HOPF-GALOIS EXTENSIONS AND AN EXACT
SEQUENCE FOR H-PICARD GROUPS

STEFAAN CAENEPEEL AND ANDREI MARCUS

ABSTRACT. Let H be a Hopf algebra, and A an H-Galois extension. We
investigate H-Morita autoequivalences of A, introduce the concept of H-
Picard group, and we establish an exact sequence linking the H-Picard
group of A and the Picard group of A“H,

1. INTRODUCTION

The aim of this paper is the following generalization, presented in Section 7
below, of the main result of M. Beattie and A. del Rio [4] (see also [14] for
an approach based on [13]).

Theorem 1.1. Assume that H is a cocommutative Hopf algebra over the
field k. Let A be a faithfully flat H-Galois extension. There is an exact
sequence

1— Hl(H,Z(ACOH)) EAN PiCH(A) 92 PiC(ACOH)H 93 H2(H72(ACOH))‘

Here H*(H, Z(A®H)) are the Sweedler cohomology groups (with respect to
the Miyashita-Ulbrich action of H on Z(A%H)), Pic(A®")H is the group of
H-invariant elements of Pic(A°H) and Pic?(A) is the group of isomorphism
classes of invertible relative Hopf bimodules. We shall give later more details
about these notations. Moreover, g and g2 are group-homomorphisms,
while g3 is not.

We give a proof of the theorem by using the ideas of [14] and the results of
[6] and [15], obtaining in this way an interesting interpretation of the above
theorem in terms of Clifford extendibility to A of A°°H-modules.

The paper is divided as follows. In Section 2 we present our general set-
ting, which involves Hopf-Galois extensions, the Miyashita-Ulbrich action,
and most importantly, the concepts of H-Morita context and g-Morita
context introduced in [6], and their relationship with Hopf subalgebras.
The main result of Section 3 says that if H is cocommutative and A is
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a faithfully flat H-Galois extension of B := A®H then the cotensor prod-
uct A := AOR AP is a faithfully flat Hopf-Galois extension of the en-
veloping algebra B¢ := B ® B°P. In the first part of Section 4 we discuss
the particular case when A is a cleft extension of the commutative algebra
B := A®°H and especially, the characterization of this situation in terms
in Sweedler’s 1- and 2-cohomology. This is needed in the second part of
Section 4, where we review and adapt to our needs the results of Militaru
and Stefan [15] on Clifford extendibility of modules. The cleft extension
in discussion is the subalgebra E := AEND(A ®p M) of rational ele-
ments in 4End(A ®p M)°P, where M is an H-invariant B-module, and
E©°H ~ pEnd(M)°P is assumed to be commutative. In Section 5 we intro-
duce the H-Picard group Pic(A4) and the Og-Picard group Pic™# (A4cH)
of AH Tt is a consequence of the results of [6] that the groups Picf(A)
and PicP# (A% are isomorphic. In the situation where H is cocommuta-
tive, we can introduce the subgroup Pic(A®T)H of Pic(A“H) consisting of
H-stable elements of Pic(A®H) (Section 6). The definitions of the maps g1,
g2 and gs, as well as the proof of the main theorem are given in Section 7.
The main ingredient here is the application of the Militaru-Stefan lifting
theorem to an H-stable invertible (B, B)-bimodule M, by considering the
cleft extension E := ,0.END(AM®pe M)°P of E°°H = 7Z(B). Note that the
action of H on Z(B) coming from FE is the same as the Miyashita-Ulbrich
action coming from A, hence it is independent of M. Section 8 is concerned
with the analysis of the map g¢3. It turns out that the action Pic(B) on Z(B)
induces an action of Pic(B) on H"(H,Z(B)), and that g3 is an 1-cocycle
of the group Pic(B)¥ with values in H?(H, Z(B)).

The exact sequence describing Pic (A) given in Section 7 holds in the case
where H is cocommutative; in the general case, we can still give a descrip-
tion of Picfl(A), in the case where the coinvariants of A coincide with the
groundfield, that is, A is an H-Galois object. This is done in Section 9, and
involves Schauenburg’s theory of bigalois objects.

Modules will be unital and left, unless otherwise stated. For general results
on Hopf algebras the reader is referred to [7], [9] or [16]. For group graded
versions of the topics discussed here we also mention [3] and [11].

2. HOPF-GALOIS EXTENSIONS

Throughout this paper, H is a Hopf algebra, with bijective antipode S,
over a field k. We use the Sweedler notation for the comultiplication on
H: A(h) = hgy ® h). MM (respectively M) is the category of right
(respectively left) H-comodules. For a right H-coaction p (respectively a
left H-coaction \) on a k-module M, we denote

p(m) =m @mp and  A(m) =m_;} @ myg).

The submodule of coinvariants M of a right (respectively left) H-como-
dule M consists of the elements m € M satisfying p(m) = m®1 (respectively
A(m) =1®m).

Let A be a right H-comodule algebra. 4 M and M are the categories of
left and right relative Hopf modules, and AMI/{ is the category of relative
Hopf bimodules, see [6]. B = A®H will be the subalgebra of coinvariants of
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A. We have two pairs of adjoint functors (F; = A®p —, G1 = (—)°H) and
(Fp = —®p A, Gy = (—)®H) between the categories pM and 4 M and
between Mp and Mf . Consider the canonical maps

can: ARpA — AR® H, Can(a®Bb):ab[0]®b[1];

an’: A@pA— A®H, can'(a®pb) = agb® ap.

We have the following result, due to H.-J. Schneider [18, Theorem IJ.

Theorem 2.1. For a right H-comodule algebra A, the following statements
are equivalent.

(1) (Fa,G2) is a pair of inverse equivalences;

(2) (F»,G2) is a pair of inverse equivalences and A € pM s flat;
(3) can is an isomorphism and A € pM is faithfully flat;

(4) (F1,G1) is a pair of inverse equivalences;

(5) (F1,G1) is a pair of inverse equivalences and A € Mp is flat;
(6) can’ is an isomorphism and A € Mp is faithfully flat.

If these conditions are satisfied, then we say that A is a faithfully flat H -
Galois extension of B.

The Miyashita-Ulbrich action. Let A be a faithfully flat right H-Galois
extension, and consider the map

VA:can_lo(nA®H):H—>A®BA, hHZl ®pri(h

Then the element y4(h) is characterized by the property

(1) Zl [0] ®@ri(h )[1] =1®h.

For all h,h' € H and a € A, we have (see [19, 3.4]):
va(h) € (A@p A)F;

Ya(h)) ® hegy = Zl ) @5 1i(h)jo) @ ri(h)p;
(4) Ya(h)) Zl o} ©B Ti(h) @ Li(h)p;
(5) > Li(h)ri(h) = e(h)1a;

(6) Z apjli(ap)) ®@p rilap) = 1®p a;

i

(7) Zz h) @p rj(h)ri(h').

Using the above formulas, it is straightforward to show that Z(B), the center
of B, is a right H-module algebra under the Miyashita-Ulbrich action:

rzeh= Zl Yzri(h
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for all x € Z(B), h € H. In what follows, we will view Z(B) as a left
H-module algebra via

(8) h-z=xzeS ' (h) = Zzi(S*l(h))m(S*l(h)).

We will need the following commutation rule in the sequel.

Lemma 2.2. Forz € Z(B) and a € A, we have
9) za = ag(S(ap)) -z) and ax = (a) - 7)aj-

Proof. From (6), we know that  _; aj)li(aj))®@pri(ay)) = 1®pa € BopA C
A®p A, and then we can see that

rT®pa= Zwa[o]li(a[l]) QB ri(a[l]) = Z a[o]li(am):z: QB Ti(a[l]),

hence

ra = Z ali(apy)zri(apn)) = ag(S(ap) - ).

For all h € H, we have that h -z € Z(B). Apply the first formula of (9)
with z replaced by afy) - x; this gives the second formula:

(ap - 2)ajg = ap)((S(ap))ajy) - z) = ax.
O

Morita equivalences. We recall here some concepts and results from [6].
These are the main ingredients in the definition of Pic (A) and of the maps
g1 and g2 in Theorem 1.1.

Definition 2.3. Let A and A’ be right H-comodule algebras. An H-Morita
context connecting A and A’ is a Morita context (A, A’, M, N, «, 3) such
that M € A./\/lg,, N € A/Mf, a: M®ygy N — Ais a morphism in A/\/lf
and 8: N ®4 M — A’ is a morphism in o M.

Definition 2.4. Assume that A and A’ are right faithfully flat H-Galois
extensions of A°H = B and A’°f = B'. A Oy-Morita context between B
and B’ is a Morita context (B, B’, My, Ny, aq, 31) such that M; (resp. Np)
is a left Ay A’°P-module (resp. A’y A°P-module) and

e a1 : My ®p N1 — B is left ALy A°P-linear,

e B1: N1®p M; — B'is left A/OyA’P-linear.

Morita(B, B’) is the category with Morita contexts connecting B and B’ as
objects. A morphism between the Morita contexts (B, B’, My, N1, a1, 31)
and (B, B, Ma, No, a3, 32) is a couple (u,v), with u : M; — My and v :
Nj — N3 bimodule maps such that a1 = ago(pu®pv) and 51 = Gao(VRpu).
In a similar way (see [6]), we introduce the categories Morita™# (B, B') and
Morita® (A, A).

We recall the following result, see [6, Theorems 5.7 and 5.9].

Theorem 2.5. Assume that A and A’ are right faithfully flat H-Galois
extensions of B and B’.

