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for k-lipschitzian (k > 1) mappings in a Banach space which are n-rotative with n > 3. In the
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1. INTRODUCTION

Let C' be a nonempty closed convex subset of a Banach space X. A mapping
T :C — C is called k-lipschitzian if for all x,y in C, |[Tx — Ty| < kllz —y||. Tt
is called nonexpansive if the same condition with £ = 1 holds. In general, to assure
the fixed point property for nonexpansive mappings some assumptions concerning the
geometry of the spaces are added (see [13]). Another way is to put some additional
restrictions on the mapping itself.

Such a condition imposed on the mapping may be rotativeness. A mapping T': C —
C is called (a, n)-rotative if there exists an integer n > 2 and a real number 0 < a < n
such that for any = € C,

le — T"z|| < a|lz — Tx||. (1.1)

In 1981, K. Goebel and M. Koter [3] showed that the condition of rotativness is
actually quite strong; it assures the existence of fixed points of nonexpansive mappings
even without weak compactness, or another special geometric structure of the set C.
They obtained the following
Theorem 1.1. ([3]) If C is a nonempty closed convex subset of a Banach space X,
then any monexpansive rotative mapping T: C — C' has a fized point.

Rotativeness is independent of nonexpansiveness. Therefore if we consider k-
lipschitzian mapping with k& > 1, the condition of rotativeness (1.1) assures the exis-
tence of fixed points provided k is not too large.

Namely, we have the following
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Theorem 1.2. ([4]) If C is a nonempty closed convex subset of a Banach space X,

then for any n > 2 and a < n there exists v > 1 such that any (a,n)-rotative and

k-lipschitzian mapping T: C — C has a fized point provided k < -y.

Clearly, v which appears in the above theorem depends on a,n and the space in which

the set C is contained. Thus it is convenient to define the function ;X (a) as follows
7X(a) = inf{k: there is a closed convex set C' C X and a fixed point free

k-lipschitzian (a,n)-rotative selfmapping of C'}.

In general, precise values of v:X (a) are unknown. If n > 2 is an arbitrary, from Kirk’s

theorem [12], it only estimates from below of the function ;X (a) at a = 0 are known.
Namely,

9 forn =2,
X

0) >
Tn ( ) n\1/n12 (_1+ n(n_l)—%) for n > 2.

n—

It follows from the above that 5 (0) > 1.1598; v (0) > 1.0649; v (0) > 1.0351;
75 (0) > 1.0219. Some better results can be obtained for n = 2 (see [13], p.326).
Theorem 1.3. ([13]) In an arbitrary Banach space X,

73 (a) >max{; <2fa+ \/m),

é<a2+4+\/(a2+4)2—64a+64> } ac0,2).

One can check that the first term gives better evaluation for a € [0,2(v/2 — 1)],
while the second one for a € [2(v/2 — 1),2).

In 1999, J. Gérnicki [6] gave an evaluations of ¥4 (a) and v4” (a). In 2000, M. Koter-
Moérgowska [15] gave an evaluation of 47 (a) in a Hilbert space for n = 3,4,5,6. In
2005, J. Gérnicki and K. Pupka [7] gave estimate for the function v;X (a) in all Banach
spaces for n > 3.

In the paper, studying some three modifications of Halpern’s iterative procedure [8],
we give conditions providing existence of fixed points of rotative firmly k-lipschitzian
mappings in a Banach space.

The notion of firmly nonexpansive mapping was introduced in 1973 by R.E. Bruck
in [1]. The same class of mappings has been studied independently by K. Goebel and
M. Koter in [2], where adopted a different name i.e. regularly nonezpansive mapping.

A mapping T: C — C is said to be firmly k-lipschitzian if for each ¢t € [0,1] and
for any z,y € C,

1Tz — Tyl < |[k(1 = t)(x — y) + t(Tz = Ty)]|. (1.2)

Of course each firmly k-lipschitzian mappings is k-lipschitzian.

In 1986, M. Koter [14] received theorems for the existence of fixed point for firmly
k-lipschitzian and 2-rotative mappings in a Banach space. In 1996, W. Kaczor and
M. Koter - Mérgowska [11] obtained some results concerning asymptotic behaviour
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of firmly k-lipschitzian and rotative mappings. Some theorems on fixed points of
A-firmly nonexpansive mappings one can find in [9, 10, 17].

