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sequence generated by the proposed method algorithm converges strongly to a fixed point of a finite
family of nonexpansive mappings which is also the solution of a variational inequality. Numerical
examples are presented to illustrate the proposed method and convergence result. The iterative
algorithm and results presented in this paper generalize, unify and improve the previously known
results of this area.

Key Words and Phrases: Hierarchical fixed point problem, fixed point problem, nonexpansive
mapping, averaged mapping.

2010 Mathematics Subject Classification: 49J30, 47H09, 47J20.

1. INTRODUCTION

Throughout this paper, we assume that H is a real Hilbert space whose inner
product and norm are denoted by (-,-) and | - ||, respectively. We also assume that
T : H — H is a nonexpansive operator, that is, || Tz — Ty|| < ||z —y|| for all z,y € H.
The fixed point set of T is denoted by F(T), that is, F(T) ={x € H : Tz = z}. It is
well-known that F(T) is closed and convex.

Let C be a nonempty closed convex subset of H and S : C' — H be a nonexpansive
mapping. The hierarchical fixed point problem (in short, HFPP) is to find = € F(T)
such that

(x —Sz,y—x) >0, VYyeF(T). (1.1)
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It is linked with some monotone variational inequalities and convex programming
problems. Various methods have been proposed to solve (1.1); see, for example,
[1, 2, 3,9, 11, 13, 15, 17, 19, 21] and the references therein.

By using W,,-mapping [16], Yao [20] introduced and analyzed an iterative method
to find the approximate solutions of the following variational inequality problem de-
fined on the set of common fixed points of nonexpansive mappings T; : H — H,
i=1,2,...,N: Find z € N, F(T;) such that

N
<(A_’Vf)z7y_z> =0, VyE mF(Tz>7 (12)
i=1
where A is a strongly positive linear bounded operator, f : C — H is a contraction
mapping and y > 0.

By combining Korpelevich’s extragradient method and the viscosity approximation
method, Ceng et al. [8] introduced and analyzed implicit and explicit iterative schemes
for computing a common element of the set of fixed points of a nonexpansive mapping
and the set of solutions of a variational inequality problem for an a-inverse-strongly
monotone mapping defined on a real Hilbert space. Under suitable assumptions,
they established the strong convergence of the sequences generated by the proposed
schemes.

By combining Krasnoselskii-Mann type algorithm and the steepest-descent
method, Buong and Duong [5] introduced an explicit iterative algorithm for find-
ing the approximate solutions of a variational inequality problem defined over the set
of common fixed points of a finite number of nonexpansive mappings in the setting
of Hilbert spaces.

Recently, Zhang and Yang [22] and Bnouhachem et al. [4] considered a more
general form of variational inequalities and proposed iterative methods for computing
the solutions of such problems.

In this paper, motivated by the above works and related literature, we introduce
an iterative algorithm for hierarchical fixed point problems of a finite family of non-
expansive mappings in the setting of real Hilbert spaces. More precisely, we use the
same ¥y, as in [4] and we propose another way to compute 1. We establish a strong
convergence theorem for the sequence generated by the proposed method. In order to
verify the theoretical assertions, some numerical examples are given. The algorithm
and results presented in this paper improve and extend some recent corresponding
algorithms and results; see, for example, [5, 7, 15, 17, 19, 21, 22] and the references
therein.

2. PRELIMINARIES
We present some definitions which will be used in the sequel.

Definition 2.1. A mapping 7 : C — H is said to be k-Lipschitz continuous if there
exists a constant k£ > 0 such that

If k =1, then T is called nonexpansive. If k € (0,1), then T is called contraction.
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Definition 2.2. A mapping T : C' — H is said to be

(a) monotone if

(Tox —Ty,r —y) >0, Vo,yeC;
(b) strongly monotone if there exists an o > 0 such that
<T$—Ty,l‘—y> ZO{”JZ—y”Q, anyec-
Definition 2.3. [20] A mapping T : H — H is said to be an averaged mapping if
there exists a € (0, 1) such that
T=(1-a)l+as, (2.1)

where I : H — H is the identity mapping and S : H — H is nonexpansive. More
precisely, when (2.1) holds, we say that T is a-averaged.