(1) The categories Morita' (A, A’) and Morita™# (B, B') are equivalent.
The equivalence functors send strict contexts to strict contexts.
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(2) Let (B, B’', My, Ny, a1, (1) be strict Morita context. If My has a left
AO g A'°P-module structure, then there is a unique left A’y A°P-
module structure on Ny such that (B, B', My, N1,aq,31) is a strict
Ug-Morita context. The corresponding strict H-Morita context

(A, B, M, N,a,3) is given by the following data
M = (A X A/Op) ® amaroe M € A./\/lg/;
N = (A @ A°P) @ ypaor Ny € MY
a=(A®A®)®@agae 1 ; B= (A/ & A/Op) ® aryarer 1.
Hopf subalgebras. Now let K be a Hopf subalgebra of H. We assume
that the antipode of K is bijective, and that H is faithfully flat as a left
K-module. Let KT = Ker (ex). It is well-known, and easy to prove (see
[21, Sec. 1]) that B
H=H/HK" 2 H®gk

is a left H-module coalgebra, with operations

h-l= H, Aﬁ(ﬁ) = E(l) & 5(2), €ﬁ(h) =e(h).

The class in H represented by h € H is denoted by h. 1 is a grouplike element
of H, and we consider coinvariants with respect to this element. A right H-
comodule M is also a right H-comodule, by corestriction of coscalars:

prr(m) = mio] & myy).
The H-coinvariants of M € M* are then
Me©H  — {m e M | mjo] ®mm = m®T}
= {meM|pm)e M@K} =MOyK.
If Ais aright H-comodule algebra, then AcoH ig 5 right K-comodule algebra,

and (AH)K — gcoH Ty (6 Cor. 7.3], we have seen the following result,
based on [19, Remark 1.8].

Proposition 2.6. Let H, K and A be as above, and assume that A is a

faithfully flat H-Galois extension of B. Then A®H g g faithfully flat K-
Galois extension of B.

Let i : A®H — A and j: K — H be the inclusion maps. Then we have a
commutative diagram

can , g7

ACOF ®B ACOE ACOH ® K

A®p A o A®H
The map ¢ ® j is injective (here we use the fact that we work over a field k).

From the fact that can ..z is an isomorphism, it follows that i ®p i is also
injective. For k € K, we then have

(cang o (1 ®@p 1)) (Y georm) = ((1 @ ) 0 caN yeorz) (V georr) = 1 ® j(K),

hence
(10) (1 @B )Y geort (k) = 14 (j(K)).
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3. COTENSOR PRODUCT OF HOPF-GALOIS EXTENSIONS

Troughout this Section, we assume that H is cocommutative. A : H —
H ® H is a Hopf algebra map, so we can consider H as a Hopf subalgebra
of H® H. Then H ® H is a left H-module by restriction of scalars.

Lemma 3.1. H ® H is faithfully flat as a left H-module.

Proof. Let H ® (H) be the vector space H ® H, but with left H-action
h(k®1) = hk ®1l. Then H® H and H ® (H) are isomorphic as left H-
modules, and we have the following natural isomorphisms of functors:

— @y (HRH)2 -y (H® (H)) = - H,

an the result follows from the fact that H is faithfully flat as a k-vector
space. U

In a similar way, we have an isomorphism (H ® H) @ gy M = H ® M, for
every left H-module M. In particular, k£ is a left H-module via the counit
€, so we have an isomorphism

fi (HoH)ouk—H, f(RF) =hSk)
of H-module coalgebras, with left H-action on H given by h -k = (h)k.
Lemma 3.2. Let A and A’ be faithfully flat H-Galois extensions of B and
B'. Then the following statements hold.
(1) A® A is a faithfully flat H ® H-Galois extension of B ® B'.

(2) (A® A)OHSH = AQ A/,
(3) (ADyA)°H = B B'.

Proof. (1) We first show that (A ® A")®°H®H) — B @ B’. We have a map
f: BB — (A A)°HH)  rhob)y=bab.

B®B' = (A®B)N(B®A') and (A®A’)°HSH) are hoth subspaces of AQA’,
so it suffices to show that f is surjective. Take Y, a;®a} € (A® A')(HSH),
Then

D g ®ajg Qe ®aj; =Y 6@ae1e1.
@ i
Applying ¢ to the fourth tensor factor, we find
Y i ®ad®ap =Y a®adel.
i i

This means that ). a; ® a, € B® A’. In a similar way, we find that ). a; ®
a, € A® B'.

It is easy to show that cangg s is bijective. Finally A ® A’ is faithfully flat
as a right B ® B’-module: B® A’ is faithfully flat as a right B ® B’-module
because for every left B ® B’-module M there is a natural isomorphism
(B A)@pep M = A’ ®@p M. Similarly, A® A’ is faithfully flat as a right
B ® A’-module. Then apply the following general property: if f: A — B
and g : B — C are algebra morphisms, and B/A and C/B are faithfully
flat, then C'/A is faithfully flat.
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(2) We can apply Proposition 2.6, with H replaced by H ® H, K by H and
Aby A® A’. Note that >, a; ® a}, € (A ® A')°H®H if and only if

Z aifo] & az[o} @ a;) S Z a; ®a, @1,

or
Z ajjo] @ ag ® a1 = Z a; @ a;[o} X a;m,

which means precisely that ), a; ® a; € AOgA’.
(3) We know that Ay A’ is a right H-comodule algebra with structure map
p given by

(11) P(Z a; ® a;) Zaz[O] ® a; ® a;p Zaz ® ajfg ® agpy)-

Take z =), a; ®a} € (A0 A')°H. Tt follows from (11) that z € (B® A')N
(A B')=B®B'. O

Combining these observations with Proposition 2.6, we obtain the following
result, which is well-known in the situation where B = B’ = k.

Theorem 3.3. Let A and A’ be faithfully flat H-Galois extensions of B and
B'. Then AOg A" is a faithfully flat H-Galois extension of B ® B’.

We want to apply this theorem in the case when A’ is the opposite algebra
A°P. Since H is cocommutative, A°P is a right H-comodule algebra, with
coaction p given by

pla) = a ® S(ap))-

Lemma 3.4. If A is a faithfully flat H-Galois extension of B, then A°P is
a faithfully flat H-Galois extension of BP.

Proof. The map cangop : A°P Qpgopr AP — A°P ® H is given by
canop(a ® a’) = a’[O}a ® S(a{l]) = (A°? ® S) o can/y.

Then cangor is bijective since can’; and S are bijective. We know from
Theorem 2.1 that A € Mp is faithfully flat, and this implies that A°P &
por M is faithfully flat. It then follows from Theorem 2.1 that A°P is also a
faithfully flat H-Galois extension. (]

Proposition 3.5. Let A be a faithfully flat H-Galois extension of B. Then
ABe .= AQF A% is a faithfully flat H-Galois extension of the enveloping
algebra B® := B ® B°P. Moreover, the element

(12)  yaoe(h) =) (Lilha)) @ 1j(h)) @seser (ri(ha) © ()

2%
belongs to AHe @ e AHe.
Proof. First observe that cange : A° ®pe A° — A°® H ® H is given by
CanA®AOP((a X b) ( X b/)> = aa[o] X b[O}b X a//[l] X S(b/[”)
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Recall the notation ya(h) := >, l;(h) ®p r;(h). Then we compute that

cange (Y (Lilhy) © 7)) @5 (rilh) © ()
'7j
= > L(ha)ri(ha)o) @ ()i (hay) @ rilhay) g © S(he)n)
47j

(L) (5)
=0 ) 1@1i(he)rilhe) @ hay © S(S(he)Z1@ 1@ A(h).
j

Let i : A™ — A° be the canonical injection. It follows from (10) that
(i @Bepor 1)(740: (h)) = vac (A(R))
= > (Uilhay) ®rj(he) @pe (ri(ha)) @ 1i(he)),
Y]

and the statement is proved. O

4. CLEFT EXTENSIONS AND THE LIFTING THEOREM

In this Section, we adapt and review the results from [15], going back to
older results from graded Clifford theory, see [8].

Cleft extensions.

Proposition 4.1. Let H be a Hopf algebra, A a right H-comodule algebra,
and B = A" We have a category Ca, with two objects 1 and 2, and
morphisms

Ca(1,1) = Hom(H, B) ; Ca(1,2) = Hom" (H, A);
Ca(2,1) ={u: H— A| p(u(h)) = u(h(z) @ S(h), for all h € H};
Ca(2,2) ={w: H — A | p(w(h)) = w(h)) ® S(hq1))hes), for all h € H}.

The composition of morphisms is given by the convolution product.

Recall that A is called H-cleft if there exists a convolution invertible ¢ €
Hom! (H, A), or, equivalently, if 1 and 2 are isomorphic in C4. Then
t(1)~t = (1), and #' = u(1)t € Hom* (H, A) has convolution inverse ut(1),
and /(1) = 1. So if A is H-cleft, then there exists a convolution invertible
t € Hom™ (H, A) with ¢(1) = 1.

If H is cocommutative, then C4(1,1) = Ca(2,2).

If t € Hom (H, A) is an algebra map, then t is convolution invertible (with
convolution inverse t o S), so A is H-cleft. Consider the space

Q4 = {t € Hom" (H, A) | t is an algebra map}.

We have the following equivalence relation on €24: t; ~ t9 if and only if
there exists b € U(B) such that bty (h) = ta(h)b, for all h € H. We denote
Qa =04/ ~.

