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1. INTRODUCTION

Among many extensions of the Banach’s contraction principle a very interesting
one was given, in the framework of so-called b-metric spaces, by S. Czerwik in [7].
For the concept of b-metric space (also called quasimetric space) see I.A. Bakhtin [1],
L.M. Blumenthal [5], Czerwik [7], Heinonen [11]. For several fixed point theorems in
this context see [2], [6], Czerwik [7], [17],...

If (X,d) is a metric space and T : X x X — X is an operator, then, by definition,
a coupled fixed point for T is a pair (z*,y*) € X x X satisfying

* e 1.1
{ y =Ty z"). (L)
We will denote by C'Fiiz(T) the coupled fixed point set for T

Opoitsev in [15]-[16] considered, for the first time, the coupled fixed point prob-
lem, but the issue gets a fast development by the seminal works of D. Guo and V.
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Lakshmikantham [10] and T. Gnana Bhaskar and V. Lakshmikantham in [8]. For
other contributions, see [9], [14], [22], [23], ... A very interesting approach in this field
was presented by V. Berinde (see [4]), by introducing a symmetric contraction type
condition on the operator T'. See also [3] for a consistent generalization.

The aim of this paper is to present, in the context of b-metric spaces with con-
stant s > 1, some coupled fixed point theorems for symmetric contractions. On the
other hand, data dependence, well-posedness, Ulam-Hyers stability, limit shadowing
property of the coupled fixed point problem are discussed. The approach is based on
the application of a Ran-Reurings type theorem for an appropriate operator on the
Cartesian product space. From this point of view, the results are new even for the
case of metric spaces (i.e., s = 1). Some applications to a system of integral equations
and to a periodic boundary value problems are also given.

2. PRELIMINARIES

Throughout this paper N stands for the set of natural numbers, while N* for the
set of natural numbers except 0.
We will recall now the definition of a b-metric space.

Definition 2.1. (Bakhtin [1], Czerwik [7]) Let X be a set and let s > 1 be a given real
number. A functional d : X x X — Ry is said to be a b-metric with constant s if the
classical axioms of the metric functional are satisfied, with the following modification
of the triangle inequality aziom:

(iid) d(x,z) < sld(z,y) + d(y, )], for all z,y,z € X.

A pair (X, d) with the above properties is called a b-metric space.

Some examples of b-metric spaces are given in [2], [7], [6], [13], ...

It is worth to mention that the b-metric on a nonempty set X need not be contin-
uous. Moreover, open balls in such spaces need not be open sets. For example, the
definition of a closed set will be considered here in the sequential meaning, i.e., a set
Y C X is said to be closed if for any sequence (z,,) in Y which is convergent to some
r, we have that z € Y.

We also mention two continuity concepts. Let (X, d) be a b-metric space. Then f
is called:

a) continuous on X if for every x € X and any sequence (x,)nen in X which
converges to z in (X, d), it follows that the sequence (f(z,))nen converges to f(z) in
(X, d);

b) with closed graph if for every sequence (z,)nen in X which converges to x in
(X, d) and the sequence (f(x,))nen converges to y in (X, d) as n — oo, we have that
y = f(z).

If X is a nonempty set and f : X — X is a single-valued operator, then we denote
Fix(f) == {x € X : x = f(x)}, the fixed point set for f and by Graph(f) :=
{(z, f(z)) | x € X}, the graph of the operator f.

3. COUPLED FIXED POINTS FOR SYMMETRIC MIXED MONOTONE OPERATORS

We will present first a fixed point result, which will be used in the proof of our
main result. Actually, this result is an extension to the case of b-metric spaces of the
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well known fixed point theorem given by Ran and Reurings in [21]. In particular, for
s =1 we get exactly Theorem 2.1 in [21].

Theorem 3.1. Let X be a nonempty set endowed with a partial order "<” and
d: X x X — Ry be a complete b-metric with constant s > 1. Let f : X — X be an
operator which has closed graph (in particular, it is continuous) with respect to d and
increasing with respect to 7<”. Suppose that there exist a constant k € (0, %) and an
element xg € X such that:

(i) d(f(z), f(y)) < kd(z,y), for all z,y € X with x <y.

(ii) zo < f (o).
Then Fiz(f) # 0 and the sequence of successive approzimations (f™(x))nen starting
from any point x € X which is comparable to xy converges to a fixed point of f.

Proof. For xy € X, we have that the sequence (f™(xo))nen is increasing. Hence, we
can apply the contraction condition (i) and we get that f is asymptotically regular
at xg, i.e.
d(f™(20), " (20)) < k™ d(x0, f(20)) — 0 as n — oo.
Now, in order to show that (f"™(zo))nen is a Cauchy sequence, we observe that, for
n € N and p € N*, we have
d(f™ (o), P (20))
< sd (f"(x0), [ (o)) + o+ SPTH (FUTP T2 (), TP ()
P (P (o), [P (o)) < sk™ (L sk -+ (sk)PT)d(o, f(20))
Since k < %, we get that

n n+p n 1- (Sk)p
d(f"(xo), [P (w0)) < sk™ ———
Hence (f™(xo))nen is a Cauchy sequence and by the completeness of the metric d,
there exists * € X such that (f™(z¢))nen — x* as n — oco. Because f has closed
graph it follows that z* € Fiz(f). Moreover, if x < zy (or > xg), by the mono-
tonicity condition on f, we have that f™(z) < f"(xo) (or reversely), for each n € N.
By the contraction condition (i) we get that

d(f™(z), f™(x0)) < k"d(z,z0) — 0 as n — oo.

d(xo, f(zo)) — 0 as n — oo.