We now give an example of rotative firmly lipschitzian mapping.
Example 1.4. Let X = C'[0, 1] be a space of continuous functions on [0, 1] with norm
2]l = sup,cjo,1) [#(t)|. Define a set €' C X as follows

C = {x € C[0,1]: = is nondecreasing and z(0) =0, z(1) = 1}
and a mapping T: C' — C by formula
Tx(t) = kmax {Z(t) - (1 - ;) ,0} , where k > 1.

Note what the mapping T is k-lipschitzian and moves each point the same constat
distance 1 — % Moreover

le—Tral =1 — = (14240 ) (1-1
R k Jn—1 k
"1
:ZWH%T:EH.
j=1

Taking a = Z?:I it for k > 1 we getting that a € (1,n). That implies that 7T is

(Z;;l =1, n)-rotative. Therefore for a € (1,n)

1
— =a,.

n
Cl0,1] \ .
¥ P (a) < sup 5>1'Zsj
j=1
Now we show that T is also firmly k-lipschitzian, i.e. for every « € [0,1] holds
[E(1 = a)(z —y) + ao(Tz = Ty)|| > ||Tz — Tyl|. (1.3)

Let us fix ¢t € [0, 1] and let be

Ao (t) = [k(1 = a)[z(t) — y(8)] + a[Tx(t) — Ty(t)]|-
If 2(t) <1— 4 and y(t) <1 — £, then

Aa(t) = k(1 = a)lx(t) —y(t)] = 0 = [Tz(t) — Ty(t)] .
If y(t) <1 — 4 < x(t), then

it oo~ (1) - -3)
) |

:k[m(t)—<1—;

Ifz(t) >1—  and y(t) > 1 — £, then
Aa(t) = k(1 = )[z(t) — y(O)] + akz(t) — y(D)]| = k|z(t) —y(t)] = [Tx(t) - Ty(1)]-
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Thus, for any t € [0, 1] we have:
Aa(t) 2 |Ta(t) — Ty(t)],

which implies (1.3). O

2. MAIN RESULTS

We will start with the following two lemmas:
Lemma 2.1. ([5]) Let C be a nonempty closed convex subset of a Banach space X
and let T: C — C be a k-lipschitzian. Assume that A,B € R and 0 < A < 1 and
0 < B. If for an arbitrary x € C' exists u € C such that

[Tu = ul| < ATz — 2|

and
[u—z| < B|Tz — |,

then T has a fized point in C.

Lemma 2.2. Let C be a nonempty subset of a Banach space X and mapping T: C —
C be a firmly k-lipschitzian (k > 1) and (a,n)-rotative (n > 2), then for x € C we
have

- . k n—1 n—1 ]{3 7 .y 1— ]{}j71

=2

Proof. Let n > 2. Note at the beginning that for a firmly k-lipschitzian mapping

T :C — C putting in (1.2), ¢t = kiﬂ we obtain

k
k+1

[Tz —Ty| < le —y+ Tz =Tyl (2.1)

Using the condition (2.1) two times, we obtain

k
|77 e — Tz < mHT"*Qx — T g T e — T
k
= mHT"_Qx — Tz

Eo\2
< —) [T B30 T e+ T 20 — Tz
k+1

k 2
= (M) HTTL—3x_Tnx+Tn—2x_Tn—le

k 2
< (k+1> <||T”’3x — || 4 || 2 — T"’le).
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Repeating this estimating operation, we get

E \>/[ k
Tn—l _Tn < "= 4 Tn—l Tn—3 _n
e -1l < (5 ) (gl P4 T T

+ HTn72x o TnliL'”)

E\°/ k& i)
< n— _qmn
(k+1) (k+1”T Tl

+ mHT” 3 — T lal| + | T2 — T”1w||>

<.