Take t € Hom™ (H, A) with convolution inverse u such that (1) = 14, and
consider the map

w: H®B— B, w(h® b) = t(h(l))bu(h(g))



H-PICARD GROUPS 9

Assume that Q4 # 0, and fix tg € Q4 with convolution inverse ug. Now
consider the bijection

F: Ca(1,1) = Hom(H, B) — Ca(1,2) = Hom* (H, A),
F(v) = v*tg, F7Y(t) =t * ug. It is then easy to show that F(v) € Qy if
and only if
(13) v(hk) = v(h))wro (hz) © v(k))
and v(1g) = 1p. If (13) holds, then v(1y) = 1p if and only if v is convolution
invertible. Moreover, F'(v) ~ tg if and only if v(h) = wy, (h ® b)b~! for some

invertible b € B.
We will now discuss when F~1(€,) is a subgroup of Hom(H, B).

Proposition 4.2. Let H be cocommutative, and let A be an H-cleft right
H-comodule algebra. Assume that B = A®H is commutative. Choose t €
Hom™ (H, A) with convolution inverse u, such that t(1) = 1 and, a fortiori,
u(lg) = 14. Then we have the following properties.

(1) wy is independent of the choice of t;

(2) ab = wi(ap) @ b)ajy, for alla € A and b € B.

If Q4 # 0, then we have an algebra map ¢t € Hom® (H, A), and then the
map w; defines a left H-module algebra structure on B, and we can consider
the Sweedler cohomology groups H"(H, B), see [20]. We then denote h-b =
Proposition 4.3. Assume that Q4 # 0. Then Q4 = Z'(H, B) and Q4 =
HY(H,B).

Proof. (sketch) If H is cocommutative and B is commutative, then (13) is
equivalent to

v(hk) = (hey - v(k))v(hg),
which is precisely the condition that v is a Sweedler 1-cocycle. U

Proposition 4.4. Now assume that B = k; it is not necessary that H 1is
cocommutative. If Qa # 0, then Q4 = Alg(H, k).

Proof. In this situation, wi(h ® b) = e(h)b, for every choice of t. Then (13)
is equivalent to v(hk) = v(h)v(k), and the result follows. O

Suppose that A is H-cleft. Pick a convolution invertible t € Hom™ (H, A)
such that ¢(1) = 1. Then consider
oc: HRH — B, o(h®k) = t(h(l))t(k(l))u(h(g)k(g))

Let B#,H be equal to B ® H as a vector space, with right H-coaction
p =B ® A, and with multiplication

(b#h) (C#k‘) = b(h . C)U(h(l) ® k‘(l))h(g)k‘@).

Proposition 4.5. The map ¢ : B#,H — A, ¢(b#h) = bt(h) is an isomor-
phism of right H -comodule algebras. The inverse of ¢ is given by the formula
¢ a) = apyu(ap))#ap). Let o € Z%(H,B). The following statements are
equivalent:

(1) o € B2(H, B);
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(2) there exists an algebra map t' € Hom™ (H, A);
(3) A= B#s@sH-

The Militaru-Stefan lifting Theorem. Let A be a faithfully flat H-
Galois extension of B = A7, s M will denote the category of (left-right)
relative Hopf modules. Let P,Q € 4M™. A left A-linear map f: P — Q is
called rational if there exists a (unique) element fig® fj;] € AHom (P, Q)® H
such that

fio(P) © fry = £ (@) o) @ S~ (o) f (ppop) s
or, equivalently,
(14) p(f(p)) = fio)(ppoy) ® Py frs

for all p € P. The subset of 4JHom(P, Q) consisting of rational maps is
denoted by 4HOM(P, Q). This is a right H-comodule, and 4END(P)P is
a right H-comodule algebra.
Now take M € gM. Then A®g M € sMH and E = 4END(A ®p M)°P
is a right H-comodule algebra. From the category equivalence between g M
and 4 MH | it follows that

F = E°f = JEnd" (A @5 M)° = gEnd(M)®.

B can be viewed as a right H-comodule algebra, with trivial coaction p(b) =
b®1, for all b € B, so we can consider the category of relative Hopf modules
pM . If M is a left B-module, then A ®5 M and M ® H are objects of
M. Dy will be the full subcategory of g M| with two objects A®@p M
and M ® H. We then have the following result.

Theorem 4.6. Let A be a faithfully flat H-Galois extension of B = A®°H
and M € gM. Then the categories Cg and Dys are anti-isomorphic.

Proof. (sketch) We define a contravariant functor o : Cp — Dy at the
objects level in the following obvious way: a(l) = M ® H and «(2) =
A®p M. Before we state the definition at the morphisms level, we observe
that we have two natural isomorphisms

B1: pHom(A®p M, M) — gHom® (A®p M, M ® H);
By : pHom(M ® H, M) — gEnd® (M ® H)
defined as follows:
Bi(¢)(a®pm) = lag @pm) @ap) ; B (p) = (M @e)op;

B2(©)(m & h) = O(m @ h1)) ® h(gy 5 By (0) = (M ®¢) 0.

Consider nyy : M — (A®p M) | the unit of the adjunction (Fy, G2) (see
Section 2) evaluated at M. Since Fj is an equivalence of categories, nys is
an isomorphism. We have an isomorphism

d11: Cp(1,1) = Hom(H, E°?) — gHom(M ® H, M),
given by the formulas
a1 (v)(m @ h) = 13 (v(h) (1 @ m));
171 (©)(h)(a@pm) =a®p O(m & h).
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We then define a1 = B9 o &r11. The isomorphism
a12: Cp(1,1) = Hom” (H, E) — gHom™ (M ® H, A ®p M)
is given by the formulas
a12(t)(m® h) = t(h)(1®pm) ; (a7 (¥)(h)(a ®pm) = a(m @ h).
We have an isomorphism
a21: Cp(2,1) —» pHom(A ®p M, M),
given by the formulas
a1 (u)(a @p m) =y (u(ap) (ag @5 m));
(G531 (@) (M) (a®@pm) =Y ali(h) @p ¢(ri(h) ©p m).
We then define agy = (31 0 G21. Finallyj the isomorphism
a2 : Cp(2,1) — gEnd (A ®@p M)°P
is given by the formulas
azz(w)(a @p m) = w(ap))(ap) @B m);
(aga (k) (h)(a @pm) =) ali(h)r(ri(h) @5 m).
A long computation shows that ass is a v?zell—deﬁned isomorphism, and that

« 1s a functor. O

Recall from [19] that M € pM is called H-stable if A®p M and M @ H
are isomorphic as left B-modules and right H-comodules, or, equivalently,
the two objects of Dys are isomorphic. From Theorem 4.6 we immediately
deduce the following result.

Corollary 4.7. M € pM is H-stable if and only if there exists a convolu-
tion invertible t € Hom™ (H, E).

Assume that M € pM is H-stable. Then there is an isomorphism ¢ :
ARpM — M@ Hin pMP. Let p = o™, ¢ = (M ®@¢) o, t = ags(¥),
u = gy (¢). Then the following assertions are equivalent.
(1) t(1) =1
(2) u(l) =1
(3) ¥(m®1) =18 m, for all m € M;

(4) (1 ®pm)=m, for all m € M.
Indeed, the equivalences 1) <= 2) and 3) <= 4) are obvious, and 1) <= 3)
follows immediately from the definition of a32 and 04511.
We have seen (cf. comments following Proposition 4.1) that ¢’ and u’ given
by t'(h) = t(h) o u(1) and u'(h) = (1) o u(h) are convolution inverses,
satisfying the additional condition #(1) = «/(1) = 1. Thus ¢’ = ay(t)
satisfies (3), and ¢’ = as(u’) satisfies (4). ¢’ and ¢’ can be computed
explicitly, using the formulas given in the proof of Theorem 4.6:

Y'(m@h)=(p(lepm)@h); 10 ¢'(a®@pm) =1p(p(a®@pm)®1).

" and ¢’ are composition inverses. The proof of the following result is now
a straightforward exercise.
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Proposition 4.8. Tuke ¢ € pHom(A @5 M, M), and let u = g (¢) €
C(2,1) and t = uwo S~!' € C(1,2) = Hom!(H,E). Then the following
statements are equivalent:
(1) ¢: AQpM — M, ¢(a®pm) = a-m is an associative left A-action
on M;
(2) u is an anti-algebra map;
(3) t is an algebra map.

Proposition 4.9. Fori = 1,2, take ¢; € pHom(A®@p M, M), and consider
u; = dgy (¢5) € Hom®(H, E) and t; = u;0S~" € Hom (H, E). Let M; = M
as a left B-module, with left A-action defined by ¢;. Then My = M,y if and
only if t1 ~ to.

Proof. We have that t; ~ to if and only if there exists an invertible map
f € pEnd(M) = E°H such that t;(h) o (A®p f) = (A®p f) o ta(h), or,

equivalently, u1(h) o (A®p f) = (A®p f)ous(h), for all h € H. This implies
that

1®p ¢1(a®p f(m)) = ui(ay)(ap ®@5 f(m))
(u1(ap)) o (A®@p f))(ag ®@Bm)
= ((A®p f)oualapn))(aj @5 m)
= 1®p f(¢2(a @5 f(m))),

and ¢1(a ®@p f(m)) = f(pa(a @p f(m))), for all a € A and m € M, which
means that f: My — M is an isomorphism of left A-modules.
Conversely, let f : My — M; is an isomorphism of left A-modules. Then
f: M — M is left B-linear, so f € gEnd(M). Then we have, for all h € H,
a € Aand m € M, that

ui(h)(a®p f(m)) = Z ali(h) ®p ¢1(ri(h) ®@p f(m))
= Z ali(h) @p f(¢2(ri(h) @ m)) = (A©p f)(uz(h)(a @5 m)),
hence uj(h) o (A®p f) = (A®p f) ouz(h), as needed. O

As an immediate consequence, we obtain the Militaru-Stefan lifting Theo-
rem.

