps the
elements X,Y, Z, W of W to x-+iy,y+i1, 2+i1, w+i; (respectively). AsijNiz = {0},
let g : W — R be an R-algebra homomorphism that lifts g; (see Corollary B.3]).

Let o' = (2,4, 2", w') = ¢*(X,Y,Z,Z) € R*. For the matrices C' := C,, and
D' := Dy, we have (see Equation (X)) det(D’) = ®(z/, v/, 2',w’) = 0 and C’ and
C' are congruent modulo i;. Hence D’ and D are congruent modulo i;. As D is
unimodular, it follows that the ideal o’ of R generated by the entries of D’ satisfies
0 +1i; = R and thus ?’ is not contained in any m € Max R with det(A4) ¢ m. As
Tr(D') — det(D’) = 1 — det(A) det(C’) € ?' by Equation (XIJ), ?’ is not contained
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in any maximal ideal which does not contain 1 — det(A)det(C’). The last two
sentences imply that 0’ is not contained in any m € Max R, thus o' = R, i.e., D’ is
unimodular. From Lemma [£T3) it follows that B’ := AD’ is unimodular.

By replacing the triple (C, B, D) with (C’, B, D), we can assume that det(D) =
0. As D = I + adj(A)C has zero determinant, it follows that C' € Um(Ma(R)).

To complete the proof that (1) = (2), it suffices to show that we can replace C' by
a matrix C1 € Um(Mz(R)) with det(C1) = 0 and such that for Dy := I, +adj(A)Cy
we have det(D;) = 0 and Dy € Um(MQ(R)): so By := AD; is congruent to A
modulo Rdet(A) and unimodular by Lemma [£1(1) and (3) with det(B;) = 0. As
Kerp and Imp are projective R-modules of rank 1 (see [4], Lem. 3.1), the short
exact sequence 0 — Kerp — R? — Imp — 0 splits, i.e., it has a section o :
Imp — R2. Let C; € My(R) be the unique matrix such that Kerp C Kerc, ¢ and
o(Imp) C Kerc,. As Kerp is a direct summand of R? of rank 1 and for ¢t € Kerp
we have adj(A)Cy (t) = adj(A)C(t) = —t, it follows first that Kerp C Kerp, , second
that Im¢g, = C1(Kerp) = C(Kerp) is a direct summand of R? of rank 1 isomorphic
to Kerp, and third that Kerc, = o(Imp) is also a direct summand of R? of rank
1. As Kerp C Kerp,, R? = Kerp @ o(Imp) and o(Imp) C Kere, we compute

Imp, = D, (U(ImD)) = {x + adj(4)C1(2)|z € c(Imp)} = o(Imp).

We conclude that C1,D; € Um(Ma(R)) and det(Cy) = det(D1) = 0. Hence
(1) = (2), thus Theorem [[2 holds.

5. PROOF OF THEOREM [[.3]

Let A € Um(M2(R)). We include two proofs of Theorem [[3(1). First, part (1)
holds as clearly statement (4) of [4], Thm. 4.3 implies statement (3) of Theorem [[2
Second, recall the R-algebra homomorphism p : D — X of Equation ([I)); as A is
simply extendable there exists an R-algebra homomorphism X — R by Lemma [2.2]
(1) implies (3), which composed with p gives an R-algebra homomorphism D — R,
hence statement (3) of Theorem [[2] holds by Lemma 2] Equation (V1)) and thus
A is determinant liftable.

To prove part (2), assume that A is extendable. Then A modulo Rdet(A)
is non-full by [E], Prop. 5.1(2). Let (I,m,0,q) € [R/Rdet(A)]* be such that A

modulo Rdet(A) is [ nib ] [ o q ] If (I,m,0,q) € R* lifts (I,m,0,q), then B :=

nll [ 0 ¢ ] is congruent to A modulo Rdet(A) and det(B) = 0, hence A is

weakly determinant liftable. Thus Theorem [[.3] holds.

