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Abstract. This paper is mainly concerned with a generalized hematopoiesis model with harvesting
terms and impulses. Based on the contraction mapping principle and generalized Gronwall-Bellmain
inequality, the new results on the existence, uniqueness and globally exponential stability of the
positive piecewise pseudo almost periodic solutions of the addressed model are established. Some
corresponding results in the literature can be complemented and extended. In addition, an example
is given to illustrate the effectiveness of the new obtained results.
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1. INTRODUCTION

Hematopoiesis model which arisen in blood cell production, was firstly introduced
and studied by Mackey and Glass [15]. Due to its applications in our daily lives,
in last years, the qualitative properties for hematopoiesis model and its generalized
models have been extensively investigated in literature, see for example [8], [9], [7],
[18], [25], [26]. In the real world phenomena, the variation of the environment plays
an important role. In this case, some researchers, such as Saker in [18], Wang and
Li in [24], Yao in [27], studied the dynamic behavior of the following nonautonomous
delay differential equation with time-varying coefficients:

b(t)
1+an(t—71(t))
For example, Yao in [27] studied the existence and exponential stability of the unique
positive almost periodic solution of (1.1).

Meanwhile, In 1991, Gyori and Ladas [10] investigate the global attractivity of
unique positive equilibrium of the following equation:

b s
1+an(t—r7)

z(t) = —a(t)z(t) + , t>0. (1.1)

z(t) = —az(t) +
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and Gyori and Ladas gave the open problem of extending the results to equations
with several delays. In order to solve this problem, the following equation was come
up with:

I(t) = —aa:(t) =+ Zl H—.%mb(it(t—)7'i(t))7 n > 0, (12)

and researchers have paid lots of attention on the qualitative properties of (1.2). For
example, Zhang et al in [32] discussed the existence and exponential convergence
of the positive almost periodic solution for (1.2), and Meng [16] studied the global
exponential stability of positive pseudo-almost periodic solutions for (1.2).

Many dynamical systems have impulsive dynamical behaviors due to abrupt
changes at certain instants during the evolution process. The mathematical descrip-
tion of these phenomena leads to impulsive differential equations and the theory of
impulsive problems is experiencing a rapid development, see [5], [13], [12], [17], [23],
[21], [22], [28] and the references therein. Compared with the classical hematopoiesis
model or impulsive equations, the study on hematopoiesis model with impulses has
been few considered in the literature, see [2], [20]. For example, Alzabut et al in [2]
studied the existence and exponential stability of positive almost periodic solutions
for the following impulsive hematopoiesis model of the form:

x(t) = —a(t)x(t) + be”(g’r)

Ax(ty) == x(tg) —x(ty) = yx(te) + 0k, k€N,

, LER, t#1y,

where t; represent the instants at which the density suffers an increment of §; units,
z(t)), z(t;,) denote the limit from right and left, respectively.

On the other hand, the existence of pseudo almost periodicity which was first
treated by Zhang [29] around 1990 are the most attractive topics in qualitative theory
of differential equations due to their applications, especially in biology, economics
and physics. The concept of pseudo almost periodicity is a natural generalization of
almost periodicity and the properties of the almost periodic functions do not always
hold in the set of pseudo almost periodic functions. For example, the function f(t) =
sin?t + sin® /11t + exp(—t° sin? t), t € R is pseudo almost periodic but not almost
periodic. During the last several years, some criteria ensuring the existence and
stability of pseudo almost periodic solutions have been established for the some certain
and valuable problems, for more details, we refer the readers to see the references [4],
[6], [14], [29], [30] and the books [20], [31].

Moreover, biologists have proposed that the process of harvesting population is of
great significance in the exploitation of biological resources. However, to the best of
our knowledge, little attention has been devoted to the study of positive piecewise
pseudo almost periodic solutions of the hematopoiesis model with linear harvesting
terms and impulses. In order to overcome this deficiency, motivated by the above
works, in this paper, we study the positive piecewise pseudo almost periodic solutions
for the following generalized hematopoiesis model with linear harvesting terms and
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impulses of the form:

P m — T
B(t) = —a(t)z(t) + bf (i)ﬁnff_ r:((tt))))

i=1
Ax(ty) = x(t]) — (ty) = wa(ts) + I(z(th), k€N,

where 0 < m < n, a € C(R,R") is almost periodic function, b; € C(R,R*) and
7; € C(R,R™) are continuous and pseudo almost periodic functions for i = 1,2, ..., P,
P > 1 is a positive constant, § € C(R,R*) is pseudo almost periodic function,
H € C(RT,RT) is continuous and pseudo almost periodic, R™ = (0, +00). %, k¥ € N
is pseudo almost periodic sequence, A(z(ty,)) = (¢} ) —x(t; ) are impulses at moments
ty and t; <ty < ---is a strictly increasing sequence such that kEI:Eoo tr = £oo. The

_H(x(t_é(t)))v tERv t#tka (E)

sequence of functions {I(z)}rez is pseudo almost periodic uniform for z € Q, where
Q is a subset of R.