(e ()

k n—
T Tn= 1
+<I<:+1> Tz — x|+ ..

n— 3 _ gqm-—1 n—2,, _ qn—1
+7k+1”T T ||+ || T %2 —-T x||>

Finally, using the fact that mapping T is (a, n)-rotative and k-lipschitzian, we have

k k n—3
n—1,, _ 7mn <
17" e = T"] (k+1) ( <k+1>
1 — kit
( ) jl_k>||xT=’17||,

which completes the proof. O

\M\

Let us mark
n—1 n—1 7 j—1
-1 2 s 2 s n—jy1l—8
n(a) = su s>1:a%as| —— + o s ————

11—
+a221—a31 i +a(l —a)as+ (1 —a)"s" ! — 1—0}

T 1-s5

J 1 j—1
; S
> g™ Jj+1

n—1 n—1
=2 2 S 2 S
= > 1: —_— E
i (a) sup : {s a‘as <s—|— 1> + « < <s+ 1

ae(0,1 1—s
n—1 ;

+a?s™ Z(l — )it L= +a(l—a)" s" o+ (1-a)"s" 1 —1=0
=2 1=

n—1
=3 2 S
Anla) = sup <s>1:aa+a‘as () +1
(a) ae(0,1) { ( s+1
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n—1 J j—1
2 S njy1l—s
o jz_;(s—i—l) § 1-s

n—j

n—1
. iy
+a? ;(1 - 04)7_1331758 +(1-—a)s"t—1= 0},

where a € [0,n), n € Nand n > 2.

Now we are ready to formulate the main theorem of the paper.

Theorem 2.3. Given an integer n > 2 and let C' be a nonempty convex closed
subset of a Banach space X. If T: C — C is firmly k-lipschitzian (k > 1) and
(a, n)-rotative mapping such that

k < max {7, (a), 7;(a), 7(a)},

then T has a fized point in C.

Proof. We must take three cases into consideration.

Case I. We consider the following sequence: let x be an arbitrary point in C| i.e.
o =x € C' and

x1 = axg + (1 — a)T'xo,
xe = axg + (1 — )Tz,
Tp—o = axg+ (1 — @)Tan_3,
Tno1=aT"xog+ (1 — @)Txp_2,
where a € (0,1). Put z = z,_1, then
|z —Tz|| = |aT"xo 4+ (1 — a)Txp_2 — Tz||
=la(T"zo —Tz)+ (1 — a)(Txp_2o —T2)| (2.2)
< ak||T" tog — 2| + (1 — Q)k||zn_o — 2||.
Now, we have evaluation
1T 2o — 2| = || T t2g — aT"zo — (1 — a)Txp_o|
= |l(T" twg — T™x0) + (1 — ) (T" 2o — Tap )| (2.3)
< al|T" tag — Tl 4+ (1 — Q)k|T" 220 — 2n_2||,
where
(1 — Q)k||T" 220 — 22| = (1 — QK| T" 220 — axo — (1 — )Tz, _3]|
= (1 - a)klja(T" 2z¢ — z0) + (1 — )(T" 220 — Txp_3)||
< (1 — @)ak||T" 2o — xo|| + (1 — a)?E2 || T" 320 — 2p 3| < ...
<a(l —a)k||T" %z — zo| + (1 — @)k T" 320 — 20|

+a(l — ) k3| T 420 — zo|| + - + a(l — a)" k" 2| Tz — x0]|.
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Finally, using only the triangle inequality and the fact that T is also k-lipschitzian we
get

k” i
(1 —a)k|T" 2z — 2p_s|| < a Z (1—a) k- 11 — ||Tzo—xoll, (2.4

and consequently from (2.3), (2.4) and Lemma 2.2, we obtain

E\" — 1k
Ttz — 2| < v o 2.
7" o = 2] (O‘a<k+1> 22<k:+1> 1k (2:5)

n—1 knij
+ad (1—a) k- 11_I€>||Tm0—a:o||,
j=2

For the next expression in (2.2), using (1.1), we have the following evaluation

|xn—2 — z|]| = lazo + (1 — )T xp—3 — aT"xo — (1 — @) Tzp—2]|
= ||a(zo — T"2z0) + (1 — @) (Txpn-3 — Txp_2)|
< aallzg — Txol| + (1 — @)k||xn—3 — Tp_2| < ... (2.6)
< aallzo — Taol| + (1 — )" 2k"?|lzo — 1|