Corollary 4.10. Let A be a faithfully flat H-Galois extension of B = A®°H
and M € gM. There is a bijective correspondence between the isomorphism
classes of left A-module structures on M extending the B-module structure
on M and the elements of Q.

Example 4.11. Let A be an H-Galois object, that is, A®°f = k. and
M = k. Then E = 4End(A)°? = A as an H-comodule algebra, and E<° =
A®H — | The map dg1 : Ca(1,2) and its inverse are given by the formulas

diz1(u)(a) = ulap))ag) € A7 = k;

ag1(9)(h) = > Li()o(ri(h)).
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¢ € A* defines an A-action A ® k — k if and only if ¢ is an algebra map.
It follows from Corollary 4.10 that Q4 = Alg(A4,k). If Q4 # 0, then it
follows from Proposition 4.4 that Alg(A, k) = Alg(H,k). The correspon-
dence goes as follows. Fix ¢g € Alg(A, k). ¢ € Alg(A, k) corresponding to
v € Alg(H, k) is given by the formula

p(a) = v(S(ap)))li(ag)po(ri(agy))a)-

5. PICARD GROUPS

The Picard group of an H-comodule algebra. Consider a Hopf algebra
H with bijective antipode and an H-comodule algebra A. Let Pic(A) be
the category with strict H-Morita contexts of the form (A4, A, P,Q, «, ) as
objects. A morphism between (A, A, P;,Q1, a1, /1) and (A, A, Py, Q2, az, (2)
consists of a couple (f,g), with f: P, — P2, g: Q1 — Q2 H-colinear A-
bimodule isomorphisms such that a; = aso (f®pg) and f1 = G20 (g®a4 f).
Note that Pic (A) has the structure of monoidal category, where the tensor
product is given by the formula

(A7 A7 Pl?Qlaalaﬂl) ® (A7A7 PQ,QQ,OJQ,,BQ) - (A7 A7 Pl XA PQ;
Q2®4 Q1,000 (PL®4 a2 ®4Q1),P20(Q2®4 P ®4 P1)).

The unit object is (4, A, A, A, A, A). Every object (A, A, P1,Q1,a1, 1) of
Pic(A) has an inverse, namely (A, A, Q1, P1, f1, a1).

Up to isomorphism, a strict H-Morita context is completely determined
by one of its underlying bimodules; therefore, we use the shorter notation
P, = (A, A P,Q1,a1,61). Picl(A) = KoPic(A), the set of isomorphism
classes in Pic? (A), is a group under the operation induced by the tensor
product, and is called the H-Picard group of A. If H = k, and B is a
k-algebra, then Pic*(B) = Pic(B) is the classical Picard group of B.

The O-Picard group of B. Let M, N € ,0.M. In [6], it is shown that
M ®p N € 40.M. We will need an explicit formula for the Ae_action on
M ®p N, given in Proposition 5.1 below.

In the proof [6, Theorem 2.4], it is shown that we have an isomorphism

ay: A®p N — A°®40. N, an(a®pn)=(a®1)®40.n.

We claim that the inverse a;,l of ay is given by the formula

ay' ((d®e) @ ne n) = Zdli(s(em)) ®p (ri(S(en))) @ epq) - n.

It follows from Lemma 6.4 that a]_vl is well-defined. Using the property that
v4(1g) =14 ®p 14, we find that

(ay' can)(a®pn) =ay ((a®1) @40.n) = a®p n.
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We also compute that
(an 0 ay)((d @ e) ® 4o n)

= apy (Z dl;( 6[1] ®B (7"2‘(5(6[1])) ® 6[0}) . n)

= Z(dl(S(em)) ® 1) ® 400 (1:i(S(ep))) ® egq)) - 1

_ ©)

= Zdl (ep))ri(S(epy)) ®€[O]) ® g0 n=(d®e) @ 0. n
Using ap, the left A%action on A° ® yo. N can be transported to a left
A€-action on A ®p N:

(d®e)(a®pn) =a;vl((d® e)an(a ®p n))
= ay'((da®e) @400 Zdal (ep) ®5 (r:i(S(ep))) @ efg) - 1

If M,N € 40.M, then A°® 0. M, A°® 40 N € aMI | hence
(A ® 0. M) @4 (A°®@yne N) = (AQp M) ®4 (A®pN) = A®p M @ N

in the category oM. On (A®pM)®4(A®pN), the A-bimodule structure
(or left A°-module structure) is given by the formula

(d@e)- ((a®pm)®a (d @pn))
= (d®1) - (a®@pm)®a(a®e)-(d @pn)

= Y (da®pm)@a (a’l,-(S(em)) @ (ri(S(ep)) ® epg)) ”)

We transport this left A®-module structure to A ® g M ®p N:
(d®e) - (a®@pm®pn)
= Z(l ®1(S(eq)))) - (da®@p m) @p (ri(S(ep))) @epq) - n

= Zdal (S(u(stenmm))

®B (Tj <5(li(5(€[1}))[1])> ®T¢(5(6[1]))[o]> -m
®p (7“1'(5(6[1])) ® 6[0]) n
Zdal (e) @5 (r;(S(ep) @ 1i(S(e)) - m

—
W~
=

®B( ,(S(e[g]) & 6[0}) -n

Now take Y, ar ® a}, € AMe. Using the above formula, we compute that

Zak@)ak (l1®pm®pn)= Zakl ak[l
4,5,k

®p(r;(S(agy) @ li(S(ayy))) - m @5 (ri(S(ayy)) @ ayg) - n
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= Zak[o}lj(s(ak[l})) ®p (rj(S(agn))) ® 1i(S(akp))) - m
i,k
@ (ri(S(ag)) ®ay) -n
= 1®p (ak[o} & li(ak[l])) -m @B (Ti(ak[l}) & CL;C) N
The map
M@ N — (A®g M @ N)°? mepn—1lopm®epn

is an isomorphism. Hence the left AP action on A®@p M ®@p N restricts to
an action on (A ®p M ®p N)®°H and defines an action on M ®p N. We
can summarize this as follows.

Proposition 5.1. Let M,N € ,o0.M. Then we have the following action
on M ®p N:

(15) (O ar®@ap) - (m@pn) = (ayg @ lilagy)) - m @p (riaym) @ az,) - n.
k

Now let Pic™# (B) be the category with strict [Jz-Morita contexts of the
form (B,B,M,N,~,d) as objects. A morphism between the Op-Morita
contexts (B, B, My, N1,71,91) and (B, B, My, Na, ¥2,d2) consists of a couple
(f,g9) with f: M; — My and g: N; — Ny left AHe_module isomorphisms
such that 1 =y 0 (f ®p g) and §1 = 620 (g ®B f).

It follows from Proposition 5.1 that Pic™# (B) is a monoidal category, with
tensor product induced by the tensor product over B, and unit object
(B, B, B, B,B,B). Every object in QDH(B) has an inverse, and we call
KoPicP# (B) = Pic™# (B) the Oy-Picard group of B. From Theorem 2.5
and the construction preceding Proposition 5.1, it follows that QH (A) and

~

QDH (B) are equivalent monoidal categories, so we conclude that Pic (A) =
PicP 7 (B).

6. THE H-STABLE PART OF THE PICARD GROUP

Throughout this Section, we assume that H is cocommutative. Now let A
be a right H-Galois extension of B. Our next aim is to introduce the H-
invariant subgroup Pic(B)" of Pic(B); roughly spoken, an object of Pic(B)
represents an element of Pic(B) if its connecting modules M and N are
H-stable. First we need to fix some technical details.

We consider the category BMg . Its objects are B-bimodules and right H-
comodules M, such that the right H-coaction p is left and right B-linear,
that is, p(bmb’) = bmgb' @my), for all b,0" € B and m € M. The morphisms
are the H-colinear B-bimodule maps. For M, N € B/\/lg , we consider the
generalized cotensor product

M@%N:{Zmi®3ni€M®3N|

(2

Z myjo) @B Ny & My[1) = Z m; @B Nijo) @ N[ }-
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Then M ®@# N is an object of g M, with right H-coaction
,O(Z m; @ n;) = Z mijo] @B Ni ® M) = Z m; @B nyjo) @ N4y
We have a functor —® H : gpMp — BMg. For M € gMp, the structure
on M ® H is given by the formulas
p(m®h) =m® A(h), b(m® h)b = bmb' @ h.

In particular, B® H € B./\/lg . The functor — ® H is monoidal in the sense
of our next Lemma.

Lemma 6.1. For M, M’ € gMp, we have a natural isomorphism
(Mo H) @ (M oH)= (Mog Mo H
mn B./\/lg.
Proof. 1t is easy to see that the map
k: (MogM)®H— (M®H)®% (M ® H),
m®@pm' ®h— (m® hp)) @p (M @ h)

is well-defined and right H-colinear. We claim that  is bijective, with
inverse given by the formula

D (my @ hy) @p (M) @ B)) = m; @m); @ hie(h)).
j j
It is clear that k ok = M @ M' @ H. If

J

then
D (my @ hy)) @ (m @ h)) @ hy) = 3 (m; @ hy) @ (] @ Ry)) @ .
J J

Applying € to the third tensor factor, we find
(kor™1)(z) = Z(mj ® hjy) @B (M} @ e(h)hj2) = =,

j
hence the claim is verified. O
Lemma 6.2. For all P € B/\/lg, we have that
P (BoH)2(BoH) kPP
mn B/\/lg.
Proof. We have a well-defined morphism
a: P— Py (B®H), ap) = pyg @5 (1@ pp)

in B./\/lg . The inverse of « is given by the formula

a_l(ZPi ®p (b @ hy)) = Zpibzf(hi)'
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It is clear that a loa = P. If Y, p; ®p (b; ® h;) € P ®% (B ® H), then
Zpi[o} ®p (bi ® hi) @ pij) = sz‘ ®p (bi @ hi1)) @ hie).
Then we find
(o™ (O pi®p (bi @ hi) sz o)bie (hi) ®B pi)

Zpibif(hm)) ®p (1@ hig)) = Zpi ®p (b ® hy).