Example 5.1. Let R be a Dedekind domain which is not a PID. So R is not
a Il ring by [], Thm. 1.7(4). Hence there exist a matrix A € Um(Mz(R)) of
zero determinant which is not (simply) extendable. As A is (weakly) determinant
liftable, it follows that the converses of Theorem [I.4] do not hold.

6. A CRITERION FOR WEAKLY DETERMINANT LIFTABILITY

As the R-algebra W of Section Pl is not smooth in general (see Theorem B.I(5)
and its proof), the analog of the equivalence (1) < (3) in Theorem for weakly
determinant liftability has the following more complex form.
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Theorem 6.1. For A = Ccl Z } € Um(M2(R)) let ® = @4 be as in Section[2

Then the following properties hold.

(1) If A is determinant liftable, then there exists (z,y,z,w) € R* such that
b(z,y,z,w) =0.

(2) If there exists (z,y, z,w) € R* such that ®(z,y,z,w) = 0, then A is weakly
determinant liftable.

(8) If either N(R) = {0} or det(A) ¢ Z(R), then the converse of part (2) holds.

(4) If det(A) € Z(R) and A is weakly determinant liftable, then there exists
(z,y,2,w) € R* such that ®(z,y,z,w) € N(R).

Proof. If A is determinant liftable, then there exists (z,y, z, w) € R* with zw—yz =
0 and az+by+cz+dw = 1 by Theorem[[.2] so ®(x,y, z, w) = 0. So part (1) holds.

If v = (7,9, 2z,w) € R* is as in part (2), then for B := B4, we have det(B) =0
by Equation (X]). Thus, as A and B are congruent modulo Rdet(A), A is weakly
determinant liftable. So part (2) holds.

To prove part (3) let B € My(R) be congruent to A modulo Rdet(A) with
det(B) = 0. Let v = (2,9, z,w) € R* be such that B = B, = A(I> + adj(A)C,)
(see Lemma [LI[1)). Thus det(A)®(z,y,2,w) = det(B) = 0 by Equation (X]). If
det(A) ¢ Z(R), then from det(A)®(z,y, z,w) = 0 it follows that ®(z,y, z,w) = 0.
So we can assume that N(R) = {0}. As in Section ] we argue that we can assume
that R is noetherian; if the ideals i; and i3 of R are as in Section[] then det(A) € ig
and det(A) + i1 ¢ Z(R/i1). As det(A) +i1 ¢ Z(R/i1) and det(A)®(z,y, z, w) = 0,
it follows that ®(x,y,z,w) € i;. So as in the first paragraph of the proof of the
implication (1) = (2) of Section ] we argue based on Corollary B3 that there exists
an R-algebra homomorphism W — R. From this and Lemma 2], Equation (VII)
it follows that there exists (z,y, z,w) € R* with ®(z,y, z,w) = 0. So part (3) holds.

Part (4) follows from part (3) applied to R/N(R). O

Example 6.2. If R is such that N(R) = {0} and there exists A € Um(Ma(R))
which is not determinant liftable but is weakly determinant liftable (see Example
[[Y), then there exists (x,y,2,w) € R* such that ®(z,y,2,w) = 0 by Theorem
[61k3). Hence the converse of Theorem [6.I[1) does not hold in general.

Remark 6.3. If v = (z,y, z,w) € R* is such that ®(x,y, z,w) # 0 = ®(z,y, 2z, w)?
and the matrix B4, is not unimodular, i.e., the ideal b generated by its entries is not
R, then there exists (z/,y', 2/, w') € v+ [R®(x,y, z,w)]* such that ®(z', vy, 2/, w') =
0 iff the annihilator of ®(z,y, z,w) in R contains an element of 1 — b (i.e., iff we
have ®(x,y, z,w) € ®(x,y,z,w)b).

7. PROOFS OF THEOREMS [I.4] AND [I.7]

Assume the ring R is such that the simply extendable and determinant liftable
properties on a matrix in U m(M2 (R)) are equivalent. As unimodular matrices in
My (R) of zero determinant are determinant liftable, they are simply extendable, so
R is a II, ring by definition. Thus the ‘if’ part of Theorem [[.4] holds.

