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Abstract. The purpose of this paper is to study the existence and uniqueness, data dependence
of the solutions of a boundary value problem with parameter for a system of functional-differential
equations with retarded and advanced arguments, by applying fixed point theory. Here is used the
Perov’s technique. In this paper we extend some results from [3] and [12].
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1. INTRODUCTION

We have the following problem: given f € C([a,b] x R™ x R™ x R™ R™), ¢ €
C([a — h,a],R™) and ¢ € C([b,b+ h],R™), the problem is to determine

z € (Cla—h,b+h)NCa,b;R™)
and X € R™ such that:
()= f(t,x(t),x(t —h),z(t+h))+ A\t € [a,b]. (1.1)
z(t) = ¢(t), t € [a—h,al,
z(t) =(t), te€[b,b+h)]

We suppose that:
(C1) a,be R, 0<a<b, h>0,
(Ca) felC(a,b] x R™ x R™ x R™ R™), ¢ € C([a— h,a],R™) and
¥ € C([b,b+ h],R™),
(C3) there exists a matrix Ly € Mp,m (R4 ) such that
|f(57u1’u27u3) - f(S,Ul,UQ,’US” < Lf(lul - 'Ul‘ + |u2 - U2| + |u3 - ’U3|),
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for all t € [a,b] and v’ = (ui,ub,---,ul), v = (vi, 08, - vi) € R™,
t=1,2,3, and where
|ws |
w| =
|wm|

The equations of type (1.1) come from different fields of applications as in optimal
control problem ([7]), in biomathematics ([13]) and others.

In 2004 T.A. Rus and V.A. Tlea studied in [12] the problem described above for
first order functional-differential equations with advanced and retarded arguments,
by applying fixed point theory and data dependence for (1.1)-(1.2). In 2007 V.A.
Ilea and M.A. Serban studied in [3] the existence of the solutions for the first order
functional differential equation with advanced and retarded argument, by applying
Maia’s type fixed point theorem, where the functions space is endowed with two
metrics. Using this technique we improved the contraction condition (Theorem 3.1
(ii)) from I.A. Rus, V.A. Darzu-Ilea [12].

In this paper we continue the research in this field (advanced and retarded argu-
ments for functional differential equation) and develop the study to n populations,
with the specification that the populations are - in the same environment - prade or
predator. Existence, uniqueness for the Cauchy problem are obtained. Our results
are essentially based on Perov fixed point theorem and weakly Picard operator tech-
nique, which will be presented below [11, 13, 17]. The use of the Perov’s fixed point
theorem [5], [6], [4] generates an efficient technique to approach systems of functional
differential equations. We also continue the work of [3] and [12] with the study of
systems of functional differential equations of mixed arguments.

2. PRELIMINARIES

Next, we introduce notation, definitions, and preliminary facts which are used
throughout this paper (see [8]-[12]).

Let (X,—) be a L-space and A : X — X an operator.

We shall use the following notations:

Fy:={x € X | A(z) = z} - the fixed points set of A;

I(A) ={Y c X | AY) CY,Y # 0} - the family of nonempty invariant subsets of
A;
AL = Ao A A0 — 15, AL = A, m e N.

Definition 2.1. Let (X, —) be L-space. An operator A: X — X is a Picard operator
(PO) if there exists x* € X such that:

(i) Fa={z"}
(ii) the sequence (A™(xg))nen converges to x* for all xy € X.

Definition 2.2. Let (X,—) be L-space. An operator A : X — X is a weakly Picard
operator (WPO) if the sequence (A™(x))nen converges for all x € X, and its limit
(which may depend on x) is a fixed point of A.
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Definition 2.3. If A is weakly Picard operator then we consider the operator A
defined by A® : X — X, A®(z):= lim A"(x). It is clear that A®(X) = F4.
n—oo

Let now (X, d) be a metric space with d(x,y) € RT and A : X — X an operator. In
what follow we denote by R’"*™ the set of all m x m matrices with positive elements
and by I the identity m x m matrix.

Definition 2.4. Let A be a weakly Picard operator and C € RT'*™. The operator
A is C -weakly Picard operator if

d(z, A”(z)) < Cd(z, A(z)), Yz € X.