Thus
d(f"(x),z") < s(d(f"(x), " (z0)) + d(f" (20), 7))
< s(k™d(xz,xo) + d(f" (z0),2*)) — 0 as n — 0.
which immediately implies that (f™(z))neny — 2* as n — oo. O

Remark 3.2. Notice here that uniqueness of the fixed point and global convergence
of the successive approximations sequence can be obtained adding the hypothesis
that every pair of elements of X has a lower bound or an upper bound. We may also
remark that this condition is equivalent to the fact that for every z,y € X, there
exists z € X which is comparable to  and y. For some complementary results on
this topic see also [18].

We recall first the concept of mixed monotone mapping.



460 A. PETRUSEL, G. PETRUSEL, B. SAMET AND J.-C. YAO

Definition 3.3. Let (X, <) be a partially ordered set and T : X x X — X. We say
that T has the mized monotone property if T(-,y) is monotone increasing for any
y € X and T(z,-) is monotone decreasing for any x € X.

Let (X, <) be a partially ordered set and d be a b-metric on X. Notice that we
can endow the product space X x X with the following partial order:

for (z,y), (u,v) € X x X, we write (z,y) <p (u,v) &z <wu,y > v.
Our first main result is the following.
Theorem 3.4. Let (X, <) be a partially ordered set and let d : X x X — Ry be a
complete b-metric on X with constant s > 1. Let T : X x X — X be an operator with

closed graph (or, in particular, continuous) which has the mized monotone property
on X x X. Assume that the following conditions are satisfied:

(i) there exists k € (0,1) such that
d(T(z,y), T (u,v)) +d(T(y,x), T(v,u)) < k[d(z,u) +d(y,v)], Vo <u,y > v;
(ii) there exist xo,yo € X such that xo < T(zo,%0) and yo > T(yo,o);

Then, the following conclusions hold:
(a) there exists (x*,y*) € X x X a solution of the coupled fixed point problem (1.1),
such that the sequences (n)nen, (Yn)nen in X defined, for n € N, by

Tp4+1 = T (.’L'n, yn)
3.1

{ Yn+1 :T(yruxn)a ( )
have the property that (x,)nen — %, (Yn)nen — y* as n — o0o. Moreover, for every
pair (z,y) € X x X with x < z¢ andy > yo (or reversely), we have that (T™(x,y))nen
converges to x* and (T™(y, z))nen converges to y*.

(b) In particular, if the b-metric d is continuous, then the following estimation
holds

d(T"(x0,%0), ™) + d(T" (yo, z0),y") <

for all n € N*.

sk™
1— sk

-[d(x0, T'(x0, y0)) + d(yo, T (yo, z0))],

Proof. We denote Z := X x X. By (ii), we have that zg := (2o, %0) <p (z1,¥1) := 21.
If we consider xs := T(x1,y1) and ys := T(y1, 1), then we get
zg :=T(z1,51) = T*(w0,90) and ya := T(y1,21) = T?(yo, xo).

With these notations, due to the mixed monotone property of T', we have that

zo =T (21,y1) = T(x0,y0) = 21 and y2 = T'(y1, 21) < T(Yo, o) = ¥1.
Indeed, for example for the first relation T'(z1,y1) > T(zo,y0), notice that by

(z0,y0) <p (z1,y1) and the mixed monotone propert_y, we have that T'(zg,y) <
T(x1,y), for any y € X and T(z,y0) < T(x,y1), for any € X. Thus, for y := yo
and z := 1 and using the transitivity we obtain T'(zg,y0) < T(21,y1). In a similar

way one can prove the inequality T'(y1, z1) < T(yo, o). Thus, we have

21 = (x1,y1) <p (x2,92) := 22.
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By this approach, we obtain the sequences (2, )nen, (Yn)nen in X with

Tpp1 =T (Inv yn)
3.2
{ Ynt1 =T (Yn,Tn), ( )

Then, by mathematical induction, we can easily verify that

Zn = (xnyyn) <p (xn+1,yn+1) = Zn4l, VneN
Hence, (2, )nen iS a monotone increasing sequence in (Z, <p).
We introduce now the functional d : Z x Z — R, defined by

d((2,y), (u, v)) = d(z,u) + d(y, ).