Notice that the averaged mapping T is also nonexpansive and Fix(T) = Fix(S5).
We list some fundamental lemmas that are useful in the consequent analysis.

Lemma 2.1. [6, 10] If the mappings {T;}., are averaged and have a common fized
point, then

ﬁF(Ti) = F(T\Ty...Ty).

In particular, if N =2, we have F(Th) N F(Ty) = F(Th\T) = F(TxTy).

Lemma 2.2. [12] Let C be a nonempty closed convex subset of a real Hilbert space
H. If T : C — C is a nonexpansive mapping with F(T) # (), then the mapping
I —T is demiclosed at 0, i.e., if {x,} is a sequence in C' weakly converges to x and if
{(I =T)x,} converges strongly to 0, then (I —T)x = 0.

Lemma 2.3. [18] Assume {a,} is a sequence of nonnegative real numbers such that
apy1 < (1 - Un)an + 5n7

where {v,} is a sequence in (0,1) and 6, is a sequence such that
(o]
(i) >0 vn =095
n=1

o0
(if) limsup d, /v, <0 or . |d,] < 0.
n=1

n—oo

Then, lim a, = 0.
n—oo

Lemma 2.4. [14] Let H be a real Hilbert space. The following inequality holds:
2 +yl* < l|2[* + 2(y, x +y), Va,y€ H.

3. MAIN RESULTS

In this section, we suggest and analyze an iterative method for finding the solution
of hierarchical fixed point problem (1.1).

Let C be a nonempty closed convex subset of a real Hilbert space H. Let {T}}Y,
be nonexpansive mappings on C' such that Q = ﬂfil F(T;) #0,and f: C — C bea
contraction mapping with a coefficient 7.
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Algorithm 3.1. For arbitrarily zp € C, the iterative sequences {z,,} and {y,} are
generated by

Yn = np + (L — o) TRTR ... Ty (3.1)
Tnt1 = O f(Yn) + Bntn + W IRTR 1 - T Yn, Yn >0, .

where T = (1 — 64)I + 04 T; and &% € (0,1) for i = 1,2,..., N, and {a,}, {8,} and
{vn} are sequences in (0, 1) with a,, + 3, + 7, = 1 satisfying the following conditions:

n— oo

(a) lim «, =0, Zan = oo and Z |1 — ap| < o0,
n=0 n=1
(b) {Bn} Clo,1) and li_>m Bn =<1,

(©) > Pnet =l < oo and 3 18L_y — 8| < 0o for i =1,2,...,N.

n=1 n=1

We list some useful and helpful lemmas.
Lemma 3.1. Let
vy = o f(xe) + Brre + INTN 1 - - T1' 2y, (3.2)

where T = (1 — 6¢)I + 64T; and 6, € (0,1) fori =1,2,..., N, ay, B, v € (0,1),

ar+ B+ =1, %iH(l) ar =0 and }in(l) By = B € (0,1). Then x; converges strongly to
— —

T€Qast— 0.

Proof. First, we show that {z,} is bounded. Let w € Q. Then, we have

e f(xe) + Bexe + INTN 1 - T1'zs — w]|

ol f(ze) —w| + Belley — wll + V| TNT Ny - - T2y — w|

o7llwy — wl| + o f(w) — wl| + (1 — ap)|[e — w]|

(1= ou(1 = 7))llze — wl| + ae[ f(w) — w]]

[z —wl

VANVANNVAN

which implies that
17 w) — wl
1—7
Hence {x:} is bounded and consequently, we deduce that {TRTx _,...Tx:} and
{f(x¢)} are bounded. It follows from (3.2) that

lze=TNTN 1 TVe|| = [Jae(f(ze) =TNTN_1 - TV @)+ Be(@e —=TNTN 1 - - T @)

ey — 2™ <

Hence
Qg

1—f

Since lim oy = 0 and lim 3, € (0,1), we have
t—0 t—0

|zt = TNTN_q - TT'2e]| = I f(ze) = TRNTN 1 - TV x|
lim lze = TNTN_1 -+ Ti'z|| = 0. (3.3)