(aa+ (1= )" k") [|wo — Twol|.
Combining (2.2) with (2.5) and (2.6) yields

k n—1 n—1 k J ] 1—]€ 1
— T2 <| o? _ 2 _v n—j+1-__ "
||z 2|l (a ak‘(k+1> +a ]E_Q(kJrl) k T %

n—1 . 1_ kn_j
+a®) (1 —a)ﬂ—lkﬂﬁ (2.7)
Jj=2

+a(l —a)ak+ (1 — a)"k"_1> lzo — Txol|-

Moreover, we have
[z = ol = [[aT" w0 + (1 = ) Twn—2 — z0|

= la(T"x0 — z0) + (1 — a)(Txp_2 — zo)||
< allT"xo — zol| + (1 — @)||Txp—2 — T"xo + T"x0 — o|| (2.8)
< allT"0 — 2ol + (1 = a)kln_s — T" Lo + (1 — o) [T — o]
= |lzo — T"xo | + (1 — @)kl|zn—2 — T" "aol|.

Observe that

(1 —a)k||zp_o — T" 20| = (1 — a)k|ja(zo — T tao) + (1 — @) (Txp_3 — T o)
a(l = Q)k|lzo — T taol| + (1 — @) k2|23 — T 2a0|| <

<a(l —a)k||lzg — T Lo + a1 — )k ||lzg — T™ x|
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+a(l — a)3k3||zo — T 30| + ...
Ha(l — )" 2k"2||zg — T?xo|| + (1 — )" k" Y |zg — Tao].
Now, using only the triangle inequality and the fact that T is k-lipschitzian, we have
(1= a)kflan—s — T ay|
n—2 i
< <(1 —a)" k" 1 Z(l - a)Jk‘]l_k> llxo — Tzol|,

Jj=1

which together with (2.8) gives

n—2 ;
. 1
lz—z0]| < <a+(1—a)" g 1—&—(1;(1—04)%317

- >1b—TmW (29)

Since

T = A T S ey
2 k 2 kn7j+1
R A ta ;2 k+1 1—k

n—1 ;
, 1 —knd
2 — o)k
+a 2(1 a) Tt
Jj=2
+a(l—a)ak+(1—a)"k" ' <1

for all @ € (0,1) and k < ¥} (a), by inequalities (2.7), (2.9), the Lemma 2.1 implies
the existence of fixed points of T in C.
Case II. Consider the following sequence generated as follows:

rog=x € C,
x1 = ad"zp + (1 — a)T'xo,
xo =ad"zo + (1 — )Tz,
Tpoo=aT"zo+ (1 — a)Tx,_s3,
Tpo1 =T zg+ (1 — a)Txp_o,
where a € (0,1). Then for z = ,,_1, we get
|z —Tz|| = |aT"zo + (1 — a)Txp—2 — Tz||
=la(T"xo —Tz)+ (1 — a)(Txp_2o —T2)| (2.10)
< ak|T" oy — 2| + (1 — Q)k||zp_o — 2]|.
Now, we have evaluation
1T 2y — 2| = || T rag — aT "z — (1 — @)Txp_o|
= (T *xg — T™ao) + (1 — a)(T™ ‘2o — Txp_s)|| (2.11)
<al|T" oy — T x| + (1 — Q)k||T" %20 — 202,
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where
(1= Qk||T" 220 — 2p—2| <
a(l — )k |zg — T?z0| + (1 — )2k ||zg — T30 + ...
+ a1l — )" 3k oo — T 2| + (1 — )" 2k" Y |zg — T ag |
<a(l—a)k" Y1+ k)||zo — Taol|

a(l —a)?k" Y1+ k4 E*)|lzo — Taol| + . .. (2.12)

a(l—a)" Bk Y1+ k4 + k") |lzo — Tol|

a(l —a)" 2k" YA 4+ k4 + k") |z — Taol|

— 1=k

= | k™! 1—a)yt—nun — Txo]|.
k13— ) = Tl

Finally from Lemma 2.2 and inequalities (2.11), (2.12) we get

||T"*1x0 —z|| < a||T”*1:1:0 =Tzl + (1 — a)k||T”*2:E0 — Zp—a|
k n—1 n—1 k 7 1_ k_j_l
< —_— —_— K" — 2.13
(O‘“<k+1) +O‘jz_:<k+1> 1—k (2.13)

n—1 ] l—kj
+ ak™ ! Z(l —a)it T % ) lzg = Txo||.