It is easy to see that d is a b-metric on Z with the same constant s > 1 and if the

space (X, d) is complete, then (Z,d) is complete too.
We consider now the operator F': Z — Z given by

F(z,y) = (T(z,y), T(y,x)).
Notice first that z,41 = F(z,), for n € N, where zy := (z9,0). Secondly, let us

observe that, by the mixed monotone property of T, we have that F' is monotone
increasing with respect to <p, i.e.,

(z,9), (u,v) € Z, with (z,y) <p (u,v) = F(z,y) <p F(u,v).

Notice also that, since T has closed graph (or respectively is continuous on X x X),
then F' has closed graph too (respectively is continuous on 7).

We will prove now that F is a contraction in (Z, J) on all comparable (with respect
to <p) elements of Z. Indeed, for all z,w € Z with z := (z,y) <p (u,v) := w, we
have

d(F(z), F(w)) = d(F(z,y), F(u,v)) = d(T (2, y), T(y, z)), (T'(u,v), T(v, u)))
=d(T(z,y),T(u,v)) +d(T(y,z),T(v,u)) < k[d(z,u) + d(y,v)] = kd(z,w).
As a conclusion, by our hypotheses and the construction of F', we have the following
properties for F':

1) F: Z — Z has closed graph (in particular it is continuous) on Z;

2) F: Z — Z is increasing on Z;

3) there exists zg := (g, yo) € Z such that zg <p F(20);

4) there exists k € (0, 1) such that

d(F(2), F(w)) < kd(z,w), for all z,w € Z with z <p w.

Hence we can apply Theorem 3.1 and we get that F has at least one fixed point
z* € Z and, for any z € Z which is comparable with zy, the sequence of successive
approximations for F' starting from z converges to a fixed point of ¥'. In particular, the
sequence (z,) = ((Zn, Yn))nen constructed below converges in (Z,d) to z* := (a*,y*)
as n — 0o.

If additionally, the b-metric d is continuous, we have the following apriori estimation

of the errors: )
.Y * sk™ 7 *
d(zn, 2%) < Tk -d(z0,21), for all n € N*,
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which means that

sk™

1— sk
As a consequence, we also have that (z,,)nen — 2%, (Yn)neny — v* in (X, d) as n — co.
Moreover, by Theorem 3.1, for every pair (z,y) € X x X with 2 < 2 and y > yo (or
reversely), we have that (T"(z,y))nen converges to z* and (T (y, ©))nen converges
to y*. This completes the proof. O

d(xp, %) + d(yn,y") < - [d(xo, 1) + d(yo,y1)], for all n € N*.

Concerning the uniqueness of the coupled fixed point, by Remark 3.2, we get the
following result.

Theorem 3.5. If, in addition to the hypotheses of Theorem 3.4, we suppose that, at
least one of the following assumptions takes place:
(A) for every (x,y), (u,v) € X x X there exists (z,w) € X x X such that

(u<z,v>w) or (z<u,w>w), )
or

(B) every pair of elements (x,y) € X x X there exists z € X such that x < z <y,
(3.4)
then the coupled fized point in Theorem 3.4 is unique and for every pair (z,y) € X x X
with x < xg and y > yo (or reversely), we have that (T™(z,y))nen converges to x*
and (T"(y,x))nen converges to y* as n — oo.

Concerning the existence of a fixed point for T' (in the sense that T'(z,z) = z), we
can prove the following result.

Theorem 3.6. If we assume that all the hypotheses of Theorem 3.5 take place, then
for the unique coupled fized point (z*,y*) of T we have that x* = y*, i.e., x* is a
fixed point for T.

Proof. From Theorem 3.5, the coupled fixed point problem for 7" has a unique solution
(z*,y*). We will consider two cases:

Case 1. If x* and y* are comparable, then, from the contraction condition on T,
written for x = v :=z*,y = u = y*, we obtain

d(T(z%,y"), T(y", ")) + d(T(y", "), T(x", y")) < k[d(z",y") + d(y™, 27)],

which yields that d(z*,y*) < kd(x*,y*). Since k < 1, we get that d(«*,y*) = 0. Thus
x* =y* and T(x*, %) = x*.

Case 2. If z* and y* are not comparable, then there exists z € X which is com-
parable to * and y*. Suppose, for example, that z* < z and y* < z. In view of the
definition of the partially order relation <p on X x X, we obtain that (z*,y*), (z*, 2),
(z,2*) and (y*,x*) are comparable with respect to <p. From the proof of Theorem
3.4, we know that F : X x X — X x X, given by F(z,y) = (T(x,y),T(y,z)) is a
k-contraction on all comparable (with respect to <p) elements of Z. Moreover

d(F™(u), F"™(v)) < k™d(u,v),Vu,v € X x X, with v <p v.
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Then, for v := (z*, z) and v := (z*, y*), we get
d(F™(z*, 2), F™(z*,y*)) < K"d((z*, 2), (z*,y")) = K"d(z,y").
Similarly, for u := (z*,2) and v := (2, 2*), we obtain

d(F™(z*,2), F™"(z,2%)) < k"d((z*, 2), (z,2")) = 2k"d(z", 2),

while for u := (y*,2*) and v := (z,2*), we can write that

d(F"(y",2"), F"(z,27)) < k"d((y", %), (2,27)) = K"d(y", 2).