Assume {t,} C (0,1) is a sequence such that ¢,, — 0 as n — co. Put x,, := x;,. Since
{x,} is bounded, we may assume that {z,} converges weakly to a point Z € C.
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By Lemma 2.2, we have & € 2. Then for 2 € 2, we get

lae = Z* = (oe(f(2) — ) + Be(we — &) + w(TRTN_y - Tl — &), 20 — T)
< aytlay — F® + a(f(E) — & 00 — B) + Bellwy — F? + yellme — 2]
Hence,
- 1 -
e — &) < T (@) =32 - 3)
In particular, we have
- 1 - -
2 — 2% < T (@)~ T, 20— ). (3.4)
Since x,, — Z, from (3.4), we obtain x,, — Z. O

Lemma 3.2. Let 2* € Q and {x,} the sequence generated by Algorithm 3.1. Then,
(a) {xn} and {y,} are bounded,

(b) lim ||2p41 —2n] =0,
n— o0

(¢) lim |lwp —TRTR_,...TTxy| = 0.
n— oo

Proof. Let z* € Q. Then, we have

Iy — 2"l = (1= @) (THTR ... Tien — 2*) + an(an — 2"
< (L-an)lan — ] + anllzn — 2|
= lzn =2 (3.5)

Next, we prove that the sequence {z,} is bounded. From (3.1) and (3.5), we have

lentr — 2% < |lanf(Yn) + Boyn + W ITNTN_1 - - T{yn — 7|
< anllflyn) — 2| + Bullyn — 2| + Yl TR TR 1 - - - TT Y — 2|
< aurlly — o+ @l F@) = 27l + (1 - )y — |
= (-0l = Pl - 2 + allFa) - 2|
1
< S *) % ]
< max{llo, - o'l (1) - 7D }

By induction on n, we obtain ||z, — x*|| < ||zo — z*||, for n > 0 and zy € C. Hence,
{z,} is bounded and consequently, we deduce that {y,}, {Tyn}, {T1xn+1}, |77 @n+1]l,
IToTT anall, oy TRy T @ngll, ITNTR - T gl TN G T7 gl +
ITNTEY o T T2 o TP V| TN TR o T V| and { ()} are
bounded.

It follows from (3.1) that

[9n = yn—1ll = [(1 = an) TR TN - .. TV'Tn + pn,
—[(Q = )T TR T g+ 1] ||
=1 = an)(TRTR_y .. Ty — Ty T T )
—(ap — an,l)TKflT]\l,:ll e Tlnflmn,l +ap(xy —xpo1) — (-1 — ap)Tp_1]]
<Nan—1 —znll + 1 — )| TRTR_y - Tl ey — T TRt TP |

+la, — an,1|HTj\LflT]’\’,:11 .. Tlnflxn,l —Zp_1]- (3.6)
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It follows from the definition of 77" that
T3 Ty — T3~ I |
<Ny = T3yl + T3 Ty — T3 717 ]
<N Ty = T7 | + T3 Ty — T3 I |
<N = 63)yn + 0, T1yn — (1= 63 1)yn — 0y Tl
HIQ = )Ty + Ty — (1= 65 )Ty — 0p T2 |

< 18n = Snal (gl + 1 T1yml) + 167 = 6 [T yull + I TT7 " ll)- - (3.7)

and from (3.7), we have
HTnTnTn o Tn—lTn—lTn—l ||
34241 Yn 3 2 1 Yn
< ”TnTnTn _ TnTnflTnfl || 4 HTnTnflTnfl _ TnflTnflTnfl ||
> (L3 L2471 Yn 342 1 Yn 342 1 Yn—43 Lo Ly Yn
<NTE Ty — T3 Tyl + 111 = 05T ™ Ty + O T T M Ty
—(1 =63 )Ty Ty — 6 T5T5 Ty
<165 = n 1| (lymll + 1 T1ynll) + 162 — 61 [(IT7  ymll
HITT ynll) + 165 — 6o [T Tyl + I TT5 7 ) (3.8)
It follows by induction on N that
ITRNTR 1 - T3y — TN TR, T |
<183 = Sna [ Ulynll + 1 Taynll) + 162 = 67 o [(ITE oyl + 1T yall)

