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1. INTRODUCTION

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with the inner product (-,-) and
the norm || - ||, respectively and let C' be a non-empty, closed and convex subset of H.
Let T be a mapping of C into H. Then we denote by F(T') the set of fixed points
of T. A mapping T : C — H is called nonexpansive if ||Tx — Ty| < ||z — y|| for all
z,y € C.

In 2003, Nakajo and Takahashi [27] proved a strong convergence theorem for non-
expansive mappings in a Hilbert space by using the hybrid method in mathematical
programming: Let 7' : C' — C be a nonexpansive mapping with F(T) # () and let
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{an} be a real sequence in [0,1) such that 0 < a, < a < 1 for all n € N. Define a
sequence {z,} in C by 1 =z € C and

Up = ap®y + (1 — )Ty,
Co={2€C: llun— 2 < lam — 211},
Qn={z€C:{(xy—2z2—x,) >0},
Tn+1 = Po,ng,z, Yn €N,

where Pc, g, is the metric projection of H onto Cp, N Q. Then {z,} converges
strongly to z € F(T'). Takahashi, Takeuchi and Kubota [34] proposed a hybrid method
called the shrinking projection method which is different from Nakajo and Takahashi
[27] and they obtained a strong convergence theorem for nonexpansive mappings in a
Hilbert space. On the other hand, Kocourek, Takahashi and Yao [19] defined a class of
nonlinear mappings called generalized hybrid mappings which contains nonexpansive
mappings, nonspreading mappings [22, 23] and hybrid mappings [33] in a Hilbert space
and they proved a fixed point theorem and a mean convergence theorem of Baillon’s
type iteration [5] for the mappings. They also extended generalized hybrid mappings
to Banach spaces; see [20]. They called such mappings generalized nonspreading
mappings and proved fixed point theorems and weak convergence theorems of Baillon’s
type iteration [5] and Mann’s type iteration [25] for the mappings. Recently, using
the concept of means and invariant means, Takahashi, Wong and Yao [35] introduced
the concept of semigroups of not necessarily continuous mappings in a Hilbert space
which contains discrete semigroups generated by generalized hybrid mappings and
semigroups of nonexpansive mappings. They proved a fixed point theorem and a
mean convergence theorem which generalized simultaneously the result of [19] for
generalized hybrid mappings and the result of Baillon and Brezis [6] of one-parameter
nonexpansive semigroups in a Hilbert space. They extended such results to Banach
spaces; see [36]. Motivated by [35], Hussain and Takahashi [11] tried to prove a weak
convergence theorem of Mann’s type iteration and a strong convergence theorem
of Halpern’s type iteration [8] in a Hilbert space. To prove these two theorems,
they introduced the concept of semigroups of not necessarily continuous mappings
in a Hilbert space which is defined by using strongly asymptotically invariant nets.
Alsulami, Hussain and Takahashi [3] extended such semigroups of mappings to Banach
spaces and proved a weak convergence theorem of Mann’s type iteration. However,
they do not prove any strong convergence theorems in Banach spaces. It is natural
to prove strong convergence theorems in Banch spaces for the semigroups defined by
[3].

In this paper, we establish a strong convergence theorem by the shrinking hybrid
method for semigroups of not necessarily continuous mappings in Banach spaces.
Using the result, we obtain well-known and new strong convergence theorems which
are connected with results by the shrinking hybrid method in Hilbert spaces and
Banach spaces.
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2. PRELIMINARIES

Let E be a real Banach space with the norm || - || and let E* be the dual of E. We
denote the value of y* € E* at € F by (x,y*). When {z,} is a sequence in E, we
denote the strong convergence of {x,,} to x € FE by x,, — z and the weak convergence
by x, — z. The modulus 0 of the convexity of E is defined by

. z+y
o0 =nt {1 2 < 1yl < 1o -0l 2

for every e with 0 < ¢ < 2. A Banach space E is said to be uniformly convez if
d(e) > 0 for every € > 0. A uniformly convex Banach space is strictly convex and
reflexive. Let C be a non-empty, closed and convex subset of a strictly convex and
reflexive Banach space E. Then we know that for any x € F, there exists a unique
element z € C such that ||z — z|| < ||z — y|| for all y € C. Putting z = Pox, we call
Pc the metric projection of E onto C. The duality mapping J from E into 2% is
defined by
Jr={z" € B*: (z,2%) = |[«|* = [l2"|*}

for every x € E. Let U = {z € E : ||z|]| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit

o o tyll = ]

t—0 t (2.1)

exists. In the case, E is called smooth. We know that F is smooth if and only if J is a
single-valued mapping of F into E*. We also know that FE is reflexive if and only if J
is surjective, and F is strictly convex if and only if J is one-to-one. Therefore, if E is a
smooth, strictly convex and reflexive Banach space, then J is a single-valued bijection
and in this case, the inverse mapping J ! coincides with the duality mapping .J, on
E*. The norm of F is said to be Fréchet differentiable if for each x € U, the limit
(2.1) is attained uniformly for y € U. If the norm of F is Fréchet differentiable, then
J is norm to norm continuous. For more details, see [31]. We also know the following
result for duality mappings.

Lemma 2.1. Let E be a smooth Banach space and let J be the duality mapping on
E. Then (x —y,Jx — Jy) > 0 for all x,y € E. Furthermore, if E is strictly convex
and (x —y,Jr — Jy) =0, then x = y.