The unknown z in (E) stands for the density of mature cells in blood circulation,
a is the rate of lost cells from the circulation at time ¢, the flux

_bi(t)a™(t —Ti(t))
falt=m®) = T =)
of cells in the circulation depends on z(t — 7;(t)) at the time ¢ — 7;(¢), and 7;(¢)
(i =1,2,..., P) are time delays between the production of immature cells in the bone
marrow and their maturation.
Compared with some recent results in the literature, such as [2], [16], [20], [32], the
chief contributions of our study contain at least the following two:

1. The hematopoiesis model we are concerned with is more generalized, some
related ones in the literature are the special cases of it. Moreover, we also
extend the hematopoiesis model to the impulsive case. Thus, the generalized
hematopoiesis model with linear harvesting terms and impulses are originally
discussed in the present paper.

2. An innovative method based on contraction mapping principle and generalized
Gronwall-Bellmain inequality is exploited to discuss the existence, uniqueness
and globally exponential stability of the piecewise pseudo almost periodic
solutions for the generalized hematopoiesis model with harvesting terms and
impulses. The results established are essentially new.

The rest of this paper is organized as follows. In Section 2, we will give some
definitions and some useful lemmas. Section 3 and 4 is devoted to establishing some
criteria for the existence, uniqueness and globally exponentially stable of positive
piecewise pseudo almost periodic solution for (E). Finally, in section 5, an numerical
example is given to illustrate the effectiveness of the obtained results.

2. ESSENTIAL DEFINITIONS AND LEMMAS

Since the solution for the (E) is a piecewise continuous functions with points of
discontinuity of the first kind ¢t = t;, kK € Z and we adopt the following notations,
definitions and lemmas for piecewise pseudo almost periodicity.
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e BC(R,R) (respectively, BC(R x,R)): the Banach space of bounded continuous
functions from R to R (respectively, from R x Q to R) with the supremum norm.

e PC(R,R): the space formed by all piecewise continuous functions f : R — R such
that f(-) is continuous at ¢ for any ¢ & {t}trez, f(t), f(t) exist, and f(¢;) = f(tx)
for all k£ € Z.

e PC(Rx,R): the space formed by all piecewise continuous functions f : RxQ —
R such that for any =z € Q, f(-,z) € PC(R,R) and for any ¢t € R, f(¢,-) is continuous
at x € Q.

Let

T={te}r _itr €Rty <typ1,k €Z, lim t, ==+
{{ I A 7 k< trt Jm t 00}
denote the set of all sequence unbounded and strictly increasing.

Definition 2.1. [19] A sequence {z,} is called almost periodic if for any ¢ > 0,
there exists a relatively dense set of its e-periods, i.e., there exists a natural number
I = l(e), such that for k € Z, there is at least one number p in [k, k + ], for which
inequality |z,4p — 2n| < € holds for all n € Z. Denote by AP(Z,R) the set of such
sequences.

Definition 2.2. [20] Let {t,} € T, k € Z. We say {t]} is a derivative sequence of
{tr} and t], = tj 4 — tw, k,j € Z.

Define
s T 1 < B
PAPy(Z,R) = {zn e l*(Z,R): ngrfoo% g lzk| = ()} )

=N

Definition 2.3. [1] A sequence {x,, }nez € I°°(Z,R) is called pseudo-almost periodic
if x,, = T, + &y, where T,, € AP(Z,R), Z,, € PAPy(Z,R). Denote by PAP(Z,R) the
set of such sequences.

Definition 2.4. [20] A piecewise continuous function f : R — R with discontinuity
of first kind at the points ¢ is said to be almost periodic, if
(a) the set of sequence {t1}, t] = ty1; — tg, k, j € Z, {t;} € T is equipotentially
almost periodic.
(b) For any € > 0, there exists a real number § > 0 such that if the points ¢ and
t"” belong to one and the same interval of continuity of f(t) and satisfy the
inequality [t/ — t"| < 4, then ||f(¢') — f(t")] < e.
(c) for any € > 0, there exists a relatively dense set €. such that if 7 € €, then
lf(t+7)— f(t)]| < e for all ¢ € R satisfying the condition |t — x| > ¢, k € Z.