For the next expression in (2.10) we have the following evaluation (using (1.1)):

|xn—o— z|| = |T"zo + (1 — a)Txp—3 — aT"xo — (1 — @) Txp_o||
< (I —a)kllzn-s — 22l <
< (1- )™y — ]| (2.14)
=(1- )" 2E" 2 oo — T™xo) + (1 — ) (20 — Txo)||
< (a(1 )" PR 2a+ (1 — )" R T?) (@ — Tao-

Combining (2.10) with (2.13) and (2.14) yields

T = VA T s B
T < 2 2 n—j+1
Iz == (O‘ ak(kJrl) ta ;(kﬂ) F 1k

n—1
1=k
+a’k" ) (1 - )™ 11 S (2.15)
j=2

+al —a)" k" e+ (1 - a)”k”_1> llzo — Txol|-
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Moreover, we have

2 = 2ol = [aT"wo + (1 — a)Txn—2 — 0|
= [le(T"wo — w0) + (1 = a)(Tzn—2 — o)
< allT"xo — xol| + (1 — @)||Taxp—o — T"xo + T"x0 — o|| (2.16)

= |lzo — T"xo|| + (1 — @)k||zn—2 — T" o] .
Observe that

(1 — a)k||zp_o —T" Tag|| =
= (1 —a)k||a(T o — T" *ao) + (1 — a)(Txp_3 — T" tao) ||
<a(l —a)k||T" 2z — T x| + (1 — )k ||zp_5 — T 2a0) < ...
<a(l = Q)k|T"zy — T ao]| + (1 — a)?E?|| T 2z — T 22| + ...
T a1 — @) 2K 2 T — T + (1 — )"l — Tao
<a(l — a)kk™ YTz — x|
+a(l — )22 (B + k") || Tz — xo|| + . ...
+a(l—a)" 2k 2 (k" -+ )| Tz — 20|
T (1= @)™k g — Tao|
n—2

n 17‘1(:] n—1y3.n—
= ak Z(l—a)J1_k||1:0—Txo||—|—(1—oz) Len=Y|@g — Tao|,

Jj=1

which together with (2.16) gives

n—2 41_]{]-
Iz — 2ol < a—l—ak"Z(l—a)] T %

j=1

(1= a)" k" | oo — Tl (2.17)

Since

N ety N IR ey “ae

2 2 n—j+1
ko —— SR B U A
@ <k+1) ta (k:+1) 1k

Jj=2
n—1 :
1=K
21.n -1
k 1—a)ylo—2

+a(l—a)" k" e+ (1—a)"k" P <1

for all @ € (0,1) and k < 42(a), by inequalities (2.15), (2.17), the Lemma 2.1 implies
the existence of fixed points of T" in C.
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Case III. We consider a sequence generated as follows: let © be an arbitrary point
inC,ie zg=x € C and
x1 = axg + (1 — a)Txo,
x9 = axg + (1 — )Tz,
Tp—g = axg+ (1 — @)Tx,_3,
Tp1 =axg+ (1 — )Txp_o,
where « € (0,1). Then for z = z,_1, we have
|z —Tz|| = ||axg + (1 — a)Txp—o — Tz
= lla(zo —Tz)+ (1 — a)(Txp_2 — Tz)| (2.18)
<allrg =T zo+T" 2o —Tz|| + (1 — a)k||zp—2 — 2|
< allzg — T xo|| + ak||T" tzg — 2| + (1 — @)k||zn_o — 2]|.
Now, we have evaluation
1T 2o — 2| = || T" *2o — axo — (1 — )Ty,
= la(T" g — x0) + (1 — a)(T" 2o — Tn_o)| (2.19)
< al|T" tzg — 2ol + (1 — @)k T" 220 — 2 _s]|.
Note that using condition (1.1) and Lemma 2.2 we obtain

af|[T" g — ol < a||T™ oo — T o] + 1T 20 — wol|)