Let C be a non-empty subset of F and let T be a mapping of C into E. We
denote the set of all fixed points of T" by F(T). A mapping T: C — F is said to be
nonezpansive if | Tx — Ty|| < ||z —y|| for all z,y € C. Let D be a subset of E and let
P be a mapping of E onto D. Then P is said to be sunny if

P(Pz + t(x — Px)) = Px

for x € F and t > 0. A mapping P of F onto C is said to be a retraction if P? = P.
We denote the closure of the convex hull of D by ¢oD.
Let E be a smooth Banach space. The function ¢: F x E — R is defined by

$@,y) = 2] — 20z, Jy) + ||yl
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for z,y € E, where J is the duality mapping of E; see Alber [1] and Kamimura and
Takahashi [18]. We have from the definition of ¢ that

o(x,y) = p(x, 2) + p(z,y) + 2(x — z,Jz — Jy) (2.2)
for all x,y, 2z € E. Furthermore, we have that

for all z,y,2,w € E. From (||z|| — ||ly||)> < ¢(z,y) for all z,y € E, we can see that
¢(xz,y) > 0. If FE is additionally assumed to be strictly convex, then
d(z,y) =0<=2x=y. (2.4)
Assume that a Banach space E is smooth, strictly convex and reflexive. Let ¢, : E* x
E* — R be the function defined by
¢u (2", y") = l2* [P = 207y, ") + [y
for x*,y* € E*, where J is the duality mapping of E. It is easy to see that

o(z,y) = ¢ (Jy, Jx) (2.5)
for z,y € E. The following results are well known; see [18].

Lemma 2.2 ([18]). Let E be a uniformly convexr and smooth Banach space and
let 7 > 0. Then there exists a strictly increasing, continuous and convez function
g :[0,00) = [0,00) such that g(0) =0 and

g([lz = yll) < o(z,y)
for all z,y € B,(0), where B.(0) ={z € E: ||z|| < 1}.
Lemma 2.3 ([18]). Let E be a uniformly convexr and smooth Banach space and
let {x,} and {yn} be sequences in E such that {x,} or {y,} is bounded. If
limy, 00 (T, yn) = 0, then lim, o ||z, — yn| = 0.

Let C' be a non-empty subset of a smooth Banach space E. A mapping T : C — E
is called generalized nonexpansive [13] if F(T) # () and

¢(Tz,y) < ¢(z,y), V(z,y) € C x F(T).
If C is a non-empty, closed and convex subset of a smooth, strictly convex and reflexive

Banach space FE, then for all x € E there exists a unique z € C' (denoted by II¢x)
such that

M%@Zﬁ%d%@- (2.6)

The mapping I¢ is called the generalized projection from E onto C; see [1], [2], and
[18]. Kohsaka and Takahashi [21] proved the following results.

Lemma 2.4 ([21]). Let E be a smooth, strictly convex and reflexive Banach space
and let C, be a non-empty, closed and conver subset of E*. Let Ilc, be the generalized
projection of E* onto C,. Then a mapping R defined by R = J 'l J is a sunny
generalized nonexpansive retraction of E onto J~'C,.

Lemma 2.5 ([21]). Let E be a smooth, strictly convex and reflexive Banach space
and let D be a non-empty subset of E. Then, the following are equivalent:
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(1) D is a sunny generalized nonexpansive retract of E;
(2) D is a generalized nonexpansive retract of E;
(3) JD is closed and conver.

In this case, D is closed.

Lemma 2.6 ([21]). Let E be a smooth, strictly convex and reflexive Banach space
and let D be a non-empty and closed subset of E. Suppose that there exists a sunny
generalized nonexpansive retraction R of E onto D and let (x,z) € E X D. Then the
following are equivalent:

(1) z = Rx;

(2) é(x,2) =mingep ¢, y).

Ibaraki and Takahashi [13] also proved the following results.

Lemma 2.7 ([13]). Let E be a smooth, strictly convex and reflexive Banach space and
let D be a non-empty and closed subset of E. Then, a sunny generalized nonexpansive
retraction of E onto D is uniquely determined.

Lemma 2.8 ([13]). Let E be a smooth, strictly convex and reflexive Banach space
and let D be a non-empty and closed subset of E. Suppose that there exists a sunny
generalized nonexpansive retraction R of E onto D and let (x,z) € E x D. Then the
following hold:

(1) z= Rz if and only if (x — z, Jy — Jz) <0, Vy € D;
(2) ¢(Rz,z) + ¢(z, Rx) < ¢(x, 2).

For a sequence {C},} of non-empty, closed and convex subsets of a reflexive Banach
space E, define s-Li,C,, and w-Ls,C,, as follows: x €s-Li,C, if and only if there
exists {x,} C F such that {x,} converges strongly to = and x,, € C,, for all n € N.
Similarly, y €w-Ls,C,, if and only if there exist a subsequence {Cy,} of {C,} and a
sequence {y;} C E such that {y;} converges weakly to y and y; € C,,, for all i € N.
If Cy satisfies that

Cy =s-Li,,C,, =w-Ls,,C,,, (2.7)
we say that {C),} converges to Cp in the sense of Mosco [26] and we write Cy =M-
lim,, 00 Cp. It is easy to show that if {C),} is nonincreasing with respect to inclusion,
then {C,} converges to N2 ;C,, in the sense of Mosco. For more details, see [26].
We know the following theorem which was proved by Ibaraki, Kimura and Takahashi
[12].

Theorem 2.9 ([12]). Let E be a smooth Banach space and let E* have a Fréchet
differentiable norm. Let {C,} be a sequence of non-empty, closed and convexr subsets
of E. If Cy =M-lim,_,o C, exists and non-empty, then for each x € E, Ilg, x
converges strongly to Ilc,x, where I, and o, are the generalized projections of E
onto C,, and Cy, respectively.

