
Algorithms for Symmetric Eigenproblems
Eigenvalues in their own (”eigen”) way

Radu Tr̂ımbiţaş
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Real Symmetric Matrices

A ∈ Rm×m is symmetric if AT = A

All eigenvalues of A λ1, . . . , λm are real

A is unitarily diagonalizable — A has a set of m linearly independent
orthonormal vectors q1, . . . , qm

Eigenvectors are normalized ‖qj‖ = 1, and sometimes the eigenvalues
are ordered in a particular way

Initial reduction to tridiagonal form is assumed
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Rayleigh Quotient

The Rayleigh quotient of a symmetric matrix A and a vector x 6= 0 is
the scalar

ρ(x , A) =
xTAx

xT x

For an eigenvector x , and the corresponding eigenvalue λ,
ρ(x , A) = λ

For general x , ρ(x , A) = α that minimizes ‖Ax − αx‖2

x eigenvector of A⇐⇒ ∇ρ(x , A) = 0

ρ(·, A) is smooth and ∇ρ(qj , A) = 0, therefore quadratically
accurate:

ρ(x , A)− ρ(qj , A) = O(‖x − qj‖2) as x → qj
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Rayleigh Quotient Iteration

Improvement of inverse iteration, set shift σ to last computed
Rayleigh quotient

Rayleight Quotient Iteration: Given x (0) with ‖x (0)‖2 = 1,
and tol we iterate

ρ0 := ρ(x (0), A);
i := 1;
repeat

y (i) := (A− ρi−1I )−1x (i−1);
x (i) := y (i)/‖y (i)‖2;
ρi := ρ(x (i), A);
i := i + 1;

until convergence (‖Ax (i) − ρix
(i)‖2 < tol)
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Convergence of Rayleigh Quotient Iteration

Cubic convergence in Rayleigh quotient iteration:∥∥∥y (i+1) − (±qJ)
∥∥∥ = O(

∥∥∥y (i) − (±qJ)
∥∥∥3

)

and
|ρi+1 − λJ | = O(|ρi − λJ |3)

Proof idea: If y (i) is close to an eigenvector,
∥∥∥y (i) − qJ

∥∥∥ ≤ ε, then

the accuracy of the Rayleigh quotient estimate ρi is
|ρi+1 − λJ | = O(ε2). One step of inverse iteration then gives∥∥∥y (i+1) − qJ

∥∥∥ = O
(
|ρi − λJ |

∥∥∥y (i) − qJ

∥∥∥) = O(ε3)
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QR Iteration for Symmetric Matrices

First, reduce A to tridiagonal form

“Practical” QR algorithm : Given (Q(0))TA(0)Q(0) = A (A(0)

a tridiagonalization of A) we iterate

i := 0;
repeat

Choose a shift σi near an eigenvalue of A;
Factor A(i) − σi I = Q(i)R (i); {QR decomposition}
A(i+1) := R (i)Q(i) + σi I ;
i := i + 1;
if A

(i)
j ,j+1 is sufficiently small then

set Aj ,j+1 := 0 and Aj+1,j := 0 to obtain[
A1 0
0 A2

]
= Ai

now apply the QR algorithm to A1 and A2

until convergence
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Choosing shift: The Rayleigh Quotient Shift

Natural choice for σi : Rayleigh quotient for last column of Q(i)

σi =

(
q

(i)
m

)T
Aq

(i)
m(

q
(i)
m

)T
q

(i)
m

=
(
q

(i)
m

)T
Aq

(i)
m

Cubic convergence for last column q
(i)
m

Convenient fact: This Rayleigh quotient appears as m, m entry of

A(i) since A(i) =
(
Q(i)

)T
AQ(i)

The Rayleigh quotient shift corresponds to setting σi = A
(i)
m,m
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Choosing shift: The Wilkinson Shift

The QR algorithm with Rayleigh quotient shift might fail, e.g. with
two symmetric eigenvalues

Break symmetry by the Wilkinson shift

σ = am − sign(δ)b2
m−1/

(
|δ|+

√
δ2 + b2

m−1

)

where δ = (am−1 − am)/2 and B =
[

am−1 bm−1

bm−1 am

]
is the

lower-right submatrix of A(k)

σ is the eigenvalue of B that is closest to am

Always convergence with this shift, in worst case quadratically
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The Jacobi Algorithm

Idea: a 2× 2 real symmetric matrix can be diagonalized by a Jacobi
rotation:

J

[
a d
d b

]
JT =

[
6= 0 0

0 6= 0

]
where

J =
[

cos θ − sin θ
sin θ cos θ

]
, tan 2θ =

2d

a− b

Jacobi’s method does not start by reducing A to tridiagonal form but
it produces a sequence of orthogonally similar matrices, which
eventually converge to a diagonal matrix with eigenvalues on the
diagonal.

We start from A0 = A; Ai+1 = JT
i AiJi ; applying this formula

successively we get

Am = JT
m−1Am−1Jm−1 = JT

m−1J
T
m−2Am−2Jm−2Jm−1 = ...

= JT
m−1 . . . JT

0 A0J0 . . . Jm−1 = JTAJ
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The Jacobi Algorithm

The Jacobi (Givens) rotation at jth step is

Ji = R(j , k , θ) =



1
1

. . .

cos θ − sin θ
. . .

sin θ cos θ
. . .