We denote by APr(R,R) the space of all piecewise almost periodic functions.
Obviously, the space APr(R,R) endowed with the norm defined by

lpll = sup |#(t))]
teR

is a Banach space. Let UPC(R,R) be the space of all functions f € PC(R,R) such
that f satisfies the condition (b) in Definition 2.4 .
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Definition 2.5. [14] f € PC(R x Q,R) is said to be piecewise almost periodic in ¢

uniformly in z € Q if for each compact set K C Q, {f(-,x) : € K} is uniformly

bounded, and given € > 0, there exists a relatively dense set €. such that
lf(t+72) = f(tz) <e

forallz € K, 7 € Q. and ¢t € R, |t — tx| > €. Denote by APr(R x Q,R) the set of all

such functions.

Define
POMRR) = {1 € PORR): T |10l =0}

PAPX(R,R) = {f € PC(R,R) : lim i/r |f(t)|dt = o},

r—+4oo 20 f_

PAP)(R x Q,R) = {f € PO(Rx Q,R): lim i/ |f(t,z)|dt = 0, uniformly

r—+oo 21 o

with respect to x € K, where K is an arbitrary compact subset of Q},

Definition 2.6. [14] A function f € PC(R,R) is said to be piecewise pseudo almost
periodic if it can be decomposed as f = g + ¢, where g € APr(R,R) and ¢ €
PAPY(R,R). Denote by PAPr(R,R) the set of all such functions. PAPr(R,R) is a
Banach space when endowed with the supremum norm.

Remark 2.7. PAPY(R,R) is a translation invariant set of PC(R,R) and it is easy
to see that PC%(R,R) C PAPY(R,R).
Lemma 2.8. Let {fn}nen C PAPX(R,R) be a sequence of functions. If {fn} con-
verges uniformly to f, then f € PAPX(R,R).
Proof. First of all, note that f is necessarily a bounded continuous function from R
into R. For each n € N, let
fn =h, + (bnv

where {h,}nen C APr(R,R) and {¢y, }nen € PAP2(R,R). From [29, Lemma 1.3],
we can have that ||h,|| < ||fn||. Then, there exists h € APp(R,R) such that

[[hn, — h|| = 0 as n — +oo.
Similarly, it easily follows that there exists a function ¢ € BC(R,R) such that

||¢n, — ¢l = 0 as n — +o0.

Furthermore, for r > 0, we have
1 [ 1

T 1 T
3 [ tetolat <o [ jon = o+ - [ jon(olar

1 T
<6~ ol + 57 [ len(®let

hence, we can obtain that ¢ € PAPX(R,R). Therefore, f = h + ¢ € PAPr(R,R).
This completes the proof. U
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Definition 2.9. [14] Let PAPr(R x Q,R) consist of all functions f € PC(R x Q,R)
such that f = g+ ¢, where g € APr(R x Q,R) and ¢ € PAP2(R x 0, R).

Lemma 2.10. (Generalized Gronwall-Bellmain inequality) [19] Let a non-negative
function u(t) € PC(R,R) satisfy fort > to,

u(t) < C+ / v(ru(r)dr + Y Biu(m),

to to<t;<t

with C > 0, f; > 0, u(r) > 0 and 7; are the first kind discontinuity points of the
functions u(t). Then the following estimate holds for the function u(t),

t
u(t) < C H (1+ /Bi)efto v(r)dr
to<t; <t
In order to establish the main results, the following assumptions are needed:

(H1) a € C(R,R") is almost periodic and there exists a constant a > 0 such that
a(t) > a;
(H2) The sequence {7x}xen is almost periodic and —1 <, <0, k € N;
(H3) The set of sequences {t} are equipotentially almost periodic and there exists
o > 0 such that o = lingt}c = lin%(tk+1 —t) > 0;
€ €

(H4) H : R x R — R™" is uniformly pseudo almost periodic and there exists a
constant L7 > 0 such that

‘H(t,lj) — H(t,x2)| < LH|.231 — .132|, Vxl,xg S Q, t e R.

(H5) The sequence of functions {I;(z)}ren, k¥ € N is pseudo almost periodic uni-
form with respect to 2 € €2, and there exist two positive constants p and L’
such that

[Ix(x)| < p, forall z € Q, k € N;
and

|Ik($1) — Ik($2)| < Ll\xl — .T2|, Vl‘l,xg € Q, k € N.

3. EXISTENCE AND UNIQUENESS OF POSITIVE PIECEWISE PSEUDO ALMOST
PERIODIC SOLUTION

Define

at =supla(t)], b} = max supb;(t), H" = sup |H(z)|,

teR 1<i<P ¢eRr zER+
o = infla()]. b = min i bi(t), H™ = sup |H().