Let S be a semitopological semigroup, i.e., S is a semigroup with a Hausdorff
topology such that for each a € S the mappings s +— a-s and s — s-a from S to S
are continuous. In the case when S is commutative, we denote st by s +t. Let B(S)
be the Banach space of all bounded real-valued functions on S with supremum norm
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and let C(S) be the subspace of B(S) of all bounded real-valued continuous functions
on S. Let p be an element of C(S)* (the dual space of C(S)). We denote by u(f) the
value of p at f € C(S). Sometimes, we denote by u:(f(t)) or p:f(t) the value u(f).
For each s € S and f € C(S), we define two functions I f and rsf as follows:

Usf)(E) = f(st) and  (rsf)(t) = f(1s)
for all t € S. An element u of C(S)* is called a mean on C(S) if u(e) = ||p|| = 1,
where e(s) =1 for all s € S. We know that p € C(S)* is a mean on C(S) if and only
if

inf f(s) < u(f) <sup f(s), VfeC(S).

seS s€S

A mean p on C(S) is called left invariant if pu(lsf) = p(f) forall f € C(S) and s € S.
Similarly, a mean p on C(S) is called right invariant if u(rsf) = p(f) for all f € C(S)
and s € S. A left and right invariant invariant mean on C(S) is called an invariant
mean on C(S). If S =N, an invariant mean on C(S) = B(S) is a Banach limit on
¢>. The following theorem is in [31, Theorem 1.4.5].

Theorem 2.10 ([31]). Let S be a commutative semitopological semigroup. Then there
exists an invariant mean on C(S), i.e., there exists an element p € C(S)* such that

wle) =|lpll =1 and p(rsf) = p(f) for all f € C(S) and s € S.

Let £ be a Banach space and let C' be a non-empty subset of E. Let S be a
semitopological semigroup and let § = {7 : s € S} be a family of mappings of C into
itself. Then & = {T; : s € S} is called a continuous representation of S as mappings
on C if Ty = T,T; for all s,t € S and s — Tyx is continuous for each z € C. We
denote by F(S) the set of common fixed points of Ty, s € S, i.e.,

F(S)=n{F(Ts):s € S}.

The following definition [30] is crucial in the nonlinear ergodic theory of abstract
semigroups; see also [9]. Let E be a reflexive Banach space and let E* be the dual space
of E. Let u : S — E be a continuous function such that {u(s) : s € S} is bounded
and let p be a mean on C(S). Then there exists a unique point zg € co{u(s) : s € S}
such that

ps{u(s), y*) = (20,9"), Wy € E". (2.8)
We call such zy the mean vector of u for . In particular, let S = {Ts : s € S} be a
continuous representation of S as mappings on C such that {Tsz : s € S} is bounded

for some x € C. Putting u(s) = Ty for all s € S, we have that there exists zp € E
such that

Ms(Tsxay*> = <Zan*>7 V*y € E".
We denote such zyp by T,z. A net {u,} of means on C(S5) is said to be strongly
asymptotically invariant if for each s € S,

[spa — ptall = 0 and  [[75pa — pall — 0,

where £% and r* are the adjoint operators of {5 and ry, respectively. See [7] and [31]
for more details.
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Let E be a smooth Banach space and let C' be a non-empty subset of E. For a
mapping T from C into C, we denote by A(T') the set of attractive points [34, 24] of
T, that is,

AT)={ue E: ¢(u,Tx) < ¢p(u,x), Yz € C}.

We know from Lin and Takahashi [24] that A(T) is always closed and convex. Let S
be a commutative semitopological semigroup with identity. For a continuous repre-
sentation § = {T : s € S} of S as mappings of C into itself, we denote the set A(S)
of common attractive points [4, 36] of S = {Ts : s € S} by

A(S) = N{A(Ty) : t € S).

It is obvious from Lin and Takahashi [24] that A(S) is closed and convex. Using the
technique developed by Takahashi [30], Takahashi, Wong and Yao [36] proved the
following attractive point theorem for a family of mappings in a Banach space.

Theorem 2.11 ([36]). Let E be a smooth and reflexive Banach space with the duality
mapping J and let C' be a non-empty subset of E. Let S be a commutative semitopo-
logical semigroup with identity. Let S = {Ts : s € S} be a continuous representation
of S as mappings of C into itself such that {Tsx : s € S} is bounded for some x € C.
Let 1 be a mean on C(S). Suppose that

psd(Tsx, Tyy) < psd(Ts,y)

forallye C andt € S. Then A(S) = N{A(T}) : t € S} is non-empty. In particular,
if E is strictly convex and C' is closed and convez, then F(S) =N{F(T;) : t € S} is
non-empty.

Let E be a smooth Banach space and let C be a non-empty subset of E. Let T be
a mapping from C into C. We denote by B(T') the set of skew-attractive points [24]
of T, i.e.,
B(T)={z€ E:¢(Tx,z) < ¢(x,2), Yz € C}.

Lin and Takahashi [24] proved that B(T') is always closed. Using the duality theory of
nonlinear mappings [37] and [10], they also proved that JB(T') is closed and convex.
We can also define by B(S) the set of all common skew-attractive points of a family
S = {Ts : s € S} of mappings of C into itself, i.e., B(S) = N{B(Ts) : s € S}.
Takahashi, Wong and Yao [36] obtained the following skew-attractive point theorem.