O

Observe that AHe = Ay A € pe M, | with left and right Bé-action given
by the formula

(b V)( Zaz®a c®c) Zbaw@ca

Hence we have a second functor
AP @pe —: gMp — BME.

Take M € pMp. A @pe M is a left Be-module, and, a fortiori, a B-
bimodule. The right H-coaction on A5¢ @ e M is given by the formula

p((z ak ® aj,) ®pe m) = (Z agjo) ® ay,) @pe M ag]
% 3

= (D ak ® djyg) @pe m @ djy).
k

Our next aim is to show that the functor A2¢® ge — is also monoidal. Before
we can show this, we need a few technical Lemmas. Let M € gMp. Then
AP ®p M € B./\/lg , with the right H-coaction induced by the coaction on
A°P,

Lemma 6.3. Suppose that M € gMp is flat as a left B-module. Then the
map

f: AD6®BM — ADH(AOP(X)BM), Z(ak@)aﬁc)@]gm — Zak®(a§€®3m)
k k

s an isomorphism. In a similar way, if M is flat as a right B-module, then
M @p A =~ (M @p A)Oy AP,
Proof. Consider the commutative diagram
0 ABe @5 M A @p M

/| %i

0——= A (APRp M) —= AQAPRp M —Z A°®p M ® H

A°®@p M ®@ H

The top row is exact because M is left B-flat, and because of the definition
of the generalized cotensor product. The exactness of the bottom row also
follows from the definition of the generalized cotensor product. It follows
from the Five Lemma that f is an isomorphism. O
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Lemma 6.4. For all a € A, the element
T —Zl ) ®pB 7“1(5(@[1]))@)@[0} € ARp APe,

Proof. By Lemma 6.3, it suffices to show that x € (A®p A)O g A°P. Indeed,

Zl (ap))) @B ri(S(ap)))o @ ap) @ ri(S(ap))u

(3)
@ Zl ) @B ri(S(ag)) @ ap @ S(ary)-

Lemma 6.5. If 3, ai, ® a} € AM¢, then the element

x = Z agjo) ® li(agp)) @B rilagn) © ay
= Z ar ® Li(S(ay)) ©5 ri(S(@))) © gy € A~ @F A

Proof. Tt follows from Proposition 3.5 that AM¢ is flat as a left B¢-module.
Since B¢ is flat as a left B-module, we have that A7 is flat as a left B-
module. We have shown in Lemma 6.4 that z € A¢ ®p AY¢. Now

> agjo) © li(arp) ® rilayg) ® aj, © ay

ik
(4)
& > agjo) @ Liawp)) o) ©5 rilagn) © aj, @ Slilagu) ),
ik
so x € A0y (AP ®p ADe) = A" @5 AY¢) by Lemma 6.3. It then follows
immediately that z € A5 @ AHe, 0

Lemma 6.6. We have an isomorphism of vector spaces f : A% @ B —
At ®g ABe | given by the formula

FO ar®ar@b) = aypo @ bli(agp)) ®s rilay) @ aj.
i ik

Proof. 1t follows from Lemma 6.5 that f is well-defined. The inverse of f is
defined as follows. For y = ", ay ® a}, @p aj @ a} € ADe @ AP we let

n
= E ak®ak ®akak
k

Let us show that f~! is well-defined. First we show that f~1(y) € A° ® B.
Since y € AHe ®g AMe | we have that

Z ar ® aj ® aﬁc[o]a/k/[o] ® a;c[l} ag[l]
k
= Z ar ® a'k" & afka/k/[o] ® 5(“%[2})“%[1]
k
= Y @@ @aae ol
k
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For any vector space V, we have that (V ® A)°f =V ® B (B is flat over
k), so the above computation shows that f~1(y) € A°® B.

Let us next show that f~'(y) € A™° ® B: since y € A™¢ @ AY we have
that

Zak[o] (X)af,€ ®B a% ®a’k” ® agp) = Zak ® aﬁc XB a/k’ ®a/k”[0] ® S(a%’m),
k k

hence
Z ayjo) ® @y, @ apay @ ag) = Z ay ® ayjg @ apag ® S(ayy)).
k k

Let us finally verify that f and f~! are inverses.
(o w®ar@b) =D anp @ bliay) @ rilayy) © ai,)
k ik

(5)
= )y @ af @ li(ag))ri(apy) = Y ar @ aj, @ b;
ik k

(fof MO ared,@pal®a))=fO ar®a ®ajaf)
k k

- Z ko] @ a;ca/k/li(ak[l}) ®@p ri(agn)) @ ay
i,k

= ) a ®aiafigli(aiyy) @B rilajy) © aff
ik

(_@ Zak®a§€®3alk/®a%/.
k

O

Take M, M’ € gpMp and consider the composition § = (id ® can™! ® id) o
(pa ®id):

A°®@pe (M@pM') = A®p M ®p Bop M ®p A
— A®pM B Hp M @5 A
— A@pMepA®pA®pM @pA
>~ A°®Rpe M Rp A° @pe M.

We compute that

90> ar @ aj, @pe (m®pm))
k

= Z(ak[o] ® li(agp)) @Be m @p (ri(ayn) @ ai,) @pe m'.
ik

It follows from Lemma 6.6 that g restricts to a map

g: AP ®@pe (M @5 M) — (AP @5 M) @ (AT 5. M).
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It is obvious that ¢ € g M, and that g is bijective with inverse

(16) g_l(Z(ak & CLZ;) ®XBe M QB (a’é ® a%,) R pBe m/)
k

= Z(ak ® a}) @pe (majay @ge m')
k

= > (ax®a})) ®pe (m @pe ajagm’).
k

As a conclusion, we obtain the following Lemma.
Lemma 6.7. For M, M’ € g Mg, we have an isomorphism
g: AP @pe (M @p M') — (A @ M) @8 (A™° @ M).

Remark 6.8. It follows from Lemmas 6.1 and 6.7 that, for M, M', M" €
BM B, we have isomorphisms

(MeH)®h (M H))®h (M"® H)
~ (MeH)®h (Mo H) e (Mo H)),
(A @pe M) @F (A~ @p. M) @F (A~ @p. M")
>~ (A @pe M) @8 (A™ @pe M') @8 (AT @5 M"))
in pME that are natural in M, M’, M".

We now consider the notion of H-stability, as introduced before Corol-
lary 4.7, but with B replaced by B¢ and A by AY¢. The (B, B)-bimodule
M is H-stable if there exists an isomorphism

ov: A @pe M > MeH
in the category B./\/lg.

Proposition 6.9. If M, M’ € gMp are H-stable, then M Qg M’ is also
H -stable.

Proof. We define ppg ;0 by the commutativity of the following diagram:

(17) AP @p. (M @5 M) d

(ADe X ge M) ®I]§I (AD@ X pge MI)
LpM@BM'l J/‘PM@)EI%W

(M ®H)®% (M H)

M@ M @ H
O

Suppose that M, M’ € gMp are H-stable, and let 1y, = gp];[l, Yy = cp]j/},,
ta = 04;21(¢M), tar = a;%(sz/). For later use, we compute tyg,n =
a;§(¢M®BMI) in terms of ¢j; and tp;. To this end, we first introduce the
following Sweedler-type notation for the map t;:

tar(R)(1 g0e ®@pe m) = (m(h)T @ m(h)™) @pe m(h)°.
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Summation is implicitly understood. Using the definition of a32 and the
commutativity of (17), we compute

tmepm (h) (1o ®@pe (m@pm')) = Yygzmr (m @pm' @ h)
= (97" o (m ®F Yar) 0 k) (m @pm’ @ h)
= (97" o (Y @5 ) ((m & b)) @5 (M’ @ hez)))
=g~ (t(h))(1goe ©pe m) @5 t(hg)(1 40 ©pe m'))
= g7 ((m(ky)* © m(ha)7) @5 mlh)°)
®p ((m'(hg)" @m'(h)”) ®pe m'(h(2))0)>
= (m(hay)™ ®@m/(hg))”) ®pe (m(hqy) m(h)) m (he)™ @ m' (ha)°)
= (m(h))" @m'(hp) ™) @ge (m(h))° @ m(ha))~m' () m' (hq)°).
We will need a slight improvement of this formula. For b € B, we have
tar(h)(1 40 @pe mb) = tar(h)((1 ®b) @pe m)
= (1@b)tum(h)(140. @e m) = (m(h)* @ m(h)~b) @pe m(h)°,
hence
(18)  tymapmr (h) (1 0. ®pe (mb@pm')) = (m(ha))*t @ m/(h)7)
®@pe(m(hy)’m (b)) ~bm/ (hg))* @ m' (ha))?).
We have that B is a left AY*-module, with action ¢p((>>, ax ®d},) @peb) =

> i axbaj,. The corresponding map ¢p = f1(¢B) : AYe @p. B— B® H is
given by

(pB((Z ap & a;) K Be b) = Z ak[o]baﬁﬂ & a1 = Z akbak[o} X S(akm)
k k k

It follows from Corollary 4.7 and Proposition 4.8 that ¢ is an isomorphism
in BMg .