Ho 10 = TN TPl + TV TR T ). (3.9)
Similarly,

| TRTR - TP wy — T TRy T |
<05 = Sp_al(llnll + 1 Tvaall) + 165 — 05 1 (1T~ aa | + [ TRT7 2]

o O = SN (TR T e | | TN T Ry T ). (3.10)
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It follows from (3.6), (3.9) and (3.10) that

||xn+1 — |

= Han(f(yn) - f(yn—l)) + Bn(yn - yn—l)
A (TRTR o TPy — T YTy T )
+(an - an—l)f(yn—l) + (6n - ﬂn—l)yn—l
+(yn — 'Ynfl)T;\lrilT;\llill e Tlnilynle

< (1= an(=7)lyn = Yn-all + W TRTR 1 Tiyn = TN TNy T |
+|Oln - an71|||f(yn71)” + |ﬁn - anlmynle
= lITN TN T Y|

<A =an(l =m)zn = 2p-1ll + lan — an—1[([|f(yn-1)]
HITR TR 1 - T7 a1 — @ ])
+18n = Br-tllyn=1ll + 1 = Y1 I TR TRy - T3 |
AVl TRTR - Ty = TN TR T |
+(1— @) TRTR .. TPa, — T " T T |

< (1 - an(l - 7'))||$n - mn—1|| + |0‘n - O‘n—1|(||f(yn—1)||
HITRTR . T ey — 2 q]))
+18n = Br-tllyn—1ll + 1 = Y1 I TR TRy - - - T3y |
+16, = 65 1| (lynll + I T1ynll + znll + [ T12n]])
+[62 = 62 NTT  ynll + 1 TTT oyl | + 1T ||+ 1T )
o 0N = SN TR T oyl ITNTR S - T ]
HITRZL TP || + | TNTRZY - T )

< (1 —ap(l— 7—))”5571 - xn,1||
+lom = a1 |(1f wn-DIl + ITRTR 1 - TP en1 — || + llyn-al)
Hm = Yo l(ITHTR 1 - TPyl + g
03 = Sp—1|[U[ynll + | Taynll + |nll + [ Tazn])
+162 = 62 [T ynll + I T2TT " ynl| 4+ 177 || + 1 T2TY " )
o 0N = S TN T oyl ITNTN - T ]
HINTR LT |+ I TNTR - T )

<1 =an(l=)Tn — a1l + M(Jan — an—1| + [0 — Yn-1] + 6L — 6% _1]
B [ Y [ S A MY )

where
M = max { sup,sy (1 a0l + ITETE_y - TP 201 = 2l + ynal)
sup,sy (ITRTR 4 - T ()| + lyma )
supps ([9nll + [ Ten | + lzall + | Trzal])

supp>1 (173 yll + 17213yl + 17 | + 1 T2 T ) }

et sy (TR0 Tyl TN T
T T+ TN TR T ).

It follows by conditions (a) and (c) of Algorithm 3.1 and Lemma 2.3 that

lim ||2p+1 — 2] = 0.
n—oo
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It follows from (3.1) that

(|2 = TRTR 4 ... T @y

<N@wpt1 = @l + |Tnp1 = TRTR _y - TT@n|

< nt1 — 2ol +anll f(yn) = TRTR 1 - TT 20|
+Bnllyn = TRTN_y - - TVl + Wl TNT R 1 - - TTYn — TNT Ny - T 2|

< |@nt1 — @all + anll f(yn) — TNTN_-- Ty ||
+Bnllyn — TNTN_1 - - Tl + Yo llyn — @4l