Theorem 2.12 ([36]). Let E be a strictly conver and reflexive Banach space with
a Fréchet differentiable norm and let C' be a non-empty subset of E. Let S be a
commutative semitopological semigroup with identity. Let S = {Ts : s € S} be a
continuous representation of S as mappings of C' into itself such that {Tsxz : s € S}
is bounded for some x € C. Let u be a mean on C(S). Suppose that

psd(Try, Tsx) < psd(y, Tsx)

forallye C andt € S. Then, B(S) = N{B(T}) : t € S} is non-empty. In particular,
if C is closed and and JC is closed and convex, then F(S) = N{F(T}) : t € S} is
non-empty.
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3. STRONG CONVERGENCE THEOREM

In this section, using the shrinking hybrid method due to [34], we prove a strong
convergence theorem for semigroups of not necessarily continuous mappings in a Ba-
nach space. For proving the result, we need the following lemma which was obtained
by Alsulami, Hussain and Takahashi [3].

Lemma 3.1 ([3]). Let E be a smooth and reflexive Banach space and let C be a non-
empty subset of E. Let S be a commutative semitopological semigroup with identity.
Let S = {Ts : s € S} be a continuous representation of S as mappings of C' into itself
such that B(S) # 0. Let u be a mean on C(S). Then

¢(Tux,m) < d(x,m), VaeeC, me B(S),
where Ty, x is a mean vector of {Tsx : s € S} for p.

Theorem 3.2. Let E be a uniformly convexr Banach space with a Fréchet differen-
tiable norm and let C' be a non-empty, closed and convex subset of E such that JC is
closed and convex. Let S be a commutative semitopological semigroup with identity.
Let S = {Ts : s € S} be a continuous representation of S as mappings of C' into itself
such that A(S) = B(S) # 0. Suppose that

limsup sup (uv)s(¢(Tsw, Try) — d(Tsa,y)) <0, VteS (3.1)

v z,yeD

for every strongly asymptotically invariant net {p,} of means on C(S) and every
bounded subset D of C. Let {n} be a strongly asymptotically invariant sequence of
means on C(S), i.e., a sequence of means on C(S) such that

[pn = Lopnl| =0, Vs €S
Let Cy = C and let {z,} C C be a sequence generated by x1 = x € C' and

Yn = Qpdnp + (1 - an)Tp,n-Tna
Cny1 = {Z €Ch: d(Yn, 2) < (b(xmz)}v
Tpt1 = Re, ,x, YneN|

n4+1%
where Re, ., is the sunny generalized nonexpansive retraction of E onto Cpi1, and
{an} C [0,1) is a sequence such that 0 < oy, < a < 1 for some a € R. Then {x,}
converges strongly to 20 = Rp(syz, where Rp(s) is the sunny generalized nonexpansive
retraction of E onto F(S).

Proof. From B(S) # 0 we have that {Tsz} is bounded for all z € C. Since S is
commutative, we have from Theorem 2.10 that there exists an invariant mean p on
C(S). Put p, = p in (3.1). Then we have that

psd(Tsz, Try) < psd(Tsz,y), Va,y € C, t€S. (3.2)

We have from Theorem 2.11 that F(S) is non-empty. We also have from (3.2) and
A(S) = B(S) that

F(S)=CnA(S) C B(S). (3.3)

Using that JC is closed and convex, we get that F(S) is closed and JF'(S) is closed

and convex. In fact, we first show that JF(S) is closed. Let {zX} C JF(S) such that
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x) — x* for some x* € E*. Since JC is closed, we have z* € JC. Since F is smooth,
strictly convex and reflexive, J : F — E* is one-to-one and onto. Then there exist
x € C and {z,} C F(S) such that z* = Jz and z} = Jz, for all n € N. From (3.3)
we have that for any t € S
&(Tyx,x) = ||Tyx||* — 2(Tyx, Jz) + || Jz|?
= |Tial? - 2T, 27) + 2*]?
(ITel® = 2(Tew, 23) + |23 ]1)

lim
n—oo

lim (| Tr]? — 2T, Ja) + || T )

nh_)rr;o (Tyx, xy)

lim_¢(z,z,)
n—oo

Tim (2] - 202, 23) + o5 2)
Tim (2 - 2(a.2%) + o 2
= ||l21* — 2(z, Jz) + ||=|?
= gb(.’b, .’E) =0.
Thus we have ¢(Tix,x) = 0. Since F is strictly convex, we have = Tyz. This implies
that z* = Jx € JF(S). We next show that JF(S) is convex. Let z*,y* € JF(S) and

let o, 8 € (0,1) with a4+ 8 = 1. Then we have z,y € F(S) such that * = Jx and
y* = Jy. From z,y € F(S), we have that for any ¢t € S

I IA

(T Hadz + BJy), J HaJz + BJy))
= T, Yoz + BJy)||? = 2T, T HaJz + BJy), aJz + BJy)
+ T adz + BIY)IP + allz]® + Bllyll* = (all=]® + Blly]*)
ag(T, T (aJw + BJy), x) + Bo(Ty T~ (ax + BJy),y)
+ |z + BTy — (el + Bllyl?)
<ag(J N aJz + BIy), x) + Bo(J (adx + BTy),y)
+ ladz + BJy|1* = (allzl” + Bllyl*)
= a{llaJz + BJy|* — 2(J Hadz + BJy), Jz) + |||}
+ B{lladz + BJy||* — 20T Tz + BJy), Jy) + y]|*}
+ ladz + BJy|1* — (allzl® + Bllyl1*)
=2|laJz + BJy||* — 2(J HaJz + BJy),aJz + BJy)
=2||aJz + BJy||* — 2||aJz + BJy||* = 0.