As a consequence of the above three relations, we have

A", y") = 34 y7), (7)) = SAF (@ y7), P 7 0)

(d(F" (2", y"), F" (2", 2)) + d(F" (7, 2), F" (y", 27)))
2

d(F™ (z%, y7), F" (2%, 2)) + %(d(F"(x*, 2), F"(z, 7)) + d(F" (z,27), F" (y", x7)))

<

NN VA

IN
[NCR VA

2
< ;k”d(z, y*) + %k"(2d($*7 z) +d(y*, 2))
_ 5

5 (14 8)d(y*, z) + 2sd(x™, z)] = 0 as n — oo.

Hence, we get that x* = y*.

In a similar way, if we suppose that z* < z and y* > 2, then we obtain that
(", y"), (v*,2), (z,y*) and (y*,2*) are comparable with respect to <p. From the
contraction condition on F', we get

d(F™(y*,2*), F"(2,y")) < k"[d(y", 2) + d(a*,y")],
R d(F™(z,y"), F"(y", 2)) < 2k™d(y", 2),
d(F"™(y*, z), F™"(x*,y")) < E"[d(y*,2*) + d(z,y7)).

As a consequence of the above three relations, we have

A, y) = 5y, 2), (27 7)) = Sd(F " 2%), 7 (0 y))

S5 * % n * T n * n k%
2
S 7 n * * n * S T * n * T n * n * *
< SAE ), F ) + S ) P 2) + A 2), P )
2
S * * * S n * * * *
= gk"[(l +3s)d(y*, z) + (1 + s)d(z",y")] = 0 as n — oc.
Hence, we get that =* = y*. O

It is worth to mention now that if we consider the coupled fixed point problem
(1.1) in a complete b-metric space and we assume that the symmetric contraction
condition on 7" holds on the whole space (and not only on comparable pairs of the
space), then the following theorem can be deduced.
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Theorem 3.7. Let (X,d) be a complete b-metric space with constant s > 1. Let
T:X xX — X be an operator. Assume that there exists k € (0,1) such that

d(T(x,y), T(u,v)) +d(T(y,x), T(v,u)) < k[d(z,u) + d(y,v)], V(z,y), (u,v) € X x X

Then, the following conclusions hold:

(a) there exists a unique solution (z*,y*) € X x X of the coupled fized point problem
(1.1), and, for any initial point (zo,yo) € X x X, the sequences (Tn)nen, (Yn)nen
defined, for n € N, by

Tni1 = T (S(,’n, yn)
{ Yn+1 = T (y’ru xn) s (35)

converge to x* and respectively to y* as n — co.

(b) In particular, if k < % and the b-metric d is continuous, then the following
estimation holds

sk™

1— sk

d(T™ (0, y0),2") + d(T" (Yo, %0), y") <

for all n € N*.

- [d(wo, T (20, 90)) + d(yo, T'(yo, x0))],

Proof. We introduce on Z := X x X the functional d:Zx 27— R, defined by

d((2,9), (u,v)) == d(z,u) + d(y, v).

Notice that, as before, d is a b-metric on Z with the same constant s > 1 and, if the

space (X, d) is complete, then (Z,d) is complete too.
We consider now the operator F': Z — Z given by

F(z,y) = (T(z,y),T(y,v)).

It is easy to prove now that F' is a contraction in (Z,d) with constant k € (0,1), i.e.,

d(F(2), F(w)) < kd(z,w), for all z,w € Z.
Thus, we can apply for F' the b-metric space version of the contraction principle (see [7]
or Theorem 12.2 page 115 in [13]) and we get the first conclusion. For the estimation
of the error, one can repeat the arguments from the proof of Theorem 3.4. (|

4. PROPERTIES OF THE COUPLED FIXED POINT SET
FOR SYMMETRIC CONTRACTIONS

In this section, we will study some qualitative properties of the coupled fixed point
set related to a symmetric contraction condition, such as: data dependence, well-
posedness, Ulam-Hyers stability and limit shadowing property.

For the data dependence problem, we have the following result.

Theorem 4.1. Let (X, <) be a partially ordered set and let d : X x X — Ry be a
complete b-metric on X with constant s > 1. Let T; : X x X — X (i € {1,2}) be two
mappings such that Ty has closed graph (or, in particular, is continuous) and satisfies

the mized monotone property on X x X. Assume that the following conditions are
satisfied:
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(i) there exists k € (0,1) such that
d(Ty(z,y), T1(u, v)) + d(Ti(y, x), Ta (v, u)) < kld(z,u) +d(y,v)], Vo <u,y = v;

(i) there exist xg,yo € X such that xog < Ti(x0,y0) and yo > T1(yo, Zo);
(iil) the operator Ty has at least one coupled fized point in X x X ;
(iv) for every (z,y), (u,v) € X x X there exists (z,w) € X x X such that

(z<zy>w)or(z<zw>y)
(u<z,v>w) or (z<u,w>w),

(v) there exists n > 0 such that
d(Tl(xvy)aTQ(x,y)) S 7, fOT’ all (fﬂ,y) € X xX.
In the above conditions, if (x*,y*) denotes the unique coupled fixed point for Ty, then