Consider the following auxiliary linear equation:

B(t) = —a(t)z(t), t €R, t # b, (3.1)
Aa(ti) = (i), kN, |
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By [19], it is well known that (3.1) with an initial condition z(tg) = x¢ has a unique
solution represented by the following form:

x(tsto, xo) = W(t, to)zo, to, o €R,

where W is the Cauchy matrix of (3.1) defined as follows:

e~ i alrdr, tho1 <5 <t <ty
Wit,s) =4 "t 3.2
(t,s) H(1+%—)~e*f§“<r>dr, b1 <8 <ty <ty <t <tpi. (3.2)
=m

Lemma 3.1. [19] If (H1)-(H4) are satisfied, then there exists 0 < €1 < €, relatively
dense sets A of R and Q of Z such that the following relations are fulfilled:

(s1) la(t+7) —a(t) <e forallt e R, T € A;

(s2) |b(t+7) =b(t)] <e forallt e R, T € A;

(s3) le(t+7)—e(t)] <e forallt e R, T € A;

(s4) |Vhtq — Ykl <€ forallge Q and k € N;

(s5) [t} —7| <ey forallt e A, g€ Q and k € N.
Lemma 3.2. [3] Let (H1)-(H3) be satisfied, then for the Cauchy matrix W(t,s) of
(3.1), there exists a positive constant a such that

(W (t,s) <e =) t>s, t,seR.

Lemma 3.3. [3] Let (H1)-(H3) be satisfied, then fore > 0,t € R, s €e R, t > s,
[t—ti| > ¢, |s—tx| > €, k € N, there exists a relatively dense set A of e-almost periods
of the function a(t) and a positive constant M such that for e € A it follows

W(t+7,s+7)—W(ts)| <eMe 29,

Let D € PC(R,R) denote the set of all piecewise pseudo almost periodic functions.
For any ¢ € D, define ||¢|| = sup |p(t)]. Then, D is a Banach space.
teR

Due to the biological interpretation of model (E), only positive solutions are mean-
ingful and therefore admissible. In order to obtain the positive solutions of (E), the
initial conditions z¢, = ¢, ¢ € PC([-r,0],RT) and ¢(0) > 0 are needed. We write
x(t; to, ) for a solution of (E) with the above initial conditions. Let [tg, 7(¢)) be the
maximal right interval of existence of z(t; to, ¢). If x(¢) is continuous and defined on
[—7 + to,d) with to, § € R, then for all ¢ € [tg,d), we define z,(8) = x(¢ + ) for all
6 € [—r0].

Define
P P
i —HT bt —H-
m= CL+ ) 2 = o .
Define

PC? = {p|p € PC([-r,0],R), m1 < p(t) <2, t € [-1,0]}.
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Theorem 3.4. Assume that 1 < < no. Then for ¢ € PC?, the solution x(t;tg, @)
of (E) satisfies

m S J)(t,to,(ﬂ) S n2,
for allt € [to, 7(v)) and T(p) = +o0.

Proof. Set x(t) = x(t;10, ). Let [0,7) C [to,7(¢)) be an interval such that x(t) > 0
for all t € [0,~). Firstly, we prove

0 <x(t) <mne, tElto,) (3.4)

By way of contradiction, if (3.4) does not hold, then there exists ¢ € [t,7) such that
x(t) =n2 and 0 < x(t) < o for all t € [tg — r,t). Calculating the derivative of z(t),
we have that

0<z(t) = —alt)z(t) +

which leads to a contradiction. Then, (3.4) is satisfied.
Secondly, we claim that the following inequality holds

x(t) >m >0, t € [to, 7(p)). (3.5)

Otherwise, there exists t € [tg,7(¢)) such that xz(f) = n and x(¢t) > n; for all
t € [to —r,t). Then from (3.4), we can see that n; < x(t) < ny for all ¢ € [tg — 7, 1).
Calculating the derivative of x(¢), we have that

. t—T7i(t
0<it) = +Z 1+w” t_Tz(())))

— H(z(t - 5(1)))

P _
b;
> —at E —t— —H" =0,
a n1+i:11+77§

which also leads to a contradiction. Then, (3.5) is satisfied. Furthermore, By Theorem
2.3.1 in [11], we have that 7(¢) = 4+00. Therefore, the proof is completed. O

Theorem 3.5. Assume that (H1)-(H/4) hold and the following condition is satisfied

P
> bfngn
LI

(H6) ’:147 + o + Py < 1, where n1 and n2 are defined in (3.3).