Then we have T;J ! (aJz + BJy) = J Y (aJz + BJy) and hence J~(aJz + BJy) €
F(S). This implies that aJz 4+ Jy € JF(S). Therefore JF(S) is convex. Since
JF(S) is closed and convex, JF(S) is weakly closed. Furthermore, since J is norm
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to weak continuous, F'(S) is closed. From Lemma 2.5 we get that F(S) is a sunny
generalized nonexpansive retract of E.

We show that JC, is closed and convex and F(S) C C,, for all n € N. It is obvious
from the assumption that JC; = JC is closed and convex and F(S) C C;. Suppose
that JCj is closed and convex and F(S) C Cj, for some k € N. By the definition of
¢, we know that for z € Cy,

(Y, z) < ¢(k, 2)
= lyrll> = llzel® — 2(yx — 2k, J2) < 0.

Then JCpy1 is closed and convex. If z € F(S) C Cy, then we have from (3.3) and
Lemma 3.1 that

¢(Tuky7 Z) S (b(yv Z)7 Vy € C (34)
Using (3.4), we have that

o(yx, 2) = ¢lagzr + (1 — ag) Ty, zk, 2)

< ard(wr, 2) + (1 — ag)p(Tp, vk, 2) (3.5)
< apd(wk, 2) + (1 — ag)p(wk, 2)
= ¢(xp, 2).

Hence we have z € Cj41. By induction, we have that JC,, are closed and convex,
and F'(S) C C, for all n € N. Since JC, is closed and convex, from Lemma 2.5 there
exists a unique sunny generalized nonexpansive retraction R¢, of E onto C,. We
also know from Lemma 2.4 that such R¢, is denoted by J Il ;¢, J, where J is the
duality mapping and II;¢, is the generalized projection of E onto JC,,. Thus {z,}
is well-defined.

Since {JC),} is a nonincreasing sequence of non-empty, closed and convex subsets
of E* with respect to inclusion, it follows that

0 # JF(S) C M- lim JCy, = M3, JCy. (3.6)

Put C5 = Ny2,JC,. Then by Theorem 2.9 we have that {II;c, ., Jx} converges
strongly to zf = llg: Jz. Since E* has a Fréchet differentiable norm, J ~! is continu-
ous. Then we have

Tpy1 = Jfll_[JanJa: — J .

To complete the proof, it is sufficient to show that J~1zf = Rp(syzr. Since v, = Rg, x
and z,41 = Re,, ., € Cpy1 C Cy, we have from Lemma 2.8 and (2.3) that

1
0<2(x—ax,, Jr, — Jrpi1)
= (@, Znt1) — 02, 7n) — (Tn, Tni1)
< O(@, Tnt1) — Oz, @)
Thus we get that

(@, 25) < AT, Tny1). (3.7)



STRONG CONVERGENCE THEOREMS BY HYBRID METHOD 247

Furthermore, since x,, = R, x and z € F(S) C C,, from Lemma 2.6 we have
¢z, 2n) < P(,2). (3-8)

Thus we have that lim,,_, ¢(z,x,) exists. This implies that {x,,} is bounded. Hence
{yn} and {T},, z,,} are also bounded. Since, from Lemma 2.8,

¢($na anrl) = ¢(Rana anrl)
(2, vpt1) — d(z, R, @)
(b(xaxn-i-l) - ¢(xa xn) — 0,

we have that
d)(xnv xn-i—l) — 0. (39)

By #p41 € Chy1, we also have that ¢(yn, nt1) < &(2n,Zny1). This implies that
&(Yn, Tnt1) — 0. Using Lemma 2.3, we have

nh—>H;o [9n — Tt |l = nh—>Holo |z — Zptal| =0,

from which it follows that

Iy = Tall < lyn — Tagrll + |Tns1 — 2ol — 0. (3.10)

Since [|zn — ynll = |0 — @nzn — (1 — an)Tunxn” = (1 - ap)llz, - TunmnH and
0 <a, <a<1, we also have that

1Ty, ®n — xn|l — 0. (3.11)

Since x,, = J~'xz§, we have that T}, x,, — J~'zf. We have from (2.3) that for y € C
and s, t € §
2Tszn — Tyy, Jy — JThy) — d(Thy,y) = ¢(Tszn, Try) — ¢(Tswn, y).
Applying pu,, to both sides of the above equality, we have that
2(/1'n)s<Tsxn - Tty7Jy - JTty> - (b(Ttya y)
= (Mn)3(¢(Tsxm Try) — ¢(Tswnp, y))

and hence
2Ty, zn — Try,JJy — JTry) — d(Try, y)
= (fn)s (¢(Tsxna Try) — ¢(Tswy, y))

Since T}, xn — J~1z% and limsupnﬁm(pn)s(¢(Tsxn,Tty) — gZ)(Tan,y)) <0, we get
that

2(J 7wl — Toy, Jy — JThy) — ¢(Try,y) < 0.
Since 2(J g — Thy, Jy — JThy) — d(Try, y) = ¢(J a5, Try) — ¢(J ', y), we have
that

o(Jray, Toy) < o(J tah,y), yeC, tes. (3.12)
Putting y = J 'z}, we have J 'z} € F(T}). Therefore J lxj € F(S).

Put 20 = Rp(s)®. Since zg = Rp(s)r C Cpy1 and xn11 = Re,, @, we have that

o(x,2n41) < B(, 20). (3.13)
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Since z,, — J~laf and Jx,, — x§, we have that
¢z, T ) = ||z )* — 2w, z5) + T g
= lim_ ([l]* = 2z, Jzn) + |lon]?)

n—oo
= lim ¢(z,x,)
n—oo
< QZ)(ZE, ZO)'
Consequently, we get Rp(s)z = 20 = J~ 1z}, Hence, {x,} converges strongly to 2.
This completes the proof. O

Remark. We do not know whether a strong convergence theorem under the Nakajo
and Takahashi hybrid method [27] for our semigroups of mappings holds or not; see
Introduction.