< (aa <<ki1>n1 + 1) (2.20)

n—1 j ;
E Y’ 1 — kIt
§ R n—j)_- _
+ « (k—l—l) k 1—% )Hl‘o Ton,

Now, by (2.4) and (2.20) we obtain

1T 20 — 2| < @l 7" 20 — ol + (1 — a)k[| T" 2w — 2|

n—1 n—1 j i1
< <aa ((&) + 1) + a; (kil) k"‘j% (2.21)
n—1 n—j
+a ;(1 - a)j_lkj_lll__kk]> | — Tol|.
For the next expression in (2.18) we have the following evaluation
|Xn—2—z|| = lazg + (1 — @)Txpn_3 — azg — (1 — @)Txp_o||
=1 — ) Tzp-3 — Trpn-o)|| < (1 —Q)k||xn-s— 2| <... (2.22)

<(1- a)”_zk”_zﬂxo —n=0- a)"_lk"_2||x0 — Txo||.
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Combining (2.18) with (2.21) and (2.22) yields

k n—1
_ < 2 v
|z — Tz < (aa—i—a ak<<k+l> —|—1>

n—1 j ;
E O\’ B at
2 n—7j+1
el 2.2
ta g;(k+1) 1k (2:23)
2 - R e 1
+ « ;(1-0{)]7 kjﬁﬁ-(l—a)nkni ||Z'() —TZ’()H
Moreover, we have
2 = zoll = llawo + (1 = )T @3 — 20| = (1 a)|[ Tz — 2o

< (1= @) (IT2n_s — Tzl + T2 — o]) (2.24)
< (11— a)k||lxp—2— T"_lxo|| + (1 — a)al|Tzo — xo]|.

Observe that

(1= a)kllz2 — T Lag]| =
= (1 — )k|jazg + (1 — @)Tan_3 — T ay||
= (1 —a)klla(zo — T tao) + (1 — ) (Txp_3 — T" a0)||
< a(l —a)kl|lzg — T oo + (1 — a)?k? ||z 3 — T" 22| < . ..
<a(l —a)k|lzo — T tao| + (1 — a)?k?||lzg — T™ a0
+ ol —a)3k3||lzo — T 3ao|| + ...
+ (1 — )" k" Y |xg — Tao.

Now, using only the triangle inequality and the fact that T is k-lipschitzian, we have

(1—a)k||xp—2— T"_la:0||

n—2 ;
A
< 1 — nflknfl 1—a)k? — - T
<( ) +a ;:1( @) T ) lxo Zoll,

which together with (2.24) gives
|z = o < ((1 —a)a+ (1 —a)" k! (2.25)

n—2 1_ kn_j
(1= @)k = )l — T
+ Ozjzl( @) % ) lzo — Txo|
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Since

n—1 j i
o\ il — k!
2 n—j+1
e Jz_:<k+1> g 1—k

n—1 ) 11— k_n_j
+ Oéz Z(l — OK)J_lkjﬁ + (1 — Oé)nkn_l <1
j=2

for all @ € (0,1) and k < ¥3(a), by inequalities (2.23) and (2.25), the Lemma 2.1
implies the existence of fixed points of 7" in C. O

Define function 4;X (a) in the class of firmly k-lipschitzian mappings as follows
7 (a) = inf{k: there is a closed convex set C' C X and a fixed point free
firmly k-lipschitzian (a,n)-rotative selfmapping of C'}.
Remark 2.4. Theorem 2.3 follows that
T (@) = max {7, (a), 57 (a), 7y (a) }

for n > 2 and a € [0,n). The figure 2.1 illustrates the lower bound of 435 (a) (bold
line) in a Banach space X.

k A
1.69
N
\\
=X
EE] N V3(a)
N
1.11 e
““““““““ -
1 NO T — 'Yj(a)
\\\ -2
\\ ----- Y3(a)
N
\\ —3
NN —-—-Y,(
N
N
~N
N
\\\ A -
‘ g 234 “a
1 2 3

Figure 2.1

Let fix « = . Then from 73 (a) we get the equation
2k* + (2 = 3a)k® + (20 — 3)k* + (a — 8)k —4 =0,
and from 43 (a) the another one

E® 4+ 3k + (6 4+ a)k* + (3 +4a)k® + (a — T)k* — 16k — 8 = 0.
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The solution of the first equation gives better estimate for a € [0, £], while the solution
of the second equations for a € [¢,3), where £ =~ 1.7.
Remark 2.5. Theorem 2.3 implies that

'73),( (0) > 1.6977 (we get them from 73 (0) for o = 0.54);

72(0) > 1.3059  ( 1(0) for a = 0.34);
(0) > 1.1902 (we get them from 72 (0) for o = 0.24);
(0) > 11364 ( 10 )

we get them from 4,

;X
s
éX we get them from 75 (0) for o = 0.19).