Then, (E) possesses a unique piecewise pseudo almost periodic solution.
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Proof. Let D € PC(R,R) denote the set of all piecewise pseudo almost periodic
functions. Define

D* = {¢lp € D, m < ¢(t) <m, Vt € R}.

where 77 and 7y are defined in (3.3).
Define the operator T' in D* by

(TLP / W L, 3)g¢ dS + Z W t tk)Ik( (tk)) (36)
where
- "t = 7i(t)
; 1-|—g0 =) el o). (3.7)

We shall prove that T is a contraction mapping on D*. Then by the contraction
mapping principle, T has a unique fixed point, say z*, in D*. By (3.1), * also
satisfies (E) and hence x* is the unique piecewise pseudo almost periodic solution of
(E) in D*.

We divide the proof into the following three steps.
Step 1. Firstly, we show that 7" is a self-mapping in D*. Note that for t; <t < t;41,

j € Z, we have
Z —a(t—tk) < z a(j—k)o
te<t —oo<k<j
. (3.8)

_ —amo __
- Z € - 1 —e—ac '

0<m=j—k<+oo
For ¢ € D*, by (H5), (H6) and Lemma 3.2, we can get

t L bi(t)a™(t — (1))
1Tl igﬂg{/w W(t,s)<; Tt 27t — (D)) — H(xz(t —6(t))) | ds

T Z W(t,tk)fk(<ﬂ(tk))}

. P
< sup {/ [W(t,s)] <be - H>d5 +y W, tk)”Ik(‘P(tk))}

+ P
< su e~ a(t=s) b — H™ |ds+ e~ alt=tx)
- te]lg {/oo (; ' Z a

t <t
.
> bi—H-
n

<=L + < +o00.
a 1—eao

For ¢ € D, by (3.6), it is not difficult to see that Ty € UPC(R,R).
Let 9y = I (p(tg)), then 9y € AP(Z,R). Let 7 € A, ¢ € Q, where A, Q are defined
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in Lemma 3.1. Then, for ¢, <t < tx41, we have

(Te)(t +7) = (Te) ()] < sup{/ (Wt +7,5+7)— W(t,s)|g@(s+7)|ds}

teR —00

o [ W 9)lgas +7) a5)lds

teR —00

+ sup { Z W (t+ 7, tktq) — W(E, tk)||7-9k+q}
tp <t

teR
+ sup { S Wt )| [9krg — 19k|}
ter | 2
=P + Py + O3+ Dy
(3.9)
Furthermore, it follows from Lemma 3.3 that
t
by = Sup{/ Wt 475+ 1) — Wt 5)llgp(s +T)ds}
teRrR —00
t P
< sup / eMe3(t=9) sz sHT)P" (s + T —Ti(s +7))
teR —co o1 L+en(s+7—Ti(s+7))
—H(p(s+7—=6(s+7))) dS} (3.10)

t P
<su eMe3(t=9) . b+ HT |ds
o te]lg {./—oo ; !

P
2Me
< br+Ht .
<2 (zﬁ )

i=1

From (3.7) and (H4), we have

190 (s +7) = gp(s)| =

i bi(s + 7)™ (s + 7 — (s + 7)) _i b»<s>¢m<s—fi<s>>|

~ 1+ eM(s+T—Ti(s+7))

(ol 4+ 7 = 85 + 7)) = H(p(s - 8(5)))]

P bi(s+1)e™(s+ T —Ti(s+ 7)) ibl ™(s+T—Ti(s+7T))

—~ 14+e*(s+7—Ti(s+7)) — 1+ ¢"(s+7—Ti(s+7))
+2P:bi(s)g0 (s+7—7i(s+7)) Zp:b (s —7;(s))
< 14+¢(s+7-Ti(s+7) = 1+¢"(s—Ti(s))

HH (ol 47 = 85 + 7)) = H(p(s - 8(5)))]
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(s +7) ‘—&—Z\b

+LH’@(S+T —0(s+7)) — (s —0(9))|,

"s+T—T(s+T) @"(s—Ti(s))
1—|—g0 (s+717—7i(s+7)) 14+ ¢"(s—7i(s))

<3

then, it follows from Lemma 3.1 that

P

95(5-+7) = go(s)] < P+ S0 ! !