4. APPLICATIONS

In this section, using Theorem 3.2, we obtain well-known and new strong conver-
gence theorems in Hilbert spaces and Banach spaces.

Let H be a real Hilbert space and let C' be a non-empty, closed and convex subset
of H. A family § = {Ts; : 0 < s < oo} of mappings of C into itself is called a
one-parameter nonezrpansive semigroup on C' if it satisfies the following:

(1) Tox =z for all z € C;

(2) Tsyt = TsTy for every s,t > 0;

(3) [|[Tsx — Tey|| < ||z — y|| for each s > 0 and z,y € C;
(4) for all x € C, s — T,z is continuous.

Using Theorem 3.2, we first obtain the following result by Takahashi, Takeuchi and
Kubota [34].

Theorem 4.1 ([34]). Let H be a real Hilbert space, let C be a non-empty, closed and
convex subset of H. Let S = {Ts : 0 < s < oo} be a one-parameter nonexpansive
semigroup on C such that F(S) # 0. Let C1 = C and let {z,} C C be a sequence
generated by x1 = x € C' and

Yn = QT + (1 — an)% Jo" Tsxp ds,
Crni1={z€Cn:lyn — 2l < [Jon — 2|},
Tpt1 = Peo, ., x, VneN,

n+17)

where P, ., is the metric projection of H onto Cpi1, 0 < oy < a < 1 and {t,} C
(0,00) satisfies t,, — oo. Then {x,} converges strongly to zo = Pp(s)x, where Pp(s)
is the metric projection of H onto F(S).

Proof. We first have that ¢(z,y) = ||z—y|* forallz,y € H. Put S = [0, s) in Theorem
3.2. Since S = {Ts : 0 < s < oo} is a one-parameter nonexpansive semigroup on C,
we have that

T4z = Teyl)* < | Tox — gl



STRONG CONVERGENCE THEOREMS BY HYBRID METHOD 249

for all z,y € C and s,t € S. Furthermore, from the definitions of A(S) and B(S),
we have that A(S) = B(S) = F(S) # 0. Let D be a bounded subset of C. Then we
have that for all z,y € D and s,t € S

|ITsa~Tey | — | Tow — y]?

=Tz = Toyl® = |1 Torew = Teyll* + | Torer — Toyl* — | Tz — gl

< | Tsw = Toyl? = | Toqer — Toy|* + | Tz — yl|* — | Tsw — g

= Tz = Toyl® — | Torew — Teyll*.

If {u,} is a strongly asymptotically invariant net of means on C(S), then
()5 (|1 Tz = Teyll* = 1Tz — ylI*)

< ()s (I Tsz = Ty ||* = | Torex — Tryl)
= ()s| Tsz = Teyll* — (6 )5 || Tox — Tryl®
< llta = G pall sup | Toa — Tyl

and hence

limsup. sup ()5 (| Tsa = Toy||? = | Tz — y[*) < 0
v x,ye

for all ¢t € S. Finally, define

() = ti / o

for all ¢, > 0 with ¢,, — oo and f € C(S). As in the proof of [9, Theorem 6], we
have that {p,} is a strongly asymptotically invariant sequence of means on C(S).
Furthermore, we have from [31, Theorem 3.5.2] that for any v € C and n € N

1 tn
Ty, u= —/ Tsuds.
tn Jo

Therefore, we obtain Theorem 4.1 by using Theorem 3.2. O

Let E be a smooth Banach space and let C' be a non-empty, closed and convex
subset of E. A mapping T : C — E is called generalized nonspreading [20] if there
exist «, 8,7,6 € R such that

ad(Tz, Ty) + (1 — )¢(z, Ty) + {o(Ty, Tx) — o(Ty, )} (4.1)
< ﬂgb(Tx, y) + (1 - 6)¢($7y) + (5{¢(y,TLL') - (b(y,f[!)}

for all x,y € C, where ¢(z,y) = ||z||* — 2{x, Jy) + ||y||? for z,y € E. We call such
a mapping an («, 3,7, §)-generalized nonspreading mapping. Let T be an («, 8,7, 9)-
generalized nonspreading mapping. Observe that if F/(T') # ), then ¢(u, Ty) < ¢(u,y)
for all u € F(T) and y € C. Indeed, putting = u € F(T) in (4.1), we obtain that

¢(u, Ty) +1{d(Ty,u) = ¢(Ty,u)} < d(u,y) + {6y, u) = Py, u)}-
Then we have that ¢(u,Ty) < ¢(u,y) for all w € F(T) and y € C.
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Theorem 4.2. Let E be a uniformly convex Banach space with a Fréchet differen-
tiable norm. Let T : E — E be an («, 3,7, d )-generalized nonspreading mapping such
that o > B and v < 8. Assume that F(T) # (0 and let R be the sunny generalized non-
expansive retraction of E onto F(T'). Let {un,} be a strongly asymptotically invariant
sequence of means on £°°, i.e., a sequence of means on £>° such that

H:un - qﬂnll — 0.

Assume that {a,} C [0,1) satisfies 0 < a, < a <1 for some a € R. Let C;y = C and
let {z,,} C C be a sequence generated by v1 = x € C' and

Yn = oy + (1 — o) T, 20,
C’nJrl = {Z eCy: ¢(yn,z) < ¢(mn,z)},
Tpy1 = Re, . ,x, YneN,

n+1?

where Re, , is the sunny generalized nonexpansive retraction of I onto Cpqq. Then
{xn} converges strongly to 2o = Rp ().