2s
d(a®,3) +d(y".§) < T V(3. 5) € CFia(T)
with (Z < 2%, 2 y*) or (T =", 5 <y").
Proof. Since the operator 77 satisfies the hypotheses of Theorem 3.5, there exists
a unique coupled fixed point for Ty, say (z*,y*). Let (Z,7) € CFix(Ts) such that

(z <z*,g>y*) or (z>z* 7 <y*). We consider again the b-metric d: Z x Z — R
defined by _
A((,9), (w,v)) = d(, u) + d{y,v).
Then, we have:
E((x*’y*)v (i‘vg)) = J((Tl(x*vy )’Tl(y*7x*))’ (TQ('fa ﬂ),Tg(g, 'f)))
=d(Ti(z",y"), T2(,9)) + d( ;
sld(Ty (=", y"), T1(2,9)) + d(T1(2,7), To(Z, 9))]
+sld(Ti(y*, "), T1(y, %)) +

)
= sld(Ty(z",y"), Ta(2,9)) + d(Ta(y", 27), T1 (5, 7))
+s[d (Tl(x ), Tx(z,9)) + d(T1(y, 2), To(y, ))
< sk(d(z*,z)+d(y*,g)) + 2sn
Thus,
q(y), (2.9) < o
and the proof is complete. O

We will study the well-posedness of the coupled fixed point problem (1.1).

Definition 4.2. Let (X,d) be a b-metric space with constant s > 1 and T : X x X —
X be an operator. By definition, the coupled fixed point problem (1.1) is said to be
well-posed if:

(i) CFia(T) = {(2*,y")};

(ii) for any sequence (Tpn,Yn)nen i X X X for which d(xy,, T(xn,yn)) — 0 and
respectively d(Yn, T (Yn, Tn)) = 0 as n — oo, we have that (z,) — =* and (y,) = y*
as n — 0o.
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A well-posedness result is given in the following theorem.

Theorem 4.3. Assume that all the hypotheses of Theorem 3.7 take place. Addition-
ally, assume that the contraction constant k of T' satisfies the condition k < % Then
the coupled fized point problem (1.1) is well-posed.

Proof. By Theorem 3.7 we get that CFix(T) = {(z*,y*)}. Let (2, Yn)nen be a se-
quence in X x X for which d(z,,, T(xy, yn)) — 0 and respectively d(yn, T (Yn,Tn)) — 0
as n — 0o. As before, we will work on Z := X x X with the b-metric d((z,y), (u,v)) :=
d(xz,u) + d(y,v). Then, we have:

d((@n,yn), (*,y")) = d(zn, 2") + d(yn, y")
< sld(@n, T(@n, yn)) + d(T(@n; yn), )] + s[d(Yn, T (Yn, 2n)) + AT (Yn, 20n), y")]
= s[d(@n, T(@n, yn)) + d(Yn, T (Yn, Tn))]
+5[d(T(@n, yn), T(@",y")) + d(T (Y, 20), T(y", 27))]
< sld(@n, T(@n, Yn)) + AW, T(Yn, @0))] + skld(@n, %) + d(Yn, y*)]

= s[d(xn, T(@n,yn)) + d(yn, T(Yn, 2n))] + skd((xn, yn), (27, y7)).

Thus
Hence, we get that (x,) — «* and (y,) — y* as n — oc. O

We will consider the Ulam-Hyers stability of the coupled fixed point problem (1.1).
For the case of metric spaces, see [20].

Definition 4.4. Let (X, d) be a b-metric space with constant s > 1 and T : X x X —
X be an operator. Let d be any b-metric on X x X generated by d. By definition,
the coupled fized point problem (1.1) is said to be Ulam-Hyers stable if there exists an
increasing operator v : Ry — Ry, continuous at 0 with ¥(0) = 0, such that for each
e € RY and for each solution (z,7) € X x X of the inequality

d((x,y), (T(z,y),T(y,z)) <e,

there exists a solution (z*,y*) € X x X of the coupled fized point problem (1.1) such
that

(", y"), (Z,7)) < ¥(e).

An Ulam-Hyers stability result for the coupled fixed point problem (1.1) is given
in the following theorem.

Theorem 4.5. Assume that all the hypotheses of Theorem 3.7 take place. Addition-
ally, assume that the contraction constant k of T satisfies the condition k < % Then
the coupled fized point problem (1.1) is Ulam-Hyers stable.
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Proof. By Theorem 3.7 we get that CFix(T) = {(z*,y*)}. Let any € > 0 and let
(Z,9) € X x X such that

d(z, T(z,9)) + d(y,T(y,7)) <e.
As before, we consider on Z := X x X the b-metric d((z,y), (u,v)) := d(z, u)+d(y, v).
Then, we have:

)5 Yy +d(T(y,2),T(y",z"))
< sld(z,T(z,9)) +d(g, T(y,2))] + sk[d(z,z") + d(7,y")]
Thus _ s
* * <
d((z,9), (=", y")) < 7—7&
which leads to our conclusion. O

Finally, we will discuss the limit shadowing property of a coupled fixed point prob-
lem (1.1).