T+or(s+7—mi(s+7) 1+¢"(s—m7l(s))

+ L
P ‘o npn—l
§P€+Zbi772 'm@(3‘1'7—_7-1'(5"'7))_90(8_7-1'(8))
=1 P
+LHe
P n 1
§P8+szﬂ7’ N
>

P o+
<5<P—|—2:bn2 ),

where o(s +7 — 7 (s+ 7)), p(s — 7i(s)) € D*, p lies between ¢(s+7 — (s + 7)) and
©(s — 7i(s)). Then, by Lemma 3.2, we get

<1>2—sup{/t W(t,s>||g@<s+7>—g@<s>ds}

teR

t
<sup {/ e ) g (s +7) — gsp(S)IdS} (3.11)
teR 00
5 b n3'n H
<[P+ +L
a ( Z 4y >

From Lemma 3.1-3.3 and (H4), it follows that

q)g =sup { Z |W t+ T, tk+q) W(t,tk)|’l,9k+q|}

teR <t

<SUP{Z W (t+ 7, thrq) — W(t, tr)| -,u} (3.12)

teR tr<t
M pe
-1 e—aa/Q ’

and

g
Py = Sup{z (W (t, t1)|[9ksqg — ﬁk} < T (3.13)

teR te<t
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Substituting (3.10), (3.11), (3.12) and (3.13) into (3.9), we can see that

P m
MT@@+T%%T@(I<8[ <Eﬁﬁ+ﬂ+> <P+§:@Zin+LH>
i=1

M 1
y oM ]

1— 6—(10/2 + 1 —e—ao

This implies that Ty € D.
Step 2. Secondly, we show that T is a self-mapping from PAPr(R,R) to
PAPr(R,R). It is easy to see that g, € PAPr(R,R). Let

ggp :ggp +/g\gpv

where g, € APT(]R R) and g, € PAPY(R,R). Since 9y = Ix(p(tx)) € PAP(Z,R),
let ¥ = Ok + 19k, where 9, and 19k Then, we can have

Ty =Tio+Tap,

where

Tip= / W (t, s)gw s)ds + Z W (t, )%,

te <t

Top = / W (t,s)g,(s)ds + Z W(t tk)ﬁ

tr<t

Similar as the previous proof in Step 1, we can see that
Tl(p S APT(R7R) (314)

Moreover, for r > 0, by Lemma 3.2, we have

t 1 r t
| W as o [0 [ e g ) s

1 r —+oo
~or [ [ e = oas

+o0
= / e~ P(s)ds,
0
1

e I

Since g, € PAPY(R,R), it follows that g(- — s) € PAPX(R,R) for each s € R. Thus,
we have

where

lim ®(s) =0, forall seR.

r——400
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By applying the Lebesgue dominated convergence theorem, we can get
t
/ W(t,5)g,(s)ds € PAPY(R,R). (3.15)
For a given k € Z, define
q](t) = W(t7tk),;’\k77 tk <t S tk+17
then, by Lemma 3.2, we have that
. — 9 < T —a(t—s)|Q _
Jim ()= lm [W(t,t)[[0k] < lim e [9k| =0,

which implies that ¥ () € PCY(R,R), and it follows from Remark 2.7 that W(¢) €
PAPY(R,R). Furthermore, define ¥,, : R — R by

U, (t) = W(ﬂtk—m)@k—m, meNT, tp <t <tpiq.
Obviously, ¥,,, € PAP2(R,R). Then, It follows from Lemma 3.2 that
W ()] = [ Wt b )0F | < sp {03 - emett00) g,
kez

Thus, we can see that the series Z U,, is uniformly convergent on R. By Lemma
m=1
2.8, we obtain
> W(t,ty)0), € PAPR(R,R). (3.16)

trp <t
From (3.14), (3.15) and (3.16), we can see that T € PAPp(R,R). Therefore T is a
self-mapping from PAPr(R,R) to PAPr(R,R).
Step 3. We show that T is a contraction mapping in D. For any ¢, ¥ € D,
t

Te —T| < / (W (2, 5)l195(5) — gu(s)lds + Y Wt ta)|[T((t)) — Te(w(tr)))|

- tp<t

t L bi(8)™ (s — 7i(s
< [ Wil S E PG et — o))
— "s—mils) s—90(s s
Z Hwn )~ H@s 0@

+Z|Wt )| I (p(tr) — Te(P(ts))|

¢ P bi(s)p™ (s — 71i(s)) P bi(s)Y™(s — 1i(s))
< [ 2T e nle) E (s —i(5))
[ W[ Hips — 5() - H(wls — 5(s))|ds

+ ) Wt )| Ik (e(t) — Te((tn)),

tp<t
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which together with (H4), (H5) and Lemma 3.2 yields

ool < [ e, Zb% gt = (6 = (s = )

+/t e L (s — 6(s) — (s — 6(s))|ds
+ ) emality) -L’~’s0(tk)*¢(tk)‘

tr<t

< [ e, Sbtag T fels = mu(s) — (s = 7))

> i=1

n /t ealt=s) [ H ‘QP(S —5(s)) — (s — 5(3))‘ds
+ Yy et Ll ’@(tk) - ¢(tk)‘

tp <t

SE by LH L
< | &i=1% 2 L L
_[ A e T | e

where (s — §(s)), ¥(s — d(s)) € D*, w lies between (s — §(s)) and (s — d(s)).
Thus, we can obtain
biny'n  LH