Proof. Put S = {0} UN and consider S = {T* : k € S}. Putting y = u € F(T) in
(4.1), we obtain that for z € F

a¢(Tx7 u) + (1 - Oé)d)(l’, u) + 7{¢(ua Tx) - d)(uv :L’)}
< BQJ)(Txa u) + (1 - B)¢($’u> + §{¢(U,T.”L') - ¢(u,m)}

and hence

(a - 5){¢(Txa u) - ¢($7u)} + ('7 - 5){¢(U,TCL') - ¢(u’x)} <0.
Therefore, we have that a > § together with v < § implies that

d(Tx,u) < ¢z, u)
for all x € E and v € F(T). We have that A(T) = A(T)NE = F(T) and B(T) =
B(T)NE = F(T). Then we have that A(T) = B(T) = F(T) # 0. As in the proof of
[3, Theorem 5.2], we have that
limsup sup (u,)r(o(T 2, Ty) — ¢(T x,y)) <0
v x,yeD

for every strongly asymptotically invariant net {u,} of means on ¢>° and every
bounded subset D of E. Therefore we have the desired result from Theorem 3.2 [

Let E be a smooth Banach space and let C' be a non-empty subset of E. Let S be
a commutative semitopological semigroup with identity. A continuous representation
S ={T;:s€ S} of S as mappings on C' is a ¢-nonexpansive semigroup on C if each
T, is ¢-nonexpansive, i.e., ¢(Tsx, Tsy) < ¢(x,y) for all z,y € C. In the case when E
is a Hilbert space, a ¢-nonexpansive semigroup on C' is a nonexpansive semigroup on
C; see Atsushiba and Takakashi [4].

Theorem 4.3. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm. Let C be a non-empty, closed and convex subset of E. Let S be a
commutative semitopological semigroup with identity. Let S = {Ts : s € S} be a
¢-nonexpansive semigroup on C such that A(S) = B(S) # 0. Let {un} be a strongly
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asymptotically invariant sequence of means on C(S), i.e., a sequence of means on
C(S) such that
[bn = Lopnl| =0, Vs €S

Assume that {a,} C [0,1) satisfies 0 < o, < a <1 for some a € R. Let C1 = C and
let {x,} C C be a sequence generated by x1 = x € C and

Yn = QpTy + (1 - O‘n),Tp,nxnv

Cny1 =12 € Cy : ¢(Yn, 2) < d(z,2)},

Tny1 = Re, ,x, VneN,

where R, ., is the sunny generalized nonexpansive retraction of E onto Cyy1. Then
{zn} converges strongly to zo = Rp(syx, where Rp(s) is the sunny generalized non-
expansive retraction of E onto F(S).

Proof. Since § = {T; : t € S} is a ¢-nonexpansive semigroup on C, we have that for
all z,y € C and s,t € S

¢(Tsx,Try) — (T, y)
= ¢(Tsz, Try) — ¢(Tstrz, Try) + ¢(Tsez, Try) — ¢(Tozw, y)
< (T, Try) — ¢(Tsyew, Tyy) + d(Tsz,y) — d(Tsz, y)
= ¢(Tsz, Try) — ¢(Tosez, Try).

If {pa} is a strongly asymptotically invariant net of means on C(S) and D is a
bounded subset of C, then

(a)s(d(Tsw, Try) — ¢(Tsw,y))
< (a)s(@(Tsw, Try) — ¢(Tstex, Try))
= (Ha)s0(Tsz, Tyy) — (6§ pa) s (T, Try))
< lpa = & pall Slep ¢(Tsx, Tyy)

and hence
lim sup sup_ (Ha)s(@(Tsw, Try) — ¢(Tsw,y)) <0
o x,ye
for all t € S. Therefore, we have the desired result from Theorem 3.2. O

REFERENCES

[1] Y. I. Alber, Metric and generalized projections in Banach spaces: Properties and applications,
in Theory and Applications of Nonlinear Operators of Accretive and Monotone Type (A.G.
Kartsatos - Ed.), Marcel Dekker, New York, 1996, pp. 15-50.

[2] Y.L Alber, S. Reich, An iterative method for solving a class of nonlinear operator equations in
Banach spaces, PanAmer. Math. J., 4(1994), 39-54.

[3] S. M. Alsulami, N. Hussain, W. Takahashi, Weak convergence theorems for semigroups of not
necessarily continuous mappings in Banach spaces, J. Convex Anal., 22(2015), 81-100.

[4] S. Atsushiba, W. Takahashi, Nonlinear ergodic theorems without convezity for nonerpansive
semigroups in Hilbert spaces, J. Nonlinear Convex Anal., 14(2013), 209-219.

[5] J.-B. Baillon, Un theoreme de type ergodique pour les contractions non lineaires dans un espace
de Hilbert, C.R. Acad. Sci. Paris Ser. A-B, 280(1975), 1511-1514.



252

[6]

7]

b
(10]
(11]
(12]
(13]
(14]
(15]
(16]

(17]

(18]
(19]
20]
(21]
(22]
23]
[24]

[25]
(26]

27]
28]

29]

(30]

(31]
(32]

33]

A.S. ALOFI, N. HUSSAIN AND W. TAKAHASHI

J.-B. Baillon, H. Brezis, Une remarque sur le comportement asymptotique des semigroupes non
lineares, Houston J. Math., 4(1978), 1-9.

M. M. Day, Amenable semigroup, Illinois J. Math., 1(1957), 509-544.

B. Halpern, Fized points of nonexpanding maps, Bull. Amer. Math. Soc., 73(1967), 957-961.
N. Hirano, K. Kido, W. Takahashi, Nonexpansive retractions and nonlinear ergodic theorems
in Banach spaces, Nonlinear Anal., 12(1988), 1269-1281.