= 1zni1 — 2|l + anll f(yn) = TRTR ;- TT' 20|
+(Bnan + (1 = an ITRTR _y - T @0 — 20|

< N@ns1 — ool + anll fyn) = TRTR - TT @0
+(Bnon + V)| TR TN -1 -+ TT' %0 — 2n |

= [|2nt1 — @nll +anll flyn) = TRTN_; - T @0l
F(1 = Bn)(X = an) [[TRTN ;- - TT' 0 — T4 |

< ngr =zl + anllf(yn) = TRTR ;- TT 2y ||
FA = B)ITRTN 1 - TTwn — @all,

which implies that

/Bnllxn - TJKLIT]\}—l s Tlnxnll S ”xn-‘rl - mn“ + O‘an(yn) - TIT\}T]\LI—l s Tlnan

Since lim o, =0,0< lim S, <1and lim ||z,+1 — 2, = 0, we have
n—00 n—oo n— o0
lim ||, — TNTN_q1... T z,| = 0. O
n—oo

Theorem 3.1. The sequence {x,} generated by Algorithm 3.1 converges strongly to
z, which is a unique solution of the following variational inequality:

(z—f(2),z—x) <0, Vaxe (3.11)
Proof. Given a real number ¢ € (0.1). We define a mapping W : C' — C by
W(zy) = arf(we) + Beve + i TNTN 1 - - - TV @4,
where ay, B¢, v € (0,1), ar + Bt + v = 1, }E%Oét =0 and }ii%ﬁt € (0,1). Tt is easy to
see that W is a contraction on C. Let x; € C' be a unique fixed point of W. Thus z;

is a unique solution of fixed point equation (3.2).

Next, we claim that limsup(z — f(2),z — xz,) < 0, where z = PH(I) x¢. It follows
n—00 -

from Lemma 3.1 that z € (). Putting
an(t) = Wl TNTN-1 - TT w0 — 20 {20 — ) [|we — 2n | + TR TR —1 - - - T1' 20 — 2|},
and letting a,,(t) — 0 as n — co. By using Lemma 2.4, we obtain
[ — 2
= [low(f(xe) — @n) + Be(e — xn) + 9 (TRTR 1 - - Ty — ) |12
<|Be(we = wn) + e (TRTR_y - Tl — ) |1? 4 200 f(24) = Ty 21 — T0)
< ((5:& +yllze — onl + Rl TNTR - T2, — an)Q + 204 (f () — T4, 74 — Tn)
20 || w0 — 4 ||?
= (1= a)?llze — zall® + 271 — ar) |0 — 21T TR —y - - - TT 20 — 24|
FYENTRTR . TPy — 2 ||? + 20 (f (T0) — @4, T — Tp) + 20|, — 24 ||?
= (L4 o)z — xn|® + an(t) + 200 (f (1) — 24, 20 — T0),
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which implies that
« an(t
(@0 = @), 0= ) < el =zl + 220,

It follows that

M/
limsup(e, — f(2r), 20 — @n) < o,
n—oo 2

where M’ > 0 is a constant such that M’ > ||z; — x,||?> and t € (0,1). Taking the
limsup as ¢t — 0 in (3.12), we get

(3.12)

limsup(z — f(2),z — z,) < 0.

n—00

Next, we show that x,, — z.

[Znt1 — 2|2

= lan(f(yn) = 2) + Bu(yn — 2) + Y (TR TRy - - - Ti'yn — 2)|1?