Definition 2.5. A square matriz QQ with nonnegative elements is said to be convergent
to zero if Q¥ — 0 as k — oo. It is known that the property of being convergent to
zero is equivalent to each of the following three conditions (see [8]):
(a) I —Q is nonsingular and (I — Q)™ =1+ Q + Q%+ --- (where I stands for
the unit matriz of the same order as Q);
(b) the eigenvalues of Q are located inside the open unit disc of the complex plane;
(c) I —Q is nonsingular and (I — Q)™ has nonnegative elements.

We finish this section by recalling the following fundamental result.

Theorem 2.6. (Perov’s fixed point theorem). Let (X,d) with d(z,y) € R, be a
complete generalized metric space and A : X — X an operator. We suppose that
there exists a matriz Q € RT"™™, such that

(i) d(A(z), A(y)) < Qd(z,y), for all z,y € X;

(ii) Q™ — 0 as n — 0.

Then
(a) Fa={a*} and A™(x) = x* as n — oo, Vx € X;
(b) d(A"(z),2*) < (I -Q)™ Q" d(wo, A(w0)) and d(x,z*) < (I - Q)™ d(z, A()).

3. MAIN RESULT (EXISTENCE AND UNIQUENESS)

Let (z, A) solution of (1.1)-(1.2).
We remark that the problem (1.1)-(1.2) is equivalent to the following equation:

qS(t) tela—h,a
z(t) =< é(a) +f f(s,z(s),z(s — h),z(s+ h))ds + A(t —a), t € [a,b
(1), t €[b,b+ hl
(3.1)
with
A= w(b) Z’ - = af f(s,z(s),z(s — h),x(s+ h))ds (3:2)

So the problem (1.1)4(1.2) is equivalent with

x=B(z) and A = second part of (3.2)
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where the operator B : C([a — h,b+ h],R™) — C([a — h,b+ h],R™) has the form

o(t), t € [a—h,a]
¢(a) + t%i(w(b) — ¢(a))—
B(x)(t) := { —£=¢ [ f(s,2(s),2(s — h), (s + h))ds+ S (33)
+ [V f(s,a(s), 2(s — h),x(s + h))ds, t € [a,b]
W(t), te[b,b+hl

By a solution of the system (1.1)-(1.2) we understand a function x € C([a — h,b +
h], R™) N C*([a, b; R™]) that verifies the system.
We also remark that the equation (1.1) is equivalent to the following equation:

z(t), t €la—h,d
x(t):{ #(a) +f f(s,x(s),z(s = h),z(s+ h))ds + A(t —a), tE€ [a,b]
z(t), te[b,b+ hl
(3.4)
and also
A= o) 1 % p(s (s), x(s — h), x(s + h))ds (3.5)

We consider the operator E¢ : C([a — h,b+ h],Rm) — C([a — h,b+ h],R™) with

x(t), t €la—h,a
( )+ =2((b) — d(a))—
Ep(z)(t) = { —=2 [ f(s,2(s), (s — h), z(s + h))ds+ (3.6)
+ [ f(s,2(s), (s — h), x(s + h))ds, t € [a,b]
z(t), teb,b+h

Let X := (Cla — h,b+ h],R™) and Xy 4 := {2z € X;2|4—p,a) = ¢, * =}
Here we use Perov’s fixed point theorem to obtain existence and uniqueness theorem
for the solution of the problem (1.1)-(1.2).

Theorem 3.1. We suppose that:

(i) the conditions (Cy)-(Cs) are satisfied;
(i) @™ — 0 as n — oo, where Q :=6(b—a)Ly

Then:

(a) the problem (1.1)-(1.2) has a unique solution z* € C*([a,b], R!);
(b) for all 2° € C'([a,b],RY), the sequence (x™),en defined by z"t1 = A(z™),
converges uniformly to x*, for all t € [a,b], and

la" —2*| < (I - Q)7'Q" [|]” — ']

(c) the operator B is Picard operator in (C([a — h,b+ h],R™), unt );
(d) the operator Ey is weakly Picard operator in C(la—h,b+ h], Rm)“m ).
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Proof. Consider on the generalized Banach space X := C([a — h, b+ h],R™) the norm
MaX[g—h,b+h) ||
[[ul| == : ;
mMaXiq—h,b+h] |um|

which endows X with the uniform convergence.