T. Honda, T. Ibaraki, W. Takahashi, Duality theorems and convergence theorems for nonlineaqr
mappings in Banach spaces, Int. J. Math. Statist., 6(2010), 46—64.

N. Hussain, W. Takahashi, Weak and strong convergence theorems for semigroups of mappings
without continuity in Hilbert spaces, J. Nonlinear Convex Anal., 14(2013), 769-783.

T. Ibaraki, Y. Kimura, W. Takahashi, Convergence theorems for generalized projections and
mazimal monotone operators in Banach spaces, Abst. Appl. Anal., 2003(2003), 621-629.

T. Ibaraki, W. Takahashi, A new projection and convergence theorems for the projections in
Banach spaces, J. Approx. Theory, 149(2007), 1-14.

T. Ibaraki, W. Takahashi, Fized point theorems for nonlinear mappings of nonexpansive type
in Banach spaces, J. Nonlinear Convex Anal., 10(2009), 21-32.

T. Ibaraki, W. Takahashi, Generalized nonexpansive mappings and a proximal-type algorithm
in Banach spaces, Contemp. Math., 513, Amer. Math. Soc., Providence, RI, 2010, pp. 169—180.
T. Ibaraki, W. Takahashi, Strong convergence theorems for finite generalized nonexpansive
mappings in Banach spaces, J. Nonlinear Convex Anal., 12(2011), 407-428.

W. Inthakon, S. Dhompongsa, W. Takahashi, Strong convergence theorems for maximal mono-
tone operators and generalized nonexpansive mappings in Banach spaces, J. Nonlinear Convex
Anal., 11(2010), 45-63.

S. Kamimura, W. Takahashi, Strong convergence of a proximal-type algorithm in a Banach
apace, SIAM J. Optim., 13(2002), 938-945.

P. Kocourek, W. Takahashi, J.-C. Yao, Fized point theorems and weak convergence theorems
for generalized hybrid mappings in Hilbert spaces, Taiwanese J. Math., 14(2010), 2497-2511.
P. Kocourek, W. Takahashi, J. -C. Yao, Fized point theorems and ergodic theorems for nonlinear
mappings in Banach spaces, Adv. Math. Econ., 15(2011), 67-88.

F. Kohsaka, W. Takahashi, Generalized nonexpansive retractions and a prozimal-type algorithm
in Banach spaces, J. Nonlinear Convex Anal., 8(2007), 197-209.

F. Kohsaka, W. Takahashi, Existence and approximation of fized points of firmly nonexpansive-
type mappings in Banach spaces, SIAM J. Optim., 19(2008), 824-835.

F. Kohsaka, W. Takahashi, Fized point theorems for a class of nonlinear mappings related to
mazimal monotoneoperators in Banach spaces, Arch. Math. (Basel), 91(2008), 166-177.

L.J. Lin, W. Takahashi, Attractive point theorem for nonspreading mappings in Banach space,
J. Convex Anal., 20(2013), 265-284.

W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4(1953), 506-510.

U. Mosco, convergence of convex sets and of solutions of variational inequalities, Adv. Math.,
3(1969), 510-585.

K. Nakajo, W. Takahashi, Strong convergence theorems for nonexpansive mappings and nonex-
pansive semigroups, J. Math. Anal. Appl., 279(2003), 372-379.

Z. Opial, Weak convergence of the sequence of successive approxrimations for nonexpansive
mappings, Bull. Amer. Math. Soc., 73(1967), 591-597.

S. Reich, A weak convergence theorem for the alternative method with Bregman distance, in The-
ory and Applications of Nonlinear Operators of Accretive and Monotone Type (A.G. Kartsatos
- Ed.), Marcel Dekker, New York, 1996, pp. 313-318.

W. Takahashi, A nonlinear ergodic theorem for an amenable semigroup of nonexpansive map-
pings in a Hilbert space, Proc. Amer. Math. Soc., 81(1981), 253-256.

W. Takahashi, Nonlinear Functional Analysis, Yokohama Publ., Yokohama, 2000.

W. Takahashi, Conver Analysis and Approzimation of Fized Points (Japanese), Yokohama
Publishers, Yokohama, 2000.

W. Takahashi, Fized point theorems for mew nonexpansive mappings in a Hilbert space, J.
Nonlinear Convex Anal., 11(2010),79-88.



STRONG CONVERGENCE THEOREMS BY HYBRID METHOD 253

[34] W. Takahashi, Y. Takeuchi, R. Kubota, Strong convergence theorems by hybrid methods for
families of monexpansive mappings in Hilbert spaces, J. Math. Anal. Appl., 341(2008), 276—
286.

[35] W. Takahashi, N.-C. Wong, J.-C. Yao, Attractive point and mean convergence theorems for
semigroups of mappings without continuity in Hilbert spaces, J. Nonlinear Convex Anal.,
15(2014), 1087-1103.

[36] W. Takahashi, N.-C. Wong, J.-C. Yao, Attractive point and mean convergence theorems for
semigroups of mappings without continuity in Banach spaces, J. Fixed Point Theory Appl.,
16(2014), 203-227.

[37] W. Takahashi, J. C. Yao, Nonlinear operators of monotone type and convergence theorems with
equilibrium problems in Banach spaces, Taiwanese J. Math., 15(2011), 787-818.

Received: October 29, 2013; Accepted: May 20, 2014.



254

A.S. ALOFI, N. HUSSAIN AND W. TAKAHASHI