Based on Theorem [[L3((1), to prove the ‘only if’ part of Theorem [[4] it suffices

to show that if R is a Il ring and if for A = { Z Z ] € Um(Mz(R)) there exists
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aq bl
C1 dl
then A is simply extendable. As R is a Il ring, B is simply extendable. From this
and [4], Thm. 4.3, (3) applied to B, it follows that there exists (e, f) € Um(R?) such
that (are+cif,bie+dyf) € Um(R?) and so (are+cyf, bie+di f,ad—bec) € Um(R3).
As B — A € May(Rdet(A)), it follows that (ae + cf,be + df,ad — be) € Um(R3).
Thus A is simply extendable by [4], Cor. 4.7(2). So Theorem [[.4] holds.

The ‘only if” of Theorem [[7] holds by Theorem [[3)(2).

To prove the ‘if” part of Theorem [[L7} we assume that A is weakly determinant
liftable. Let B € M (R) be congruent to A modulo Rdet(A) and det(B) =0. As B
is non-full by hypothesis, A modulo Rdet(A) is non-full and thus A is extendable
by [], Prop. 5.1(2). So Theorem [[7] holds.

B = € Um(Mz(R)) congruent to A modulo Rdet(A) and det(B) = 0,

8. ON WJ1 AND Jp 1 RINGS

d
Um(Mz(R)). By taking (¥, A) = (1,0) in Definition [LI0(1), it follows that there
exists (x,y, z,w) € R* such that ax + by + cz +dw = 1 and zw — yz = 0, and hence
A is determinant liftable by Theorem So part (1) holds.

We assume now that R is also a Hermite ring. The ‘only if’ of part (2) follows
from the fact that each elementary divisor ring is an SFEs ring (see [4], Prop. 1.3)
and hence a Il ring. For the ‘if” of part (2), if R is also a Il ring, then from part
(1) and Corollary [[.6] we get that R is an SEs ring and thus an elementary divisor
ring by [4], Cor. 1.8. So part (2) holds.

Each Hermite domain is a Bézout domain and hence a pre-Schreier domain (see
[, Sect. 2) and a II; domain (see [4], paragraph after Thm. 1.4). Based on this,
part (3) follows from part (2). Thus Theorem [[.TT] holds.

Proposition 8.1. A ring R is a Jo1 ring in the sense of Definition [LIN(2) iff it
is a Ja,1 ring in the sense of [12], Def. 4.6.

We first prove Theorem [LTIl Let R be a W ring. Let A = [ CCL b ] c

Proof. Assume R is a Jo 1 ring in the sense of Definition [LT0(2). Let («, 8,7,0) €
R*. As R is a Hermite ring, there exist e € R and (a, b, c,d) € Um(R*) such that
(o, B,7,0) = e(a,b,c,d). For ¢ € R, the equation aX + Y +~vZ + 6W = 1 has
a solution (z,y,z,w) € R* iff ¥ € Re. Let (¥,A) € Re x R. Let f € R be such
that ¥ = ef. From Definition applied to (¥, A) = (f,0) it follows that there
exists (7,9, 2,w) € R* such that ax + by + cz + dw = f and 2w — yz = A. So
ar + By + vz + dw =ef =¥ and xw — yz = A. Thus the ‘only if” part holds.
Assume R is a Jo 1 ring in the sense of [12], Def. 4.6. Clearly, R is a W.J3 1 ring.
As R is a Hermite ring by [12], Prop. 4.11, the ‘if’ part holds. O

9. RINGS WITH UNIVERSAL (WEAKLY) DETERMINANT LIFTABILITY

Let GL2(R) be the group of units of Ma(R). For a matrix E € My(R), let
[E] € GLy(R)\M2(R)/GL2(R) be its double coset. For a projective R-module M
of rank 1, let [M] € Pic (R) be its class.

Proposition 9.1. We consider the following statements on R.
(1) For each a € R, the map of sets
{B € Um(M2(R))|det(B) = 0} — {B € Um(M2(R/Ra))|det(B) = 0},
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defined by the reduction modulo Ra, is surjective.
(2) For each a € R, the map of sets of double coset

{[B]|B € Um(Ma(R)), det(B) =0} — {[B]|B € Um(Mz(R/Ra)), det(B) = 0},

defined by the reduction modulo Ra, is surjective.