All these estimates are better then respective, previously obtained estimates in [7] for
the class of lipschitzian and rotative mappings in Banach space. The estimate 73 (0)
is even better than the estimate obtained in [16] for Hilbert space.

Remark 2.6. The reasoning carried out in the proof of Theorem 2.3 allows to obtain
another proof of well known fact ([4]) that if C' is a nonempty, closed, convex subset
of a Banach space X, then for each n > 3 and 0 < a < n exists 4. (a) > 1 such that
every (a,n)-rotative and firmly k-lipschitzian mapping T: C — C with k < 5. (a)
has a fixed point. Consider function obtained from the inequality (2.15)

N et N R ey Tae
_ 2 2 n—j+1
9(a:k) a“k<k+1> +“‘;;(k+1>k 1k

n—1 :
1k
21n -1
Jj=2
+a(l—a)" k" e+ (1 —a)"k" !,

which is continuous for a € (0,1), k> 1 and n > 2. For a = + we have

hmg(lk):g(i):1+m—nﬂ%n_an+n%%

k—1+ an—1lpn

Since g(1) < 1 for a < n, then g(X,k) < 1 if k is enough close to 1 (but k > 1)
and 0 < a < n. For this k, a € [0,n) and o = %, the sequence generating by iterative
procedure, considered in Case II of the proof of Theorem 2.3, converges to a fixed
point of T for each zy € C. This guarantees that ;X (a) > 1 for arbitrary Banach

space X, 0< a<nandn > 2.

3. HOLDER CONTINUOUS RETRACTIONS

In this chapter, we will show that for narrowing considering mapping 7" to bounded,
closed and convex set C, the limits of the iterative processes discussed in cases I, 11
and III of the proof of the Theorem 2.3 are Holder continuous retraction from C' to
Fix(T).

Let C be a nonempty, closed, convex and bounded subset of a Banach space X.
Recall that a set D C C'is a retract of C' if there is a continuous mapping R : C —
D (retraction) with Fix(R) = D. We say that a mapping R : C — C is Hélder
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continuous if there are constants L > 0 and 0 < 8 < 1 such that for any z,y € C
holds:

IRz — Ryl < Ll|lz — y||°. (3.1)
An example of a real function (with z > 0) satisfying the Holder condition but not
satisfying the Lipschitz condition is a function f(z) = .
The following lemma gives condition for existence of Holder continuous retraction
on the fixed point set
Lemma 3.1. ([16]) Let X be a complete metric space and T : X — X a continuous
mapping. Suppose there are u : X — X, 0 < A <1 and B > 0, such that for every
reX:
(i) d(Tu(@),u(x)) < Ad(Tw, ),
(i) d(u(z),z) < Bd(Tx,x),
then Fix(T) # (0. If we define R(x) = lim, 00 u™(x) and u is a continuous mapping,
then R is a retraction from X to Fix(T). If additionally u satisfies the Lipschitz
condition with constant k > 1 and diam(X) < oo, then R is a Hélder continuous
retraction from X to Fix(T).
We shall now show that the transformations, defined by iterative processes used in
proof of Theorem 2.3 satisfies the Lipschitz condition with constat s > 1.
Lemma 3.2. Let n > 2 be integer and let C' be a nonempty, closed, convez subset of
a Banach space X. Let a mapping T: C — C be k-lipschitzian with k > 1. Forx € C
we generate the sequence:
o =,
1 = axg + (1 — a)T'xo,
xo = axo + (1 — )Tz,
Tp—g = axo+ (1 — a)Txy_3,
Tp1(2) = xp_1 = aT "z + (1 — a)Txp_2,
where « € (0,1). If we define mapping F : C — C such that Fx = z,_1(x), then F
is s-lipschitzian with constant s > 1.
Proof. For z,y € C we have
[Fz — Fyl| < o™z =yl + (1 — a)kl|zn—2 — yn—2||. (3.2)
For the second component of the sum we have evaluation
[#n—2 = yn—2| < allz —yll+ (1 — )kllen—s — yn-sl
<(at+al-—a)k+a(l—a)’k>+... (3.3)
+al—a)" k"3 4+ (1 - )" 2" ) |z — .
Form inequalities (3.2) and (3.3) we obtain

n—2
[Fz = Fy|| < (ak" +(1—a) kT ra) (1 a)”*) [z = yll.