T — Ty < F‘l g
ma a

LI
e ] S
It follows from (H6) that the mapping T is a contraction.
Hence, the mapping T possesses a unique fixed point x* € D with Tz* = z*.
By (3.1), =* satisfies (E). Therefore, we can conclude that (E) possesses a unique
piecewise pseudo almost periodic solution z* € PAPr(R,R). O

4. GLOBALLY EXPONENTIALLY STABLE OF PIECEWISE
PSEUDO ALMOST PERIODIC SOLUTION

In order to discuss the exponential stability of the unique positive piecewise pseudo
almost periodic solutions, firstly, together with (E), we consider the following equation
with initial condition:

i(t) = )+ Z 1 + — :__f((t)))) — H(z(t—6())), t R, t # t,

Az(ty) = yre(te) +Ik( (tr)), k€N,
=¥,
where p € PC([-r,0],RT).

(4.1)

Theorem 4.1. Assume that the assumptions of Theorem 3.4 hold and
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In(1+ LY) P binyn
ML) S

1 + L < a, where ny and ny is defined in Theorem
Ui

(H7)

3.4.

Then the unique piecewise pseudo almost periodic solution of (E) is exponential sta-
bile.

Proof. By using integral form of (E), if t > to, tg # tx, k € Z,

z(t) =W (¢, to)x(to) +/t W (t,s)g.(s)ds

Y Wt (Tu(a(te) + 6)

to<tp <t

Let x(t) be the unique piecewise pseudo almost periodic solution of system (4.1) and
y(t) be an arbitrary solution of system (E) with the following initial condition:

Ty, =&, € € PC([-r,0],RT).

Then for z, y € D*, we have

t

y(t) — x(t) =W(t,to) (e — &) + | W(t,s)(gy(s) — gu(s))ds

to

+ 3 Wt te) (Tnly(t) — Tulx(tr)),

to<tr <t

which together with Lemma 3.2, (H4) and (H5) gives

ly(t) — z(8)]] SIW(t»to)Hso—ﬁlJr/t (W (t,5)llgy(s) — gx(s)lds

+ Z (W (t, t)| | Te(y (k) — T (2(ty))]

to<trp<t
e |

t
+/ e—a(t—s).
to

" bi(s)2™ (s — 7i(s))
7; 1+ am(s — 7(s)) H(a(s = 4(s)))
(

+ ) Wt )| Ik

to<tp <t

P Mg _ 1:(s
S B s ) g (s

2T y(s— ()

y(te)) — Ie(z(tr)],



254 FANCHAO KONG

i.e.,

ly(8) —2(t)]| < e - |l — €]

n—1

/ Ca(t—s) Zbﬂb . L)
/ p-alt—s) [ H ‘y(s —6(s)) — (s — 5(S>)’ds

Z e—alt=te) | [T ‘y(tk) - Z‘(tk)’

y(s = 7ils)) — (s — n(s))’

to<trp <t
<) lp —¢||
t b+ My
+/ e—a(t—s) Z ‘y(s — Ti(S)) — fE(S - TZ(S))‘dS
to i=1 4171
t
n / e—alt=s) [ H . ‘y(s —8(s)) —x(s — (5(5))’ds
2
+ Z e—alt=ty) 1. ‘y(tk) — x(tk)’. (4.2)
to<trp <t

Multiplying the both side of (4.2) by e*®), we have

e ly(t) — ()] < e em T o — §||

t
+ [m et . p—alt=s) . ; b 47721 ‘ —1i(8)) —x(s — Ti(S))‘dS
t
+/ eat . efa(tfs) . LH . ’y(g — 5(3)) — I’(S - 5(5)) ds
Z et . g—alt=te) 1. ‘y(tk) — x(tk)’
to<tp<t
< pfto t as b 772 " -
cerfomele [l (S EE 1)yt ot
to i=1 n
b3 et Lyt — ()] 43
to<tp <t

Let u(t) = ||y(t) — z(t)|| - €, then (4.3) can be rewritten by the following form:

t b+
u(t) < u(to) —|—/t <Z L LH> -u(s)ds + Z Lu(ty). (4.4)

4
- to<ti <t
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Thus, let (4.4) compare with the two inequalities in Lemma 2.10, we can see that

u(t) <u(to) H (1+ L") -exp (/t (Z b+47Z,21 + LH> ds)
=u(t)) J[ (1+L")-exp ((Z b 473721 +LH> (t—t0)> :

From (H3), we can know that o = infjez ty = inf (tk+1 — tg) > 0, then we have

u(t) <u(tp) - H (1+ LI - exp ((Z b 3 4 LH> (t— to))