(8) For each a € R, every projective R/Ra-module of rank 1 generated by 2
elements is isomorphic to the reduction modulo Ra of a projective R-module of
rank 1 generated by 2 elements.

(4) Each matriz in Um(Mz(R)) is determinant liftable.
Then (1) = (2) & (3) and (1) = (4). If sr(R) < 4, then (1) < (4).

Proof. For a pair p := (M, M’) of projective R-submodules of R? of rank 1 and
generated by 2 elements such that we have a direct sum decomposition R?> = M @
M’ let E,, € Um(M2(R)) be the projection on M along M’; so det(E,) = 0, M and
M’ are dual to each other (i.e., [M'] = —[M], with Pic (R) viewed additively), and
pa) = [E,] depends only on [M]. Each projective R-module of rank 1 generated
by 2 elements is isomorphic to such an M. For G € Um(M3(R)) with det(G) =0,
Kerg and Img are projective R-module of rank 1 generated by 2 elements and the
short exact 0 — Kerg — R? — Img — 0 has a section ¢ : Img — R? (see [4], Lem.
3.1); if 7¢ := (Im(p), Kerg), then [G] = [Erg] = pime]- Thus

{[B]|B € Um(Ma(R)), det(B) =0} = {ppn|M ® M’ = R*, M has rank 1}.

From this and its analog over R/Ra, it follows that (2) < (3).

Clearly, (1) = (2).

For (1) = (4), let A € Um(M3(R)). By applying (1) to a = det(A) and the
reduction B of A modulo Ra, it follows that there exists B € Um(Mz(R)) congruent
to A modulo Rdet(A) and det(B) =0, so A is determinant liftable. So (1) = (4).

Assume sr(R) < 4. To prove (4) = (1), let @ € R. Let B € Um(Mz(R/Ra))
with det(B) = 0. Let C € Um(Mz(R)) be such that its reduction modulo Ra is B
by [], Prop. 2.4(1); we have det(C') € Ra. As C'is determinant liftable, there exists
B € Um(Mz(R)) with det(B) = 0 and congruent to C' modulo R det(C) and hence
also modulo Ra; so the map of statement (1) is surjective, hence (4) = (1). O

Example 9.2. If R is an integral domain of dimension 1, then each matrix A €
Um(Mz(R)) is determinant liftable. To check this we can assume that det(A4) #
0 and this case follows from [4], Thm. 1.7(1) and Theorem [[3(1). Recall that
sr(R) <2 (cf. [, Sect. 1). So parts (1) to (4) of Proposition [01] hold.

Proposition 9.3. We consider the following two statements on R.

(1) For each a € R, Um(Mz(R/Ra)) is contained in the image of the modulo
Ra reduction map {B € My(R)|det(B) = 0} — {B € My(R/Ra)| det(B) = 0}.
(2) Each matriz in Um(Mz(R)) is weakly determinant liftable.

Then (1) = (2), and the converse holds if sr(R) < 4.

Proof. Tt is the same as the last two paragraphs of the proof of Proposition[@.I] with
determinant and B € Um(Mz(R)) replaced by weakly determinant and B € Mz(R)
(respectively). O
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10. A CRITERION FOR DETERMINANT LIFTABILITY VIA COMPLETIONS

The following proposition is probably well-known.

Proposition 10.1. Let A € Um(Mz(R)), let t € R be such that det(A) € Rt
and let R be the t-adic completion of R. Then there exists B € Um(Mg(R)) whose
reduction modulo Ker(R — R/Rt) is the reduction of A modulo Rt and det(B) = 0.