Let X¢7¢ = {x € X;xha—h,a] = ¢, z|[b,b+h] = 1/)}
Then X = Uyec(ja—h,b+h),rm) X¢,p is a partition of X and from [11] we have

(1) B(X) C Xo,0 B(Xg,0) C Xo3
(2) B|X¢,w = Ef|X¢,1p'
On the other hand, for t € [a — h,a] U [a,b] U [b,b+ h)
[1B(x1) = B(x2)|| < 6(b—a)Ly[lz1 — o,

whence B is a contraction in (X, ||-||) with @ = 6(b — a)Ly. Applying Perov theorem
we have (a), (b) and (c). Moreover the operator B is ¢-PO and Ey is cWPO with
c=[1-6(b-a)l; " . 0

4. DATA DEPENDENCE: CONTINUITY

Consider the problem (1.1)-(1.2) with the dates f* € C([a,b] x R x R" x R" R"),
i = 1,2 and suppose that f* satisfy the conditions from Theorem 3.1 with the same
Lipshitz constants.

Theorem 4.1. Let f' € C([a,b] x R™ x R™ x R™ R™), ¢' € C([a — h,a], R™) and
Pt e C([b,b+ h],R™), i = 1,2 be as in Theorem 3.1. We suppose that

(i) there exists n1,m2 > 0 such that

Kfj)(t) - @2)“)‘ = (Z:) Wt € [a—h,alUb,b+h);

(i) there exists n3 > 0 such that
‘fl(taulau27u3yu4) — f2(t,u17u2,u3,u4)’ < m3,Vt € [a,b],u; € R, i=1,4.
Then
Ja* (ot f1) = 2™ (0% % ) < (T - Q)7 max (i, (12 + (b — a)ns),

[a—h,b+h]
where *(-, ¢, 1, ) denote the unique solution of (1.1)-(1.2).
Proof. Consider the operators By: i, with ¢ = 1,2. From Theorem 3.1 it follows
||B¢17f1:c1 — B¢17f11‘2|| S Q ||331 — xgH ,V$i e X.

where Q :=6(b—a)Ly.
Additionally,

| Bgr,s1x — Bge pox|| < ma + (b —a)ns, t € [a, b],

HB¢1’f1.T — B¢2’f2.’17H <m,t € [(l — h,a] and HB¢1’f1LL' — B¢2’f2.’17H <m,t € [b,b+ h]
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Thus

| Byt prx = Byz pox|| < [aﬁiﬁh](nl’UQ + (b —a)n3).

So
Hfﬂ*(w¢1,1/117f1) . x*(',¢271/}27f2)H
= || Bor g1 (2" (. " 01, £1)) — Bye g2 (a7 (. 0%, 07, 7))
< || B jra® (6" 00, F1) = Byr pro- (02,902, )|
+||Bor pra* (-, 02,97, £7) = Bga g2 (-, 02,97, £2)|
<Q |z (0N 9t 1) — (-, 07,42, £2)|| + max(n1, n2 + (b — a)ns)

and because Q™ — oo as n — oo imply that (I — Q)™ € R}*™, we have the
conclusion of the theorem

2% (-, @1, 01, f1) — & (-, d2, 002, fo) | < (T = Q)™
where 17 € R is such that n{ <nand n? + (b—a)n® <n. O

5. DATA DEPENDENCE: COMPARISON RESULTS

In order to establish the Caplygin type inequalities we need the following abstract
result.

Lemma 5.1. (see [9]) Let (X,—,<) be an ordered L-space and A : X — X an
operator. Suppose that A is increasing and WPO. Then the operator A% is increasing.

Now we consider the operators B and E; on the ordered Banach space (C(la —
h,b+h],R™), |-l , <) where we consider the following order relation on R™: z <y &
i < yi, i=1,m.

Theorem 5.2. Suppose that:

(a) the conditions of Theorem 3.1 are satisfied;
(b) @* — 0, as n — oo, where Q :=6(b—a)Ly;
(¢) f(t,) :R™ = R™ g(¢,-) : R™ — R™ are increasing, vt € [a, b].

Let x be a solution of the system (1.1) and y a solution of the inequality
y'(t) < f(ty(t),y(t —h),y(t+ h)) + At € [a,b].
Then y(a) < z(a) implies that y < x.