<|1Bn(Yn — 2) + W (INTN_1 - - - TTYn — Z)||2 + 200 (f(Yn) — 2, Tnt1 — 2)

< (Bn +70)2Mlyn — 2|” + 200 (f (yn) — f(2), Tni1 — 2) + 200 (f(2) = 2,241 — 2)
(1= an)?llyn = 2I1° + 2007 lyn — 2| |Tns1 — 2] + 200 (f(2) = 2, Zn41 — 2)

(1= an)?|@n = 2|* + 20072 — 2l|[|2n11 — 2]l + 200 (f(2) = 2, Zp11 — 2)

(1- an)2Hxn - ZH2 + a7 ([|7n — Z||2 + |zn41 — Z||2) + 200 (f(2) = 2, Tp41 — 2)
(1-2-7)an+ a%)”xn - ZH2 + anTl|Tn41 — ZH2 + 200 (f(2) — 2, Tpt1 — 2),

AN IAIA

which implies that

1—(2—7)an +a? 2a
_ 2 < n n _ 2 n _ _
fonss —2fp < TETE ey O () g —2)
20, (1 —7)
= <1 - 1) |zn — 2||?
—apT
20, (1 = 7) ({f(2) = 2,Tnt1 — 2) Qn 2
T ar 1-r a2 )
Let
200,(1 —
v, = 20n(l=7)
1—a,T
and
2 n ].7 T <ydn - n
5, = o ( T) <f(2) %y Tnt1 Z> + a ||:En—z||2 )
1—ant 1—7 2(1—17)

o0
Since E o, = oo and

n=1

1
nmsup{ (1) = 5101 = 2) 4 5 o = z||2} <0,

nooo | 1—7 2(1—71
it follows that
o0 5n
Z v, =00 and limsup — <0.
1 n—oo Un

Thus all the conditions of Lemma 2.3 are satisfied. Hence we deduce that z,, — 2.
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Next we show that z solves the variational inequality (3.11). It follows from (3.2)

that

Ty — f(il't) = —%("Et — T]@T]”\llfl . T{L(Et)

Since I —TRT3_, ... T is monotone. Then for any w € €2, we have

(¢ — f(2¢), 20 — w)

e
t
Yt n n n T T

— _OTt«I— TNTN - T (@) = (L = TNTR -y - T (W), 2 — w)

o (3.13)

Taking the limit through ¢ — 0 ensures that z is a solution to (3.11). Since the
operator I — f is 1 — 7 strongly monotone, and we get the uniqueness of the solution
of the variational inequality (3.11). This completes the proof. O

4. EXAMPLES

To illustrate Algorithm 3.1 and the convergence result, we consider the following

examples.

3n+1

it

It is easy to show that the sequences {a, }, {8, } and {v,} satisfies the conditions

(a), (b) and (c). Let 0}, = A5y fori=1,2.

> 16,16l
n=1

Example 4.1. Let a,, = m, Bn = % and v, =

o0

D

n=1
e}
n=1
< oo

n—+1 n+i1+1

n—1+1 n+i‘

1
(n+i)(n+1+i)

Then, the sequence {§% _;} satisfies condition (c).
Let R be the set of real numbers, and let the mapping 7; : R — R (i = 1,2) be
defined by

Ty (x) =sin(x), Ta(x) = g, Vo € R,
let the mapping f : R — R be defined by
T
f(z) = ﬁ,Vx eR.

It is easy to show that T;(i = 1,2) are nonexpansive mappings, and f is contraction
mapping with a coefficient % It is clear that

2
Q= F(m) = {0}.
i=1
We compare Algorithm 3.1 with the algorithm given in [4]. For the algorithm given in

[4], we take the mapping 7": R — R be defined by T'(z) = 222,V € R. It is easy to
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show that T is a 1-Lipschitzian mapping and %—strongly monotone. In all the tests for
the algorithm given in [4], we take «,, = m7 Bn=-andvy, =%, p=35, =1,
n = %, k=1and 7 = % It is easy to show that the parameters satisfy 0 < u < %Z

and 0 < pr < v, where v = p (17 - %kz) We also use the same Tj, {5} for i = 1,2.

All codes were written in Matlab, the values of {y,} and {z,} with different n are
reported in Table 4.1.