i=1
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Since k > 1, then for expression in brackets we get
n—2 o
s=ak"+(1—a)" k" '+ a Z(l —a)'k
i=1
n—2 )
>a+(1—o¢)”71—|—a2(1—o¢)1 (3.4)

:(1—a)"_1+a(1+(_1—a)+(1—a)2+--~+(1—a)”_2)
1—(1—a)t

—(—a)

=(1-a)"'+a

which completes the proof. O
Lemma 3.3. Let n > 2 be integer and let C' be a nonempty, closed, convezr subset of
a Banach space X. Let a mapping T: C — C' be k-lipschitzian with k > 1. Forx € C
we generate the sequence:

Tp—o =Tz + (1 — a)T2xp_3,
Tn_1(x) :=xp_1 =aT"xo+ (1 — @)Txp_2,
where « € (0,1). If we define mapping F : C — C such that Fx = x,_1(x), then F

is s-lipschitzian with constant s > 1.
Proof. For z,y € C we have

[Fz — Fyl| < o™z =yl + (1 — a)kl|zn—2 = yn—2]| (3.5)
For the second component of the sum we have evaluation
zn—2 — yn—2| < ak™||z — y|| + (1 — @)k[|zn—3 — Yn—s3|
< (ak™ 4+ a1l — )k + a1l — )’k T+ (3.6)
4 Oé(]. _ a)n—3kn+n—3 4 (1 _ a)n—2kn—2) Hx _ y”

By (3.5) and (3.6) we obtain

n—2
|Fa — Fyl| < (ak" + -k ek Y (1 - a)"ki) o =yl
=1

that after estimating the expression in brackets in the same manner as in (3.4) com-
pletes the proof. O
Lemma 3.4. Let n > 2 be integer and let C' be a nonempty, closed, convex subset of
a Banach space X. Let a mapping T: C — C' be k-lipschitzian with k > 1. Forx € C
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we generate the sequence:
To =T,
x1 = axg + (1 — a)Txo,
xo = axg + (1 — a)Tx,
Tp—o =azg+ (1 — )Tz, 3,
Tp—1(x) :=2p_1 = axg+ (1 — @)Txp_o,

where « € (0,1). If we define mapping F : C — C such that Fx = x,_1(x), then F
is s-lipschitzian with constant s > 1.
Proof. For z,y € C we have

[Fz — Fyl| < allz =yl + (1 = a)klzn—2 — yn—2|| (3.7)
By expressions (3.7) and (3.3) we get

n—2
[Fz— Fy|| < ((1 —a)" kT a ) (1 04)”6”) [z —yll.

i=0
Since k > 1, then for expression in brackets we get evaluation

n—2
s=(1-a)" 5"+ a Z(l — )k
i=0
n—2
>1-a)" ' +ad (1-a) (3.8)
i=0
=(1l-a)"'"+al+(1l-a)+(1-a)P+ - +(1—a)"?)
_ 1—(1—a)t
— 1 _ n—1 B S 1
A e
which completes the proof. O

Now, based on the Lemma 3.1, using the Theorem 2.3, Lemma 3.2, Lemma 3.3,
Lemma 3.4 and inequalities (2.7) and (2.9), (2.15) and (2.17), (2.23) and (2.25) we
get the following conclusion:

Corollary 3.5. Let n > 2 be integer and let C' be a nonempty, closed, convex and
bounded subset of a Banach space X. Consider the sequence {zp} generated as follows

z1(x) = xp_1(x),
22(x) = xn-1(21(2)),
Zp(m) = xnfl(zpfl(m))a R

where T, —1(x) := xp—1 18 defined in the same manner like in respect cases of the proof
of the Theorem 2.3. If the mapping T: C — C' is firmly k-lipschitzian (k > 1) and
(a, n)-rotative with

k < max {¥,(a), 75 (a), 75 (a) } ,
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then a mapping R: C — C' defined by

R(z) = lim z,(x)

p—o0

is Hélder continuous retraction from C to Fix(T).
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