Now take M = (B, B, M,N,«a,[3) € Pic(B). We call M H-stable if there
exist isomorphisms o

OM - ADG®BeM—>M®H and @p: AD6®BSN—>N®H
such that the following diagrams commute:

AD8®BeO(

(19) AP @pe (M @p N) A @pe B
<PM®BNl/ \LL,OB
MogN@H—221 BoH

ADE® e

(20) ADe g (N @p M) — 220 gBe g, B

4PN®B]\4\L J/S@B
BRH

N@pM®@H B® H
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Theorem 6.10. Let H be a cocommutative Hopf algebra, and let A be a
faithfully flat Hopf-Galois extension of A" = B. Then

Pic(B)H = {[M] € Pic(B) | M is H-stable}
is a subgroup of Pic(B), called the H-stable part of Pic(B).
Proof. Assume that M, and M, are H-stable. It follows from Proposi-
tion 6.9 that M1 ®p My and No®p Ny are H-stable. A commutative diagram
argument taking Remark 6.8 into account shows that the diagrams (19-20),
with M replaced by M1 ®p Ms and N by No ®p N1, commute. This implies

that M, ®p M, is H-stable. Finally, if M is H-stable, then it is clear from
the definition that M~! = (B, B, N, M, 3, a) is also H-stable. O

7. A HOPF ALGEBRA VERSION OF THE BEATTIE-DEL Ri0O
EXACT SEQUENCE

As in the previous Section, let H be a cocommutative Hopf algebra, and
A a faithfully flat H-Galois extension of B. Take M & Pic(B)". Then we
have an isomorphism ¢ : A @pe M — M ® H in BMg. We have that
E = ,0.END(A™ @ M)°P is an H-comodule algebra.

Lemma 7.1. B« = 7(B).
Proof. We first observe that
B — o Endf (A% @pe M) = gEnd(M) = pEndg(M).

The second isomorphism is due to the fact that Aleg Be—: BeM — 4oc MH
is a category equivalence, by Theorem 2.1 and Proposition 3.5. Since M is
a strict Morita context, we have that — ®p M is an autoequivalence of
Mp. —®p M and its adjoint send B-bimodules to B-bimodules, so — ®p

~

M also defines an autoequivalence of pMp. Consequently pEndp(M) =
sEndp(B) = Z(B). O
For later use, we give an explicit description of the isomorphism

A: Z(B) — E©H = 0 End? (A @5 M), 21— A, :

(21) )‘x(Z(ak ® ap) ®pe m) = Z(ak ® ay) @ pe TM.
k k

We have seen in Theorem 4.6 that there are isomorphisms
ar2 : Hom" (H, E) — gHom¥ (M @ H, AY¢ @ g M),
g1 : C(2,1) — pHom& (A @pe M, M ® H).
Using Proposition 3.5, we compute u = ozgll(ap) and t = a{zl(ap_l):

(22) t(h) (D (ar ® aj,) ®pem) =Y (ar @ aj)p” (m® h);

k k
(23) u(h) (Z(ak ® a;) X Be m) = Z(akli(h(l)) (= Tj(h(Q))a;C)
k 05,k
®Be¢((ri(h(1)) & lj(h(Q))) & Be m)
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Since E°H ~ 7z (B) is commutative, we can apply Proposition 4.2, and we
find that Z(B) is a left H-module algebra. We will show in Proposition 7.3
that the left H-action on Z(B) is independent of the choice of M € Pic(B),
and is given by the Miyashita-Ulbrich action (8). o

Lemma 7.2. Forxz € Z(B), m € M and h € H, we have that

(24) Ae( Mm@ h)) = o (B - 2)m @ hyy).
Proof. Write
(25) e l(mah)= Z(sk ® sh) ®pe my € AD° @pe M.
k
Since ¢! is right H-colinear, we have that
(26) e (m @) @he) =Y (s ® k) @B Mg @ Sp[1)-
k

Then we compute
o Hazm@h) =z Y (m®h)
25 9
) Z(wsk ® 8}) D pe mk(:) Z(sk[o](S(sk[l]) - x) @ 8)) @pe My

k k
21,26 _
= ) (S0 @ sk) @5 (S(sip)) 'w)mk( = )AS(hm).z(sO "(m® hy)).
"

and it follows that

¢ ((he) - 2)m @ h(1)) = Ag(hiy))-(haya) (@7 (M@ h(1))) = Ae(p™ (m @ R)).
O

Proposition 7.3. Assume that M € Pic(B) is H-stable. The corresponding

left H-action on E°H is given by the formula he X, = \j,., for allx € Z(B).
This means that the transported action on Z(B) is the Miyashita-Ulbrich
action given by (9).

Proof. Take x € Z(B) and the corresponding A\, € E®. The action of
h € H on )\, is given by (see Proposition 4.2)

he )\r = ’U,(h(l)) o )\m o t(h(g)),

and we have

o = (he Am)(;(ak ® a},) @pe m))
(b)) 0 \) (Xk:(ak @ ap)e ((hs) - @)m ® b))
D ulh) (O (ar ® ) () - 2)m ® hyay)).

Now write k

(27) e (@) - m)m @ b)) =D (sq® s})) ®pe my.
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Since ¢!

¢ H(he) - 2)m @ hg)) @ h(y = Z(Sq[O] ® 8q) @pe Mg @ 8471],
q

is right H-colinear, we have that

hence
o = u(sq1)) (Y (arsqpo) ® sak) @ e my)
q,k
(23)
=D (awsqoli(sqn) @ 75(sq)59ak) @pe D((ri(sqp) @ i(sq121)) @e g,
,5,k,q

Using (6,12), we find
> (q10) ® 5) (i(3411)) © 75 (3q12))) @ e (Ti(3q01)) © U (3q12)))
g
Z 10 @pe (54 @ 5) € B ®@pe APe
Since ¢ is left Be—li(;ear, we find

o = Y (m®a)®s

,5,k,q
O((sq10li(3q1)7i(3401)) © L (Sq12))75(Sq[2))89) @ Be Mg
= Z(ak ® ay,) @pe ¢(sq @ s7,) @pe my)

k.q
27 _
@0 Z(ak ®ay) @pe (M ®e)opop 1)((h(2) cT)m® h(l))
k.q
! /
= Z(ak ® ay,) @pe (h-x)m = )\h.x(Z(ak ® aj,) ®pe m).
k,q k
This shows that h e A, = A\p,.., for all z € Z(B). O

It follows from the discussion in Section 5 that the functor QDH (B) —

Pic(B) restricting the APe_module structure on the connecting bimodules
to the B-bimodule structure is strongly monoidal. This implies that we have
a group homomorphism

g2 : PicP"(B) — Pic(B)
Proposition 7.4. The groups Ker (g2) and Hl(H Z(B)) are isomorphic.

Proof. Take [M] = [(B,B,M,N,«a,(3)] € Ker(g2). Then M and N are
isomorphic to B as B-bimodules. M is described completely once we know
the left AZ¢-module structure on M = B, by Theorem 2.5 (2). Isomorphism
classes of left APe-module structures on B are in bijective correspondence
to the elements of Qf, cf. Corollary 4.10. It follows from Proposition 4.3
that Qp = H'(H, Z(B)), hence we have a bijection between H'(H, Z(B))
and Ker (g2), and an injection

g1 : HY(H,Z(B)) — Pic™"(B).

We will now describe this injection explicitly, and show that it preserves
multiplication.
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Let ¢ be the left APe-action on B corresponding to the trivial element in
PicH# (B):

¢O(Z(ak ® aj,) @pe b Z axbal,.

k

Let ug = 64511 be the corresponding element in Cg(2,1). Using the formulas
in the proof of Theorem 4.6 we obtain that

uo(h) (Z(ak ®ay) @peb) = Z(akli(h(l)) @1j(h2))ay) @pe ri(ha))blj(h))-
k .5,k

Let o € Z'(H, Z(B)), and take G(a) = t = axty € Qg (see Proposition 4.3).
Then t(h) = to(h(1))oc (h(2 ), and u(h) = t(S(h)) = uo(h(1))oa(S(h())). We
compute ¢, = @21 (u), using the formulas given in the proof of Theorem 4.6:

1 ®Be ¢a (Z(ak ® a%) ®Be b)
k

= Z (%[1})((%[0} ® ay) ®pe b)

= ZUO agp) ((akpo) ® ay) ®pe a(S(akp))b)

= Z(ak[o]li(ak[l]) @ 7j(agjg)ay) @pe ri(agp)) (S (aks))blj(ax)
1,5,k

= > 1400 ®pe agoli(ary)ri(ar) oS (aggp)bl (aym)rj (agp)ak
1,5,k

= Z 1400 ®@pe agge(S(agp)))bag
k

This means that gi(a) is represented by B, with left A9¢-action given by

(28) D (ar®a}) ab=0a(D (ar ®a}) @pe b) = ayga(S(ay)))baj,.
k !
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Let 3 € Z'(H, Z(B)) be another cocycle. Then g1(a)®pg1(8) = B B =
B as a (B, B)-bimodule, with left AP¢-action

d(ar®al) b= (e @ay)- (10pD)
k k
(15)
= Z(akm @ li(agp))) o 1 @B (ri(agn) ® ay,) -5 b

28
= Zak[ma (agpp)li(akz) @B Tilar)o)3(S(ri(ag))p))bag

—~
=

= Zakm]a (agp))li(akjz) @B Tilag) B(S (ax))bay,

Z agjoj (S (agi)))li(anpz))ri(an2) (S (ax)) )bag
© Z arjo)(S(ag))) B(S (aggz))bay

- Z agjo) (a * B)(S(akp)))bay,

= Z(ak ® ag) -axp b-

k
This shows that g1(a) ®p g1(8) = g1(a* 3), that is, g is a group monomor-
phism. U

Let M € Pic(B) be H-stable. Then there exists an isomorphism

v: Mo H— AY @g. M

in p M such that ¥(m®1) = 1 ;0. @pem, for all m € M (see the arguments
given after Corollary 4.7). Then t := ay ' (/) € Hom'(H, E) is convolution
invertible and satisfies the condition #(1) = 1. In Proposition 4.5, we con-
structed a cocycle o € Z%(H, Z(B)). Now let g3([M]) = [0] € H*(H, Z(B)).
This defines a map

g3 : Pic(B) — H%(H, Z(B)).