Proof. Let By := A. By induction on n € N, we show that there exists B,, € My(R)
congruent to B,_1; modulo Rt2""" and det(B,,) € Rt?". For n = 1, let s € R be
such that det(A) = st. With A = [ ch Z }, for By :== A+t [ j g} } € My (R),
det(By) is congruent modulo Rt? to (dz+cy+bz+aw+s)t. As A € Um(Mz(R)), we
can choose (z,y, z,w) € R* such that dz + cy+ bz +aw = —s, hence det(B;) € Rt?.
The passage from n to n + 1 follows from the case n = 1 applied to (B, RthH)
instead of (A, Rt?). This completes the induction. Let B € Ma(R) be the limit of
the sequence (B, )n>1. Clearly, det(B) = 0. As Ker(R — R/Rt) is contained in

the Jacobson radical of R, we have B € Um(MQ(R)). O

Proposition [[0.T] also follows from the smoothness part of Theorem BI(3) via a
standard limit lifting argument. Proposition[I0.1]gives directly the following result.

Corollary 10.2. Let A € Um(Mz(R)). If R is complete in the det(A)-adic topol-
oqgy, then A is determinant liftable.

11. APPLICATIONS OF PICARD GROUPS

To refine Theorem [B.1)7) in Theorem [[T.4] we first recall that for a commutative
R-algebra S we have functorial (cocycle) isomorphisms (part of Hilbert’s Theorem
90 for Spec R)

(XII) Pic () = H'(Spec S, Of e 5) = H' (Spec S, G, s)

(e.g., see [14], Ch. III, Prop. 4.9), where Ogpecs is the structure ringed sheaf on
Spec S, Ofec s Is its set subsheaf of units and H'(Spec S, G, ) is the group of
equivalence classes of Spec S-torsors under G, s.

The following result which was first proved in [4], (paragraph after) Thm. 1.4 is

also a consequence of Theorem B.[(8).
Corollary 11.1. If Pic(R) is trivial then R is a Ilz ring.

Proof. We have to show each A € Um(Mz(R)) with det(A) = 0 is simply extend-
able. Considering an R-algebra homomorphism g : D — R by Theorem BII8), it
defines a morphism Spec R — Spec D of schemes and we pullback via it the Spec D-
torsor under G,,, p of Theorem [BI|(7). The resulting Spec R-torsor under G, g is
trivial as so is Pic (R) by Isomorphisms (XII)) and it is defined by a suitable action
of Gy,,r on Spec R ®,p,, X — Spec R. Thus there exists an R-algebra homomor-
phism R®, p,, X — R and therefore there exists also an R-algebra homomorphism
X — R. From this and Lemma 2.2 we get that A is simply extendable. O

For a commutative R-algebra S defined by a homomorphism Imath : R — S, let
Pic (Imath) : Pic (R) — Pic (S) be the functorial homomorphism: for a projective
R-module M of rank 1 we have Pic (Imath)([M]) := [S®@r M]. If : S — R is
an R-algebra homomorphism, then as jo Imath is the identity automorphism of R,
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Imath and Pic (Imath) are injective and y and Pic () are surjective. In particular,
if S is a symmetric R-algebra then Pic (Imath) is injective.
For A € Um(M2(R)) and the R-algebra D = Dy4 of Section 2] let

ta : Pic(R) — Pic (D)

be the functorial homomorphism. If A € Um(Mz(R)) is determinant liftable, then
the R-algebra D has a retraction by Theorem and Lemma 211 Equation (V1)
and ¢4 is injective. The Spec D-torsor under G, p of Theorem BI|(7) corresponds,
under the isomorphism Pic (D) = H'(SpecD,G,, p), to a class [P] € Pic (D),
where P = P4 is a projective D-module of rank 1; one would like to describe it and
determine when it belongs to Im(c4).

We include a proof of the following well-known resultl] as below it is essential.

Lemma 11.2. For an ideal i of R let m: R — R/i=: S be the quotient homomor-
phism. The following properties hold for v := Pic (7) : Pic (R) — Pic (S).

(1) If i is contained in the Jacobson radical of R, then v is injective.
(2) Ifi € N(R), then ¢ is an isomorphism.