Definition 4.6. Let (X,d) be a b-metric space with constant s > 1 and T :
X x X — X be an operator. By definition, the coupled fized point problem (1.1)
has the limit shadowing property if, for any sequence (T, Yn)nen in X x X for
which d(Tpt1, T(Xn,yn)) — 0 and respectively d(yn+1,T(Yn,2n)) — 0 as n — oo,
there exists a sequence (T™(xz,y), T™(y,x))nen such that d(z,,T"(xz,y)) — 0 and
d(Yn, T"(y,x)) = 0 as n — 0.

A shadowing type result for the coupled fixed point problem is given now.

Theorem 4.7. Assume that all the hypotheses of Theorem 3.7 take place. Addition-
ally, assume that the contraction constant k of T satisfies the condition k < % Then
the coupled fized point problem (1.1) for T has the limit shadowing property.

Proof. By Theorem 3.7 we know that CFiz(T) = {(z*,y*)} and, for any initial
starting point (z,y) € X x X, we have that (T"(z,y)) — «* and (T"(y,z)) — y* as
n — 00. Let (Tn,Yn)nen be a sequence in X x X such that d(xp41, T (Tn,yn)) — 0
and respectively d(yn+1,T(yYn,zn)) — 0 as n — oco. We consider on Z := X X X the
b-metric d((z,y), (u,v)) := d(z,u) + d(y,v). Then, for every (z,y) € X x X, we have

J((xn+17 yn+1)a (Tn+1(‘rv y)7 Tn+1(y7 x)))

< s |d((@nr1,Ynt1), (@7, y7)) + d((@*,y"), (T (2, ), T (y,2))) |-

For the first term of the above sum, we can write

(@1, yn1)s (27,97) < sld(@n1, Y1) s (T (@ Yn)s T (Y 7))

+d(T(2n,yn ), T (yn, 20)), (T(z", y"), T(y", z7)))]

)
< 8d(($n+1, yn+1)7 (T(xna yn)v T(yn7 xn))) + Skd«wnv yn)a ((E*, y*))

< Sd(($n+1; yn+1)7 (T(l’n, yn)7 T(yn7 xn)))

+8k[8d(($m yn)’ (T(xnflv yﬂfl)’ T<yn*17 :L'nfl))) + Skd«xnfla yn71)7 (x*, y*))]
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<. <s Z(Sk)nipg((xp+17 Yp+1)s (T (@ps yp), T (yp, 2p)))
p=0
+(sk)”+1g((x0’ yo)v (33*’ y*))
The first term of the above sum converges to zero by the Cauchy Lemma (see, for

example [19]), while the second one goes to zero since sk < 1.
Thus,

(@15 yni1), (T (2,), T (y, ) = 0 as 0 — oo,

and the conclusion follows. O

Remark 4.8. Notice that similar results (well-posedness property, Ulam-Hyers sta-
bility, limit shadowing property) can be established in the framework of a metric space
endowed with a partial order relation and under a symmetric contraction condition on
T with respect only on comparable elements, but then some additional assumptions
(involving comparison properties of some elements) must be imposed.

5. APPLICATIONS TO INTEGRAL AND DIFFERENTIAL EQUATIONS

We will discuss two applications of the previous results. Let us consider first the
following system of Volterra type integral equations:

Wﬁw@+AG@W@ﬂ%MW%
(5.1)

wwww+AGwmmmwﬂm@

where ¢ € [0, 7.

A solution of the above system is a pair (x,y) € C[0,T] x C[0,T] satisfying the
above relations for all ¢ € [0, 7.

We consider X := C[0,T] endowed with the partial order relation:

x <cy<=xz(t) <y(t) for all t € [0,T].

Notice that the pair (X, <) has the property (3.4).
We will also consider the following b-metric of Bielecki type on X
d = t) —y(t))2e 2"
(z,y) [ ((@(t) = y(1)"e™™),
where 7 > 0 could be arbitrarily chosen. Notice that d is a b-metric with constant s =

2 and d can be represented using the classical Bielecki norm by d(z,y) = ||(z —v)?| 5.
Then, we have the following existence and uniqueness result.

Theorem 5.1. Consider the integral equation system (5.1). We suppose:

(i) g:10,T) = R and f : [0,T]xR? — R are continuous and G : [0, T]x[0,T] — R
is integrable with respect to the first variable.

(ii) f(s,+,-) has the mized monotone property with respect to the last two variables
for all s € [0,T].
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(iii) there exist o, B : [0,T] — Ry in L'[0,T] such that, for each s € [0,T] and
every x,y,u,v € R, with x < u,y > v, we have
|f(8,$,y) - f(S,’u,U)l < OZ(S)|.T - u| + B(S)‘y - ’U|;
(iv) there exist xo,yo € C[0,T] such that

ro(t) < glt) + / G(5,£) (5, z0(5), yo(s))ds

0 (5.2)
wo() > g(t) + / G(s, ) (5, y0(s), 2o(s))ds,
ro(t) > gt) + / G(s,1) (5 20(s), yo(s))ds

0 (5.3)
wo(t) < g(t) + / G(s,£) (5. 90(s). zo(s))ds,

for allt €10,T7.
Then, there exists a unique solution (z*,y*) of the system (5.1).