Table 4.1: Numerical results for Example 4.1

x1 = 30 zr1 = —30

Algorithm 3.1 Algorithm of [4] Algorithm 3.1 Algorithm of [4]

Yn Tn Yn Tn Yn ZTn Yn ZTn
n=1 11.392213  30.000000 | 30.000000  30.000000 -11.392213  -30.000000 | -30.000000  -30.000000
n=2 0.843022 3.935512 5.487062 29.696429 -0.843022 -3.935512 -5.492110 -29.727041
n=3 0.232880 0.445593 0.820945 11.494050 -0.232880 -0.445593 -0.826800 -11.525865
n=4 0.063751 0.127733 0.122208 3.477624 -0.063751 -0.127733 -0.118849 -3.505247
n=>5 0.016569 0.034800 0.176840 0.954470 -0.016569 -0.034800 -0.179105 -0.971114
n=~6 0.004113 0.008975 0.068600 0.365579 -0.004113 -0.008975 -0.071490 -0.381635
n="7 0.000983 0.002212 0.024409 0.138283 -0.000983 -0.002212 -0.027026 -0.153204
n=8 0.000228 0.000526 0.008126 0.048993 -0.000228 -0.000526 -0.010336 -0.062332
n=9 0.000051 0.000121 0.002343 0.014924 -0.000051 -0.000121 -0.004194 -0.026714
n=10 0.000011 0.000027 0.000363 0.002422 -0.000011 -0.000027 -0.001927 -0.012877

Remark 4.1. Table 4.1 and Figures 4.1 and 4.2 show that the sequences {y,} and
{zn} converge to 0, where {0} = €. Table 4.1 shows that the convergence of Algorithm
3.1 is faster than the algorithm given in [4].

Example 4.2. In this example we take the same mappings and parameters as in
Example 4.1 except T; and f.

Let the mapping T; : R — R (i = 1,2,3) be defined by Ti(x) = cos(l — ),
To(z) = sin(z — 1) + 1, T3(z) = =22+2 Vz € R, let the mapping f : R — R
be defined by f(z) = 225, Vz € R. It is easy to show that T;(i = 1,2,3) are
nonexpansive mappings, and f is a contraction mapping with a coefficient % It is

clear that Q = "?_, F(T;) = {1}. Let 6}, = -2 for i = 1,2, 3.

T n4it+l
Table 4.2: Numerical results for Example 4.2
x1 = 20 x1 = —40

Algorithm 3.1 Algorithm of [4] Algorithm 3.1 Algorithm of [4]

Yn T Un T Un T Yn T
n=1 || 5.346649 _ 20.000000 | 20.000000 _ 20.000000 || -8.189901 _ -40.000000 | -40.000000 _-40.000000
n=2 || 1.292003 _ 2.309806 | 3.314436 _ 19.911168 || 0.870725  -1.889556 | -3.511899  -39.809921
n=3 1.004779 1.077550 0.821715 7.456106 0.998646 0.970275 0.728508 -12.572762
n=4 || 1.000035 1.001112 | 1.245361 _ 2.480472 0.999990 _ 0.999686 1.401251 -2.596434
n=5 || 1.000000 _ 1.000008 | 1.027777 _ 1.553479 1.000000 _ 0.999998 1.106490 0.400880
n=6 || 1.000000 _ 1.000000 | 0.996338 _ 1.158989 1.000000 __1.000000 1.005119 0.929753
n=7 || 1.000000 _ 1.000000 | 0.998314 _ 1.036860 1.000000 __ 1.000000 1.000795 0.986125
n=8 || 1.000000 _ 1.000000 | 0.999618  1.007825 1.000000 __ 1.000000 1.000154 0.996999
n=9 || 1.000000 _ 1.000000 | 0.999927  1.001556 1.000000 __1.000000 1.000036 0.999252
n=10 1.000000 1.000000 0.999990 1.000232 1.000000 1.000000 1.000012 0.999738

Remark 4.2. Table 4.2 and Figures 4.3 and 4.4 show that the sequences {y,} and
{xy} converge to 1, where {1} = Q. Table 4.2 shows that the convergence of Algorithm
3.1 is faster than the algorithm given in [4].
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Figure 4.1: The convergence of {y,,} and {z,} for Algorithm 3.1 and {x,} for the
algorithm given in [4] with initial value 1 = 30.
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