It follows from Proposition 4.5 that gs([M]) = 1 if and only if there exists
an algebra map ¢’ € Hom? (H, E). By Proposition 4.8, this is equivalent to
the existence of an associative left AZ¢-action ¢ : AD¢ @ ge M — M, which
is equivalent to [M] € Im (g2). We conclude that Im (g2) = Ker (g3). Our
observations can be summarized as follows.

Theorem 7.5. Let H be a cocommutative Hopf algebra over a field k, and
A a faithfully flat Hopf-Galois extension of B = A“H. Then we have an
exact sequence

1 — H'(H, Z(B)) & PicP# (B) = Pic? (4) & Pic(B)" £ H*(H, Z(B)).

Observe that Pic™#(B) = Pic”(A) and Pic(B)¥ are non-abelian groups.
The category of groups is not an abelian category, so it makes no sense to talk
about exact sequences of groups. In the statement in Theorem 7.5, exactness
means that ¢ is an injective map, and that Im (¢;) = {z | gi+1(z) = 1},
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for i = 1,2. The maps ¢; and g2 are group homomorphisms. An example
given in [4] shows that gs is not a group homomorphism in general, even in
the case of group graded algebras. We will discuss in Section 8 the property
satisfied by gs.

8. g3 IS A 1-COCYCLE

We recall from [10] that Pic(B) acts on Z(B) as follows. For [M] € Pic(B),
we have a map &y : Z(B) — Z(B) characterized by the property

(29) Ev(z) =y <= maz=ym, forallme M.

It is easy to show that &as(zy) = Epr(x)Enr(y). We will show that this action
defines an action of Pic(B)¥ on H"(H, Z(B)), so that we can consider the
group of cocycles Z!(Pic(B)!, H?(H, Z(B))). We will then show that g3 is
such a 1-cocycle.

Our first aim is to show that the action Pic(B)? on Z(B) commutes with
the action of H on Z(B). First, we need some Lemmas.

Lemma 8.1. Take [M] € Pic(B)®. Forallz € Z(B), me€ M and Y, a; ®
a; € APe, we have that

(30) (Z a; @ a;z) @pe m = (Z & (z)a; ® aj) @pe m

mn ADe ®Be M.

Proof. This follows immediately from the fact that ma ® h = {y(x)m @ h
in M®H, foralm € M, x € Z(B) and h € H, and the fact that we a
(B, B)-bimodule isomorphism ¢y, : M @ H — AD¢ @pe M. O

Lemma 8.2. The map
l: A @ B— Af AP, (D ai®d)@pb— Y ab®pa]
7 A

18 an isomorphism.

Proof. Observe first that A2¢® ge B and A®g A°P are objects of the category
ADEMH . It follows from Theorem 2.1 and Proposition 3.5 that it suffices to
show that
(A ®g Aop)coH ~ B o (ADe R pe B)COH.
Take
> ai®paj € (Aop AP)T C AR AP,
(3

Then

D a0 @ a;®ap = Y (ab®pa)) @ 1.
From the fact that A € g M is faithfully flat, we deduce that ZZ a; p a; €
AH @ A = B®p A, hence

Zai XpB aé =1®p Zaia;;: 1®pa.
i 7

Since >, a; ®p a, € A @ AP we also have that
1®p aj ® S(a[l]) =1®pa®l.
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Apply p4 to the second tensor factor (p4 is left B-linear), and then multiply
the second and third tensor factor. This gives 1®pag®@a) =1®pa®p1,
and it follows that a € B. This shows that the map

fi: B— (A@F AP)°H  f(b)=1@pb
is an isomorphism. O

Lemma 8.2 tells us that the map AD¢ — A®g A°P induced by the canonical
surjection A — A ®p A°P is surjective.

Proposition 8.3. Let M = (B,B,M,N,«,3) represent an H-stable ele-
ment of Pic(B). Then

Ear(h-w) = h- (Eu (),
for allh € H and x € Z(B).

Proof. For Y, ar ® aj, € AP e Z(B) and m € M, we compute that

(ZfM(x)ak@)ak ®pe M (50 Zak@)akﬂv ®pe m
k

—~
=

= (O ar® (ahyy - 2)djyg) @pe m
!
= QO ar ®djy) ©pe m(ajy - )
!
= (Z ar @ az[o]) ®pBe §M(a;€[l] -x)m

= Z aré( ak[l ) ® ak[o]) ®RBe M

—~
=

= Z“k[ll ~En (@ - T)ag) @ ayg) @pe m

Zak[l] En(S(ap) - ©)age) © ay) @pe m.

Now take an arbitrary n € N. Applying Lemma 6.5, we find

Z((ﬁM(fﬁ)ak[o] ® li(ak[l}))®35m> ®5 ((ﬁ'(akm) ® ak)®Ben)

ik

= Z(((ak[l] (6 (S(agp) - @))are @ li(ak[3]))®BEm>
i,k
®B ((ri(ak[g,]) & CL%)@BETL).
Now we apply
gl (AP @pe M) @8 (A7 @5 N) — AP¢ @pe (M ®@p N)

to both sides (see (16)). Using (5), we obtain

Y (En(@)ar © ap) @pe (m@pn)
k

Zakm En(S(akjg) - 2)ag) © a},) @pe (M ®p n).
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Now M ®pg N =2 B. It follows that

Z@M(l’)ak & aﬁc) Rpe b= <Z ag[1] - §M(S(ak[2}) . :E)ak[o} & a%) ®pe b,
k

k

for all 3", ax ® a}, € AY¢, 2 € Z(B) and b € B. Using Lemma 8.2, we find
that

Z Em(x)ay, ®p aj, = Z arp) - Em(S(arp) - 2)arp) @p aj,
K
= Z S(ajpy) - Emlaypy - )ak @B ayp

for all 3", ay ®p a), € A®H A° and z € Z(B).
Now take h € H. It follows from (3-4) that va(h) = >, l;(h) ®p ri(h) €
A ®H A°. Therefore

Z Eni(2)li(h) @ ri(h)

) - Em(ri(h)py - 2)li(h) @B ri(h)[g)

?
2 350

) 2) @1i(hay) @B rilha))-

We apply (A ® €) o4 to both sides; this gives

Em(z)e(h) = S(hay) - Em(ha) - ),

and, finally,
h-&n(w) = heyy - Em()e(hz) = (hyS(he))) - Em(h) - ) = Em(h - x),
which gives the desired formula. O

Proposition 8.4. The action of Pic(B) on Z(B) induces an action of
Pic(B)! on Z"(H,Z(B)), B"(H, Z(B)) and H*(H,Z(B)). More precisely,
if f: H®" — Z(B) is a cocycle (resp. a coboundary), then &y o f is also a
cocycle (resp. a coboundary).

Proof. This follows immediately from Proposition 8.3 and the definition of
Sweedler cohomology, see [20] or [5, Sec. 9.1]. O

Since Pic(B) acts on H%(H, Z(B)), we can consider the cohomology group
H\(Pic(B), H?(H, Z(B))).

Theorem 8.5. g3 € Z'(Pic(B)", H*(H, Z(B))).

Proof. Let [M],[M'] € Pic(B), and consider the corresponding total inte-
grals

tyr: H— E:= ;0. END(A™ @pe M), ty: H— E'.
We recall from Section 4 that [os] = g3[M] is defined by the formula

ta(k) ot (h) = onr(hy @ key)tm (h)ke))-
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This means that

(ta(K) o tM(h))(lADe ®pem)
tar (k) ((m(h)* @ m(h)™) @pe m(h)")
= (m(h)"m(h)° (k)" @ m(h)"(k)"m(h)™) @pe m(h)" (k)"

equals

O'M(h(l) & k(l))t]\/j(h(g)k‘(g))(lADe ®pe M)
= (om(h) ® k) m(hake) ™ © mheke) ™) ©pe m(heke)"-

Then we compute

(tmepm (k) o targpar (R) (1 goe @ (m @p m'))
s () ((m(h)* @ m () )
®ge(m(hay) m(hay) " m' (b)) " @ m'(h)°))
() mhy) )T © m () ()~ () )
®@pe (m(hey) (k) 'm(ha)° (kay) ~m(heay)~
m' (hiz)) " m' (h(2))° (k@)™ @8 m/(hz)°(ke)"),

hence

9((tM®BM’(k) o tM®BM'(h))(1ADE ®p (Mm®p m’)))
= ((m(hy)Pm(h)°(kay)* @ m(hay)®(kq) “m(hay) ™)
®@pe m(hay) (k)"
®@p ((m/(h(2))Tm/ (h(2)° (k@) T @ m'(ha))° (k@) " m/ (h(2)) ")
®pe m'(hz))° (k(2))°)
= ((o(hqy @ kay)mlh) k)™ @ m(hoke) ™) @5 mlhok)°)
@B ((0'(h) @ k) m' (hayka) T @ m/ (hyky) ™)
Qpe M (h( o, )
D (o (hry ® k)en (0 () ® ky))m(syh)* © mlbike)”)
®@pe m(h(z)ke)°) @B (m '(h(4)k(4)) m/ (hayk))”)
®@pe m' (hiaykw)")
= o(hay ® kqy)ém (0 () ® k)9 (tae g (hk) (1 0. @5 (m @pm'))).
This shows that
trepm (k) o tyre g (h) = a(hay ® kay)éar (o' (hy @ ko)) tme s (hk).
Consequently,

oMM’ = 0z * (a0 o),

which proves the Theorem.
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9. GALOIS OBJECTS OVER NONCOCOMMUTATIVE HOPF ALGEBRAS

Let H be a (possibly non-cocommutative) Hopf algebra with bijective an-
tipode, and A an H-Galois extension of B = A®H. We can still define
the Picard groups Pic (A), Pic(B) and Pic™# (B), and we still have that
Pic (A) = Pic™# (B), cf. Section 5. We can therefore ask whether the exact
sequence from Theorem 7.5 can be generalized to non-cocommutative Hopf
algebras. The obstructions are the following.