Proof. We will work in the space (X, d) with

d(z,y) = trer[lgg]((x(t) —y(®)*e ™) = (@~ y)*|ls,

which is a b-metric space with s = 2, for any 7 > 0.
We can prove that all the assumptions of Theorem 3.5 are satisfied. We define
S: X xX =X by

S(x,y)(t) == g(t) +/0 G(s,t)f(s,x(s),y(s))ds, for each t € [0,T].

Then, the system (5.1) can be re-written as a coupled fixed point problem for S:

z=25(z,y)

Then we have

(@ 5)(1) - S(u, ) < [ [ 6017650050 - f(s,u<s>,v<s>>|ds}

2

t 2
< [ [ G0kt - uts)] + 56)lu(s) - v(s))ds}

2

- [ [ 606V il — a4 o)y o) - v(s)ﬁe?f%“)ds}

2

- Uo G(s,t)(a(s)V/]x(s) — u(s)Pe2m ™ + B(s)/Iy(s) — v(s)Pe=2" eTs)dS}

t T
< || Gls,tals) V(e —u)?ls e™ds + / G(s,t)B(s)V/ Iy —v)?lls efst]
0 0
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<2

(/Ot G(s,t)a(s)VI[(z—u)?| 5 e”d8>2+ (/OT G(s,)8(s)VIIy—v)?[[5 6”d8> 2]

2

- { I t G(s,t>a<s>e”d8r A= w?le+ | [ t Gl ()7 as| - v>2||3}

<o{ [ (Gt as: [ s e —upla

+ / (s, 0)5(s)) ds- / t 62r5d5.||<yv)2|3}

eZTt

IN

{ [ Gsta?as: e = upls + [ G0 s - 0Pl |-
0 0

< [ ([ (@000 ) e~ 0?1

te[0,T]
i 2 9 eQTt
+max (/0 (G(s,t)8(s)) ds) Ny —v) ||B} =

Thus, after a multiplication with e=2™" and taking the maximum over ¢ € [0, 7], we
get that
1(S(2,y) = S(u,0))?[|p < kill(z —w)?|| 5 + kall(y — )| 5,

where

[ max, (/Ot (G(s,t)a(s))2d5>

T t€[0,T

and
y = max </0t (G(s,1)8(s))” ds> .

Hence, we get that

d(S(z,y), S(u,v)) < kid(x,u) + kad(y, v).
By a similar approach, we get that

d(S(y,x), S(v,u)) < k1d(y,v) + kad(z, u).
Thus,
d(S(z,y), S(u,v))+d(S(y, x), S(v,u)) < (k1+ke2)(d(z,u)+d(y,v)), for all < u,y> v.
Since 7 > 0 is arbitrary, we can chose 7 > 0 such that

ke = ([ G+ (6 ) < L= 1

As a conclusion, all the assumptions of Theorem 3.4 are satisfied and the result follows
by Theorem 3.5. O
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Another application to a periodic boundary value problem will be presented now.
More precisely, we consider the following periodic boundary value problem of the
following type:

2! (t) = f(t,2(t) + g(t, 2(t),t € (0,T)
{ 2(0) = 2(T). (55)

A solution of the above problem is a function x € C'[0,T] satisfying the above
relations.

The above problem was considered for the first time in D. Guo, V. Lakshmikantham
[10] and then in some related papers (see, for example, [3], [12], [14], ...). Notice also
that a nice extension was given in V. Berinde [4].

We will follow [10], in order to present the statement and the terms of our problem.

Let A1, A2 > 0 be such that:

{ 111267_1 S ()\2 — )\1)T,

M+ )T < 1. (5.6)

In order to study the existence and uniqueness problem for (5.5), we will study
first the existence and uniqueness of a solution for the following periodic system of
differential equations:

'+ Max— oy = ft,z)+9(t,y) + Mz — Xy, t € (0,T)
Y+ My — dew = f(ty) +g(t, ) + Ay — Aoz

z(0) = z(T)

y(0) = y(T).

Under some usual continuity assumptions (which will be imposed in the main theorem)
the above system is equivalent to the following system of integral equations

(5.7)

£(t) = / (Gt )[f(5:2) + g(5,9) + M — Aoyl

+Go(t,8)[f(s,y) + g(s,2) + My — Aox])ds

T
y(t) = / (Gt ) (5,) + 9(5,2) + My — Aa]

+Ga(t, 5)[f(s,2) + g(s,y) + Mz — Aay])ds,
where ¢ € [0,T] and G1, G2 have the same expressions as in [10]. By the assumptions
(5.6), we obtain (see [10]) that Gy (t,s) > 0 and Ga(t,s) <0, for all t,s € [0,T].

Then, we have the following existence and uniqueness result for the periodic system
(5.7).