4
to<tn<t i

<u(to) - (1+ L) =" - exp ((Z bi g +LH> (t — t0)>
P m
—u(to) - exp (W(t ~t0)) e ((Z 0L LH> (t- m)

- o

n I
:u(to)~exp<<l a+l) Z 4,71 +LH>(t—to)>-

=1

Thus, we obtain

ly(t) — 2(t)|| =u(t) - e~
n P oo+ m,,
<u(to) - exp ((1 (1 : L") + Z b14777721 + LH> (t — to)) . e—at
i=1

In(1+ LT) - brnmn H
<[l — €| - SR ) (-t
<lle =& eXP(( . +1§=1 ot al(t—to) |,

I +,.m
which together with N%L) + Zil b"fTin + L < a yields the the unique piecewise

pseudo almost periodic solution of (E) is exponential stable. O

5. EXAMPLE
In this section, we present an example to demonstrate the main established results.

Example 5.1. Consider the following hematopoiesis model with harvesting terms
and impulses:

x%(t esint)
. 14z ﬁ(t,esint,)
|sm\/7\+1. w20(t e t)
20 14210 (t—ecost) (5.1)
si t— 2t)+1
_am:v( 5111\/7)—1- : tGR, t?étk,

. 8 )
Ax(ty) = —LmklEsinmk] gy BREL cos(a(t,).

:C(t) :7‘Sin\/§t|+ll’(t)+i'
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Problem (5.1) can be regarded as a problem of the form (E), where

|sin v/2t| + 1 1 | sinv/2t| + 1
P=2 a(t)="—"—, bi(t)=-, by(t) = ————
,CL() 12 ) 1() 4’ 2() 6 )
. 9 .
H(w) = X2 (1) < e, () = e,
e = _|sink;|—|;l|sin7rk‘\ € AP(ZR), ty = k + \sinkzgcoskﬂ’
ink
In(z) = |SZE) | -cosz € PAP(Z,R).
Then, we can see that
IS S S SO
m= 207 n 107 —’yk— ) a - ) a - 127
1 1 1 1 1
+:7:7 +:7 N = — H+:— H_:—
by = by 1 by 3 by % 20’ 30’
and conditions (H1), (H2), (H4) and (H5) are satisfied with
1 1 1 1
“—a=—, p=—, L= T —
R AR T 60’ 40

Moreover, {ti}, k € Z, j € Z are equipotentially almost periodic and
1 1
th =k +1+ §‘ sin(k +1) — (k+ 1)‘ - (k+ g‘sink— cosk")

1
>1— g‘sin(k:—i— 1) —sink] — [cos(k—i— 1) — COS]{J]‘

2%k +1] 1. 1 . (2k+1)
— Ssin — Ssin ———
2 2 2

1
>1 - =
=71

sin — cos
2

>1 o1 . 1>4
> 4sm2 4sm2 5

which leads to

4
= inf ¢+ = inf (tpq1 — tx) = = > 0,
7= 1% ;Ielz( k+1 — tk) 5

then the condition (H3) holds. Furthermore, by a simple calculation, we have

b
S —Ht P opt o
m = 1 1+12 ~ 1.8324069, 0o = Zzl—_ ~ 6.6,
a a
I +,m H I
P L L
2z bing'n L7 L~ 0.9846429 < 1,
dma a 1—e a0

P

(4 L) b |
i LT ~ 0.06678543 < a = —
D T DAY

i=1
hence, conditions (H6) and (H7) can be easily satisfied. Therefore, by Theorem 3.5

and Theorem 4.1, we can see that (5.1) has a unique positive piecewise pseudo almost
periodic solution and the solution is globally exponentially stable.
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Remark 5.2. Since there are few paper consider positive piecewise pseudo almost
periodic solutions of the generalized hematopoiesis model with harvesting terms and
impulses. One can see that all the results in [1]-[31] can not directly be applicable
to (5.1) to obtain the existence, uniqueness and globally exponentially stable of the
positive piecewise pseudo almost periodic solution. These implies that the results in
this paper are essentially new.

6. CONCLUSION

In this paper, we investigate generalized hematopoiesis model with harvesting
terms and impulses, which are more generalized and different from the corresponding
ones known in the literature. The results on the existence and uniqueness of positive
piecewise pseudo almost periodic solution have been completely established by means
of the contraction mapping principle, the global exponential stability of pseudo almost
periodic solutions are further obtained by applying the generalized Gronwall-Bellmain
inequality. Our results can improve and extend previous works in the literature.

Acknowledgments. The authors thank the anonymous reviewers for their insightful
suggestions which improved this work significantly.
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