Proof. For part (1), let M be a projective R-module of rank 1 such that there exists
an S-linear isomorphism ¢ : S — M /iM. Let m € M be such that £(14i) = m+iM.
Let £ : R — M be the R-linear map such that ¢(1) = m. Then M = iM + {(R).
Thus M = ¢(R) by Nakayama’s Lemma (see [3], Sect. 9, Subsect. 3, Thm. 2). So
{ is surjective. As M is a projective R-module, ¢ has an R-linear section, thus
R > M & Ker(¢). From this and the fact that M has rank 1 it follows that Ker(¢)
is the zero R-module, so £: R — M is an isomorphism. Thus ¢ is injective.

Based on part (1), to prove part (2) it suffices to show that ¢ is surjective. We
endow the set Pg(i) of finite subsets I" of i with the inclusion relation. For I € Pg(i),
let ir be the ideal of R generated by I'. We get a direct system of R-algebras
indexed by T' € P¢(i) whose transition R-algebra homomorphisms for inclusions
I' C V with V € P(i) are the natural surjections R/ir — R/iy. We have an R-
algebra isomorphism hﬂ{R/ iy} — S and hence an isomorphism 1i_n>1{Pic (R/iy)} —
Pic (S) by [8], Thm. 1.3. Thus, by replacing i with irs, we can assume that i is
finitely generated. So i is nilpotent. For a projective S-module M of rank 1, let
M be a projective R-module such that we have a surjective R-linear map M — M
whose kernel is iM by [3], Sect. 9, Subsect. 5, Prop. 11. Thus we have an S-linear
isomorphism M /iM =2 M. As M is finitely generated and i is nilpotent, a similar
argument based on Nakayama’s Lemma gives that M is finitely generated. As M
has rank 1 and SpecS — Spec R is a homeomorphism, M has also rank 1. As

t([M]) = M, ¢ is surjective and part (2) holds. O

For seminormal rings we refer to [16] and [§]. If N(R) = {0} and we view R as a
subring of its total quotient ring Q(R) := [R\ Z(R)] 'R, then (see [§], Thm. 1.1) R
is seminormal iff it contains each f € Q(R) which is a root of a monic polynomial
in R[X] and for which there exists n € N such that f” € R for all integers r > n. A
normal domain, i.e., an integral domain integrally closed in its field of fractions, is
a seminormal domain. The next theorem only puts together several known results.

3For instance, Lemma [[T.2(2) is stated in [§], Sect. 0. Also, if i is a nilradical ideal of R, then
the pair (R, i) is a henselian pair (e.g., see https://stacks.math.columbia.edu/tag/09XD) and
hence Lemma [[T.2(2) is a particular case of [7], Cor. 5.4.42 applied to ¢ = 1.
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Theorem 11.3. Let S be a polynomial R-algebra in n € N variables. The following
properties hold for the injective functorial homomorphism ¢ : Pic (R) — Pic (S).
(1) If R/N(R) is not seminormal, then ¢ is not surjective.

(2) Assume that for each m € Spec R, the local ring Rum/N(Rw) = (R/N(R))
is a seminormal domain. Then v is an isomorphism

m

(3) If R is a Hermite ring, then v is an isomorphism.

Proof. Based on Lemma [[T.2] we can assume that N(R) = {0}.

See [8], Thm. 1.5 for part (1).

To prove parts (2) and (3), by replacing R with Ry, with m € Max (R), we can
assume that R is a local ring by [I5], Thm. 1.1. Thus part (2) holds by [§], Thm.
1.6. For part (3), the local Hermite ring R is a valuation ring by [9], Thms. 1 and
2 and thus a valuation domain (this is stated in [10], Sect. lO)ByThus R is a local

normal domain and hence part (3) holds by part (2). O
Theorem 11.4. Let A = ch Z } € Um(Ma(R)). If det(A) € N(R), then the

following properties hold.

(1) For f € {a,b,c,d}, the morphism Spec Xy — SpecDy with the action of
Gm,p; on it induced by the action of G, p on Specp : Spec X — SpecD of Theorem
[311(6) is a trivial Spec Dy-torsor under G, p,.

(2) The Spec D-torsor under G, p of Theorem[31l(7) is the pullback of a Spec R-
torsor under G, g, i.e., we have [P] € Im(t4).