Theorem 5.2. Consider the periodic system of differential equations (5.7). We sup-
pose:

(i) f:]0,T] xR >R and g: [0,T] x R = R are continuous;

(ii) there exist A1, Aa, 1, o > 0 such that, for every x,y € R with y < z, we have

0<(f(t, 7))+ Mz) — (f(t,y) + My) < pa(z —y)
—pa(z —y) < (g9(t, ) — Aaz) — (g(t,y) — A2y) <O,
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max po+p2\? =2\ <1
A+ ) T\ = A 4
(#ii) the relations (5.6) are satisfied;
(iv) there exist lower and upper solution xo,yo € C[0,T] for the system (5.7) such
that
zo(T') — x(0)
@owe), O
A (o(T) = yo(0)) + Xa(x0(0) — (1) < FEr s

Then, there exists a unique solution (z*,y*) of the system (5.7).

where

A (@o(T) = 20(0)) + A2 (y0(0) — yo(T)) <

Proof. We consider the space X := C[0,T] endowed with the partial order relation:
z<cy<= z(t) <y(t) for all t € [0,T].

Notice again that the pair (X, <) has the property (3.4).
On X we will also consider the functional

d(z,y) == tgf%((x(t) —y(t)?).

Notice that d is a b-metric with constant s = 2 and d can be represented using the
classical Chebyshev norm by d(z,v) = ||(z — y)?||c-

We can prove that all the assumptions of Theorem 3.5 are satisfied. We define
S: X xX — X by

T
S )(®) = [ (Gt (52) + 9(s,) + Mz~ Aay
0
+G2(t7 5)[f(57 y) + g(s, $) + /\1y - >\2x])d$
Then, the system (5.3) can be written as a coupled fixed point problem for S:
z=15(z,y)
5.9
{ y=S(y,). (5.9)
By (ii), it follows in a similar way to [10], that S satisfies the mixed monotone condi-

tion.
By (iv), we have that xo(t) < S(zo,v0)(t) and yo(t) > S(yo, z0)(t), for all ¢ € [0,T).
Moreover, for z < u,y > v, we can write

(S, y)(t) = S(u,v)(1))*

< ( [ G751 + g5+ Az = Aaw) = () + 9(5,0) + = Do)
Gty 5)[(F(5,) + 95, 3) + My — Aa) — (F(5,0) + 9(5,0) + Ao — Agumds)

- ( [ G751+ g5) + Az = Aaw) = () + 9(5,0) + = Do)
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—Ga(t, 8)[(f(s,v) + g(s,u) + Ao — Aou) — (f(s,y) +9(s,2) + Ay — Azx)})ds)
< (/0 (G1(t, 8)[pa(u — o) + p2(y — v)] — Ga(t, ) [u1(y — v) + pa(u — x)]d8)>
T
</0 G1(t, )1y (u— )2 + par/(y — v)?]
—Gal(t, 8)[p1v/ (y — )2 + 2/ (u — x)? ]ds)
T
([ tn6a(t.9) - maGatt. ) T2
T
+/0 (2G1(t, 8) — u1Ga(t, 8))V/ (y — v) ds>

2

2 2

1+ e 2 M1 — 2 2
< . — . —
< (B o upo+ (B202) g - ol

2 2
Smax{(ﬁjiﬁj) (=) }'(|(ff—u)2||c+ Iy~ )*lle), ¥t € [0,7].

Thus, by taking the maximum over [0, 7], we obtain
d(S(z,y), S(u,v)) < k(d(z,u) + d(y, v)),

where k := max { (’;11‘;2)2 , (‘;1:’;;)2} .
By a similar approach, we get that
d(S(y, x), S(v,u)) < k(d(z,u) + d(y, v)).
Hence, by adding the above two relations, we get
d(S(z,y), S(u,v)) +d(S(y,z), S(v,u))} < 2k(d(z,u) + d(y,v)), for all x < u,y > v.

Since 2k < %, all the assumptions of Theorem 3.5 are satisfied and the result follows
by Theorem 3.5. 0

We will discuss now the existence of the solution for the periodic boundary value
problem (5.5).
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Theorem 5.3. Consider the periodic boundary value problem (5.5). Suppose that
all the assumptions of Theorem 5.2 are satisfied. Then, the periodic boundary value
problem (5.5) has a unique solution x*.

Proof. The conclusion follows by Theorem 3.6, since we get that, for the unique
solution (z*,y*) of the coupled system, we also have * = y*. Hence z* is the unique
solution of the periodic boundary value problem (5.5). O

Remark 5.4. It is worth to mention, that different qualitative properties (data de-
pendence, well-posedness, Ulam-Hyers stability, limit shadowing) of the above studied
problems can be discussed, using the coupled fixed point approach given in Section 4.

We also notice that the above examples illustrate how fixed point and coupled
fixed point results in b-metric spaces can be applied to different operator equations
and systems. It is an open question to find applications of the abstract results in
some relevant complete b-metric spaces, for example, in b-metric spaces which cannot
be organized as metric spaces.
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