1
1


where θ is chosen to zero out the j , k and k , j entries of Ai+1.

Loop over all pairs of rows/columns, quadratic convergence

O(m2) steps, O(m) operations per step =⇒ O(m3) operation count
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The Method of Bisection

Idea: Search the real line for roots of p(x) = det(A− xI )
Finding roots from coefficients highly unstable, but p(x) could be
computed by elimination
Important property: Eigenvalues of principal upper-left square
submatrices A(1), ..., A(m) interlace

λ
(k+1)
j < λ

(k)
j < λ

(k+1)
j+1
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The Method of Bisection

Because of the interlacing property: The number of negative
eigenvalues of A equals the number of sign changes in the Sturm
sequence

1, det(A(1)), det(A(2)), ..., det(A(m))

Shift A to get number of eigenvalues in (−∞, b) and twice for [a, b)
Three-term recurrence for the determinants:

det(A(k)) = ak det(A(k−1))− b2
k−1 det(A(k−2))

With shift xI and p(k)(x) = det(A(k) − xI ):

p(k)(x) = (ak − x)p(k−1)(x)− b2
k−1p

(k−2)(x)

O(m log(εmachine)) flops per eigenvalue, always high relative accuracy
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The Divide-and-Conquer Algorithm

Cuppen[1], Gu and Eisenstadt [2]

Split symmetric tridiagonal T into submatrices:

This is the sum of a 2× 2 block-diagonal matrix and a rank-one
correction

Split T in equal sizes and compute eigenvalues of T̂1, T̂2 recursively

Solve nonlinear problem to get eigenvalues of T from those of T̂1, T̂2
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The Divide-and-Conquer Algorithm

Suppose diagonalizations T̂1 = Q1D1Q
T
1 and T̂2 = Q2D2Q

T
2 have

been computed. We then have

T =
[

Q1

Q2

] ([
D1

D2

]
+ βzzT

) [
QT

1

QT
2

]
with zT = (qT

1 , qT
2 ), where qT

1 is the last row of Q1 and qT
2 is the

first row of Q2

This is a similarity transformation =⇒ Find eigenvalues of diagonal
matrix plus rank-one correction
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The Divide-and-Conquer Algorithm

Eigenvalues of D + wwT are the roots of the rational function

f (λ) = 1 +
m

∑
j=1

w2
j

dj − λ
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The Divide-and-Conquer Algorithm

Solve the secular equation f (λ) = 0 with nonlinear solver

O(m) flops per root, O(m2) flops for all roots

Total cost for divide-and-conquer algorithm:

O

(
m2 + 2

m2

22
+ 4

m2

42
+ · · ·+ m

m2

m2

)
= O(m2)

For computing eigenvalues only, most of the operations are spent in
the tridiagonal reduction, and the constant in “Phase 2” is not
important

However, for computing eigenvectors, divide-and-conquer reduces
Phase 2 to 4m3/3 flops compared to 6m3 for QR
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General structure

All the algorithms for symmetric eigenproblems w.r.t a matrix A,
except Jacobi, have the following structure

1 Reduce A to tridiagonal form T with an orthogonal matrix Q1:
A = Q1TQT

1 .
2 Find the eigendecomposition of T : T = Q2ΛQT

2 , where Λ is the
diagonal matrix of eigenvalues and Q2 is the orthogonal matrix whose
columns are eigenvectors.

3 Combine this decompositions to get A = (Q1Q2)Λ(Q1Q2)T . The
columns of Q = Q1Q2 are the eigenvectors of A.
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General structure - SVD

All the algorithms for the SVD of a general matrix G , except Jacobi,
have the following structure:

1 Reduce G to bidiagonal form B with orthogonal matrices U1 and V1:
G = U1BV T

1 . This means B is nonzero only on the main diagonal and
first superdiagonal.

2 Find the SVD of B: B = U2ΣV T
2 , where Σ is the diagonal matrix of

singular values, and U2 and V2 are orthogonal matrices whose columns
are the left and right singular vectors, respectively.

3 Combine these decompositions to get G = (U1U2)Σ(V1V2)T . The
columns of U = U1U2 and V = V1V2 are the left and the right
singular vectors of G , respectively.
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Converting SVD to EWD

There are three ways to convert the problem of finding the SVD of a
bidiagonal matrix B to finding the eigenvalues and eigenvectors of a
symmetric tridiagonal matrix:

1 A =
[

0 BT

B 0

]
, Tps ≡ PT AP is symmetric tridiagonal,

P = [e1, en+1, e2, . . . , en, e2n] permutation matrix (“perfect shuffle”).
If (αi , xi ) is an eigenpair of Tps , then αi = ±σi , where σi is a singular

value of B, and Pxi = 1√
2

[
ui
±ui

]
,where ui and vi are left and right

singular vectors of B, respectively.
2 TBBT = BBT , σB =

√
λT , left singular vectors of B are the ev of

TBBT — not numerically stable
3 TBT B = BT B, σB =

√
λT , right singular vectors of B are the ev of

TBT B — not numerically stable
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