Proof. Based on Lemma [[1.2(2) and Isomorphisms (XIIJ), to prove parts (1) and
(2) we can assume that N(R) = {0}; so det(A) = 0. For part (1) we only consider
the case f = a as the other three cases are similar. We have three R,-algebra
isomorphisms D, = R,[Y1, Z1] where (Y1, Z1) := (aY +cW, Z +a~1bW) (see proof
of Theorem B.1)(8)) and (as d = a~tbc in R,)

Xo 2 RoX,Y,Z, W]/ (1= (aX +cY)(W+a""bZ)) = Ro[X2,Y, Z,Wa] /(1 — X2 Wa)

for (X2,Wa) := (aX + c¢Y,W + a~'0Z). The action of G,, p, on SpecX, de-
fined by the D,-algebra homomorphism X, — Dy [T, T~ ®p, ., Xa = X [T, T
that maps X, Y, Z and W to TX, TY, T-'Z, T='W (see Section [2]), maps
X5 to TXy and Wy to T~ 1Wa, i.e., the substitution (X2, Ws3) is compatible with
the action. As p,(Y1) = Z(aX + ¢Y) and p.(Z;) = Y(W + a~'bZ), under
the three R,-algebra isomorphisms, p, : D, — X, gets identified to the R,-
algebra homomorphism g, : R,[Y1,Z1] — R.[Xo,Y,Z Ws]/(1 — XoW3) defined
by 04(Y1) := ZX5 and 04(Z;) := YWs. Clearly, R,[X2,Y, Z, W5]/(1 — XoWs) =
R.[X2, ZX5, YWy, W5]/(1 — X3W5). From either this and the compatibility of
(X2, W3) with the action or simply the existence of the R,[Y7, Z1]-algebra homo-
morphism (retraction of g,) Ry[X2,Y, Z, Wa]/(1 — XoWa) — R,[Y1, Z1] that maps
Xo,Y,Z and Wy to 1,7;,Y; and 1 (respectively), it follows that part (1) holds.

4Recall from [10], Sect. 10, Def. that a ring R is called a valuation ring if for each (a,b) € R2,
either Ra C Rb or Rb C Ra, equivalently, if the ideals of R are totally ordered by set inclusion.
Valuation rings S with N(S) = {0} are integral domains. This is so as the assumption that there
exists (a,b) € (S\ {0})? such that ab = 0 implies first that the nilpotent ideal Sa N Sb is {0} and
second that the finitely generated ideal Sa + Sb = Sa @ Sb is not principal, a contraction to S
being a valuation ring.
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For each (f,g) € {a,b,c,d}?, the functorial homomorphism U(Ry,) — U(Dy,)
is an isomorphism as N(Rys,) = {0} and Dy, is a polynomial Rg-algebra by The-
orem [B.I(8). For a projective D-module M of rank 1 equipped with a Dy-linear
isomorphism Ay : My = Dy for each f € {a,b,c,d}, for every (f,g) € {a,b,c,d}?,
the Djyy-linear isomorphism (Ag)g o (Ag); ' : Dyg — Dy is the multiplication by
a unit uy, € U(Rypy). Thus the cocyle (uy,g)(f,g)efa,b,c,dy> that defines the class
[M] € Pic (D) (see Isomorphisms (XII))), defines also a class in Pic (R) whose image
under the functorial homomorphism Pic (R) — Pic (D) is [M]. As the Spec D-torsor
Spec X — D under G, p is defined via Isomorphisms (XII)) applied to D by such a
class [M] € Pic (D) by part (1), part (2) holds. O

Remark 11.5. (1) If det(A) ¢ N(R), then one can check based on the proof of
Theorem B.IK8) that D is not a symmetric R-algebra.

(2) Assume det(A) = 0. Let Pr = Pgr, 4 be a projective R-module of rank 1 such
that [P] = ta([Pgr]) by Theorem IT.4(2). One would like to describe all relations
between the projective R-modules P and @ of Theorem B.I(8) and the projective
R-modules Im4 and Pg of rank 1; recall from [4], Lem. 3.1 that the image Im4
and the kernel Ker4 of the R-linear map L4 : R?> — R? are projective R-modules
of rank 1 dual to each other.
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