Proof. From 3.1(d) we have that Ey is WPO. On the other hand, from the condition
(c) and Lemma 5.1 we get that the operator £7° is increasing. If 29 € R™, then we
denote by Z( the following function

To : [a,b] — Rm7fo(t) =uxg, Vt € [a7b].
Hence y < By(y) < F3(y) < ... < EX(y) = EX(§(a)) < E¥(¥(a)) = . o

In order to study the monotony of the solution of the problem (1.1)—(1.2) with
respect to g, f, g we need the following result from WPOs theory.
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Lemma 5.3. (Abstract comparison lemma, [10]) Let (X, —, <) be an ordered L-space
and A,B,C : X — X be such that:

(i) the operator A, B,C are WPOs;
(iil) A< B<C;
(iil) the operator B is increasing.
Then x <y < z imply that A>(x) < B®(y) < C*®(z).

From this abstract result we obtain the following result:

Theorem 5.4. Let f7,¢7 € C([a,b] x R™,R™),j = 1,3, and suppose that conditions
the conditions from Theorem 8.1 holds. Furthermore suppose that:

(i) f1<fP<fg <g” < g%

(i) f2(t,-) : R™ — R™ ¢2(t,-) : R™ — R™ are increasing.

Let 27 be a solution of the equation
2 (t) = f(t, 29 (t), 27 (t — h), 27" (t + h)) + \, t € [a,b] and j =T, 3.
Then x'(a) < 22(a) < 23(a), implies ' < 2% < 23, i.e. the unique solution of the
problem (1.1)—(1.2) is increasing with respect to xo, f and g.
Proof. From 3.1, the operators By, = 1,3, are WPOs. From the condition (ii) the
operator Ey, is monotone increasing. From the condition (i) it follows that Ey, <
E¢, < Ef,. Let ¥ (a) € (Cla,b],R™) be defined by 77 (a) = 2/ (a), Vt € [a,b]. We
notice that
T (a)(t) < Z%(a)(t) < T3(a)(t), Vt € [a,b].

From Lemma 5.3 we have that E$°(Z'(a)) < Ef5°(2%(a)) < Ef5°(@%(a)). But
= Efjo(fj(a)), sozt < 2% <2’ O

6. GRONWALL LEMMAS

In this section we study the following inequalities
' (t) < f(t,x(t),z(t — h),z(t+h)) + A\t € [a,b], (6.1)
and
' (t) > f(t,x(t),z(t — h),z(t +h)) + A\t € [a,b], (6.2)
using the Abstract Gronwall Lemma and Abstract Gronwall-comparison Lemma.

Lemma 6.1. (I.A. Rus [10]) (Abstract Gronwall lemma) Let (X, —, <) be an ordered
L-space and A : X — X be an operator. We assume that A is PO and it is increasing.

If we denote by x* the unique fized point of A, then v < A(z) = x < x% and
x> Ar) =z > 2.

Lemma 6.2. (I.A. Rus [10]) (Abstract Gronwall-comparison lemma) Let (X, —, <)
be an ordered L-space and Ay, As : X — X be two operator. We assume that A and
B are PO, A is increasing and A < B.

If we denote by % the unique fized point of B, then x < A(z) = z < .

Theorem 6.3. We consider the equation (1.1) with conditions (1.2). We assume
that:
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(i) f,g satisfy the condition (i) and (ii) from Theorem 3.1;

(ii) f(t,-) : R™ = R™ g(¢,-) : R™ — R™ are increasing functions , Vt € [a,b].
Then we have:

(a) If x is a solution of (6.1) then x

(1.1)-(1.2);
(b) If x is a solution of (6.2) then x
(1.1)-(1.2).
Proof. We consider the operator B defined by (3.3). From Theorem 3.1 we have that
B is PO, if «* is the unique solution of (1.1)-(1.2) then Fp = {«*}. Conditions (i)
and (ii) imply that B is increasing. In terms of the operator B the inequality (6.1) is
x < B(x), Vx € (Cla,b],R™) and the inequality (6.2) is x > B(z), Vz € (C|a, b],R™).
The conclusion is obtained from Abstract Gronwall lemma. O

*

IA

x*, where x* is the unique solution of

v

x*, where x* is the unique solution of
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