(1) We need the property that ALy A is an H-Galois extension (see
Theorem 3.3 and Proposition 3.5) in order to apply Corollary 4.10
(with H replaced by ACly A°P);

(2) We used the fact that H is cocommutative when we defined the
H-stable part of Pic(B) (see Section 6);

(3) We want to have a group structure on Q40 0p.

These problems can be fixed in the case where the algebra of coinvariants
B coincides with the groundfield k, that is, when A is a Galois object.
Examples of Galois objects are for example classical Galois field extensions
(then H = (kG)*, with G a finite group); other examples of Galois objects
over noncocommutative algebras have been studied in [1, 2].

In this case, Q40,400 = Alg(H, k) is a group, by Proposition 4.4, and
problem 3) is fixed. To handle problem 1), we invoke the theory of Hopf-
Bigalois objects, as developed by Schauenburg [17]. If A is a right H-Galois
object, then there exists another Hopf algebra L = L(A, H), unique up to
isomorphism, such that A is an (L, H)-Bigalois object, that is, A is left L-
Galois object, a right H-Galois object, and an (L, H)-bicomodule. For the
construction of L, we refer to [17, Sec. 3]. If H is cocommutative, then L =
H. We can then introduce the Harrison groupoid [17, Sec. 4]. Objects are
Hopf algebras with bijective antipode, morphisms are Hopf-Bigalois objects,
and the composition of morphisms is given by the cotensor product. The
inverse of a morphism A between L and H (that is, an (L, H)-Bigalois
object) is AP, with left H-coaction A given by the formula A(a) = S~*(ap))®
ajo)- In particular, (ACy A°P) is an (L, L)-Bigalois object, and, in particular,
a right H-Galois object. Applying Proposition 4.4 and Corollary 4.10, we
obtain

QAT aor = Qary aor = Alg(AT A, k) = Alg(L, k).

The isomorphism Alg(AOm A, k) = Alg(L, k) can also be obtained as fol-
lows. Since A°P is the inverse of A in the Harrison groupoid, we have that
Al A°P = [ as bicomodule algebras.

Since Pic(B) = 1 (k is a field), the map Pic™# (B) — Pic(B) is trivial. Its
kernel is Q Ay Aop, S0 We obtain the following result.

Proposition 9.1. Let H be a Hopf algebra with bijective antipode, A a right
H-Galois object, and L = L(A, H). Then Pic (A) = PicP# (k) = Alg(L, k).

If H is cocommutative, then I = H, so Pic’(A) = Alg(H,k). This iso-
morphism can be described explicitely. The isomorphism Alg(H, k) —
Alg(AOp A°P k) is a particular case of (28). For an algebra morphism
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«: H — k, the corresponding ¢, : ALz A°P — k is given by
ba(D_ a5 ®a5) = D asafga(ajy),
J J

and the corresponding AUy A°P-action on k is induced by a.
Let us now compute the corresponding A-bimodule structure on A. It is
shown in [6, Prop. 2.3] that we have a right H-colinear isomorphism

[ A® (AOgAP) - A® AP, f(a®(§ aj®a;-)): E GG]‘@G;.
7 .
The inverse of f is given by the formula

Zl a[l] & 7"7,(5(0/,[1])> & aEO].

For N € 4m, aov M, we have an isomorphism

g: A9 N-5A® (ADgAP) @ 40, 400 V25 (AO AP) @40, 400 N.
Here v is the natural isomorphism. The A-bimodule structure on A ® N is
obtained by transporting the A-bimodule structure on (A0 AP)® a0, A4op N
to A® N using g. Take a,a’,a” € A and n € N. Then

dgla®n)a” =d'((a®1) @0, a00 n)a” = (d'a @ d”) @ a0, a0e 0.

Now

@ (a@n)-a" =g (dgla @ n)a") =4 (/7 (0@ a") @u, 200 )

Za ali(S(afy)) © (ri(S(afy)) ® afy)n € A@ N.

Now let N = k, with left ACly A°P-action given by ¢, and identify AQ N &
A using the natural isomorphism. The corresponding A-bimodule structure
on A® N = A is then given by the formula

a-a-d —Zaal ¢a(7"z( (aﬁ]))®aﬁ)])

(5)
Zaali am ri(S(a[Q]))a’[g]a(a’['l]) = a’aa’[f)]a(a’[’u).

We conclude that the (A® A°P, H)-Hopf module P representing the element
in Pic(A) corresponding to a is equal to A as a left A-module and a right
H-comodule, and with right A-module action given by the formula

(31) a-d = aa'[o]oz(a/m).

Example 9.2. Let ¢ = p?, and k a field of characteristic p. Consider the
Hopf algebra H = k[z]/(z? — z), with  primitive and S(z) = —z. If d =1,
then H is the dual of the group algebra over the cyclic group of order p. The
H-Galois are known, we refer to [5, Sec. 11.3] for detail. More precisely, the
group of Galois objects Gal(k, H) = k/{a? —a | a € k}. The Galois object
corresponding to a € k is the Artin-Schreier extension

S=kyl/(y" =y —a)
with coaction pg(y) =y ® 1 + 1 ® z. Furthermore
Alg(H, k)= {be k | b7 = b}.
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The algebra morphism « corresponding to b € k is determined by the formula
a(x) = b. Now fix a € k, and consider S = k[y]/(y? —y — a). It follows from
Proposition 9.1 that

Picl(S) = {be k| b? = b}.

The (S ® S°P, H)-Hopf module P representing the element of Pic (S) cor-
responding to b satisfying b9 = b is equal to S as a left S-module and a right
H-comodule. The right S-action on P is completely determined by the right
action of y on p € P = S. Since yjg(y;y)) = y + b, formula (31) takes the
form

p-y=py+b).
Example 9.3. We keep the notation of Example 9.2. Let B be a k-algebra,
and A=BRS,pa=B®p: BS—>B®S5S®H. Then
cany = B®cang : AQpA = (BRS)®p(B®S) = BRS®S — BRS®H = AQH

is an isomorphism, hence A is an H-Galois extension of B.
We claim that the Miyashita-Ulbrich action on Z(B) is trivial. Let yg(h) =
Yo lith)y®@ri(h) € S® S, for all h € H. It is easy to see that

cana(D> 1p@1i(h)®@71i(h)) =1p®1g@h =14 h,

hence
ya(h) = (1g @ Li(h) @5 (1g @ ri(h)),

7

and, for z € Z(B) 2 Z(B) ® k,
how=3 (1p©Lih)(1s @ L) (1p @ ri(h)) = e(h)e.

(2

Now it follows that
HY(H,Z(B)) = Alg(H,B) = {b € B | b? = b}.

Our next aim is to show that every element of Pic(B) is H-stable. First
observe that A°°? = B° ® S°P, with S°P = S as an algebra, and with H-
coaction given by p(y) =y ® 1 —1® x. Then

Ay AP = B® B ® (SOpS°) = B @ S5,

Now let M € Pic(B). Then A ®p. M = M®S™* = M®H, since S° = H.
This shows that M is H-stable, and it follows that Pic(B) = Pic(B)*. The
exact sequence from Theorem 7.5 specializes to

1 —{beB|b =b} - Pict’(4) - Pic(B) — H*(H, Z(B)).

Suppose that H is a finite dimensional commutative Hopf algebra. Then
H* is a cocommutative Hopf algebra. If A is an H*-Galois object, then A is
an H-module algebra, with left H-action h(a) = (api}, h)ajy. Furthermore
Alg(H*, k) = G(H), the group of grouplike elements of H. Take g € G(H);
(31) can then be rewritten as

(32) a-a =ag(d).
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Example 9.4. In [12], forms of the cyclic group algebra have been studied.
One of the examples is the following quotient of the trigonometric Hopf
algebra over Q:

H = Qle, s]/(c* + s* — 1, s¢).

H is a form of the group algebra over the cyclic group of order 4, that is,
H ®gC = CCy. The grouplike elements of H ®gC = Cle, s]/(c® +s* — 1, sc)
are g; = (c+is)', i = 0,---,3. It is easy to see that g1, g3 ¢ H and
go=1, go = c* — s> € H, hence

GH) ={1,g0 = & — s*}.

An example of an H*-Galois object is given in [12, Remark p. 135]: A =
Q(p), with g = v/2, and H-action given by the formulas

c(l)=1 c(u)=0 c(p?)=—p* c(p’)=0
s()=0 s(u)=-p s@’)=0 sp’)=p’

Since G(H) = {1, ga}, it follows from Proposition 9.1 that Pic(A) is the
cyclic group of order 2. Using (32), we can describe its nontrivial element
[P]. First observe that the action of g» on A is given by the formula go(1’) =
(—1)'u. Then P = A as a left A-module and a left H-module, with right
A-action given by
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