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Abstract. The notion of bifurcation index and some of its consequences were studied in [5]. There
was considered the case of compact mappings on arbitrary ANR-s. In this paper we generalize the
above mentioned results for compact acyclic mappings.
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1. INTRODUCTION

The bifurcation theory is very useful in the qualitive theory of differential equations
(compare [1]). The key to do it is the topological bifurcation index and its properties
(see [5]).

In the case of multivalued mappings above problems were considered only for maps
of open subsets of normed spaces (see [4], [6]).

We shall show that is also possible for multivalued mappings of arbitrary absolute
neighourhood retracts (ANR-spaces). We are doing this by recalling preliminary
notions from geometrical topology. Then in section 3 we consider acyclic mappings
and the fixed point index for acyclic mappings. Finally in section 4 the notion of the
bifurcation index and its properties for acyclic mappings of ANR-s are presented.

2. PRELIMINARIES

In this paper, we assumed that all topological spaces are metric and all single-
valued mappings are continous. Let TOP be the category of topological spaces and
continous mappings. Moreover we denote by V the category of graded vector spaces
over the field of rational numbers Q and linear maps.

By H : TOP — V we understand the Cech homology functor with compact carries
and coefficients in Q. Then for every metric spaces X, Y we have H(X) = {H;(X)},>0
a graded vector space in V, and for any f : X — Y we have induced map f, = {fi,}:
H(X) - H(Y), where f.q : Hy(X) = Hy(Y) is a linear map for every ¢ > 0. For the
properties of, H we recomended, [3, p. 27-35].

A compact nonempty set X is caled acyclic if:
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(i) Hy(X) =0, for every ¢ > 0,
(ii) Ho(X) = Q.
Definition 2.1. A map p: I' — X is called a Vietoris map if:
(i) p is proper, i.e, f~1(K) is compact for every compact set K C X,
(ii) p~!(x) is acyclic for every = € X.
Theorem 2.2. (Vietoris) (see e.g. [3]) If p : T' — X is a Vietoris map, then the
induced linear map p, : H(I') — H(X) is an isomorphism, i.e., for every q > 0 the
linear map p.q : Hy(T') — Hy(X) is a linear isomorphism. For more proporties of
Vietoris mappings, see e.g.[3].
Definition 2.3. Recall that a space X is an absolute neigbourhood retract
(X € ANR) if for every continous map f : A — X where A is closed subset of
metric space Y there exists f : U — X, to be a continous extension of f onto an open
U CY such that A CU.
Remark 2.4. It is well known that X € AN R if and only if X is homeomorphic to a
retract of an open set U in some normed space compare [3, p. 5-9].
Definition 2.5. A multivalued mapping ¢ : X —o Y is called acyclic if:
(i) ¢(z) is an acyclic set, for every z € X
(ii) for every open subset V C Y, the set o= 2(V) = {z € X, p(z) C V} is open
subset of X, i.e., ¢ is u.s.c.
(iii) ¢ is a compact map, i.e., the closure ¢(X) of ¢(X) is compact.
If p : X —o X, then by Fixz(y) we denote the set {x € X, z € ¢(x)}. The set
Fixz(p) is called the set of all fixed points of .
For given ¢ : X — X by I'y, = {(z,¢(x)), = € X} we shall denote a graph of ¢.
Then we have two natural projections:

p@(ma y) =7, QW(m>y) =Y.
Observe that, if ¢ is acyclic, then p, is a Vietoris map.
Definition 2.6. Let ¢ : X — X be an acyclic map. We define the induced mapping
¢t HX) — H(Y), by putting: ¢, = ges op;j. In what follows by L(¢) = L(p.) we
shall denote the Lefschetz number of ¢, compare [5, p. 418-423].

3. FIXED POINT INDEX

The fixed point index theory for multivalued mappings was studied by several
authors (see [3] and references there in). Below we recall the notion of fixed point
index for acyclic mappings following [2]. We shall formulate only these properties
which are needed in bifurcation problems. For more details see ([2], [3]).

Let X € ANR, U C X open and ¢ : X — X an acyclic map such that Fiz(p)NoU =
() (U is the boundary of U in X). Then the fixed point index Ind(p,U) of ¢ with
respect to U is well defined (see [2] and [3]).

Below, we shall list some properties of the index needed in what follows:

(3.1) (Existence). If Ind(p,U) # 0 then Fixz(p) NU # 0.
(3.2) (Additivity). If V4, V, are open subsets of X such that V3 NV = 0 and
Fix(¢) N Vi, Fixz(p) NV, are compact sets, then
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(3.3) (Homotopy). If x : [0,1] x X — X x(¢,) : X — X is an acyclic mapping such
that Fiz(x(t,-)) NoU = 0 for every t € [0,1]. Then

Ind(x(0,-),U) = Ind(x(1,-),U).

(3.4) (Excision) If Fiz(p)NW C V C W is compact, then Ind(p, V) = Ind(p, W).
(3.5) (Normalization) If U = X, then Ind(p,U) = L(y).

Remark 3.6. If X is a contractible space then for every acyclic mapping ¢ : X —o X
we have L(p) = 1.

4. BIFURCATION INDEX

Numerous questions, ranging from nonlinear Sturm-Liouville problems in ordinary
differential equations to eigenvalue problems for eliptical partial differential equations,
reduce in a natural way to the study of solutions of equations of the form

x = F(x,\)

where x is an element of a Banach space E, A is a real parameter, and F : EXR — F
is a completely continuous mapping with F'(0,\) = 0 for each A € R.

The above problem was considered in [5, p. 338-350].

In this paper we are considering the following inclusion

z € p(z,A),

where ¢ : X x J — X is an acyclic mapping, J = («, ) is an open interval, X
is an ANR with some based point zy such that xg € ¢(xg,\) for every A € J.
The set T = {po} x J is called the set of trivial solutions. If ¢t € J then we let
o = @(-,t) : X — X. Moreover we denote B, = B(pg,r) and K, = K(po,r) to be
open and closed balls in X respectively. If U C X x J, then U; = {z € X, (x,t) € U}.

With above assumptions we can formulate the definition of a singular set.

Definition 4.1. A set A C J is called a singular set associated with o if:
(i) A is finite or countable,
(ii) for any closed Jy = [a,b] C J, the intersection A N Jy is finite,

(iii) for any closed Jy = [a,b] C J \ A, there is a ball B. = B(pg,¢), with a

sufficiently small radius € = ¢(Jp) > 0, for which
Fiz(py) N Be = Fiz(p|B:) = {po} for all t € J.

A map ¢ is said to be allowable if it is equipped with a singular set A = A,.
Proposition 4.2. Let Ay € Ay, and Jy = (a,b) C J be such that A, N Jo = {Ao}.
Then:

(4.2.1) for eacht € Jo\{ Mo}, there exists anr(t) > 0 such that Fix(o¢|By) = {po},
(4.2.2) Ind(Fy, By)) is constant in two open intervals (a, Ao), (Mo, b).

See (3.3).

Definition 4.3. A point (pg, Ag) is called a bifurcation point of following inclusion:
x € pr(z) = p(x,t),
if for every open neigbourhood U of (pg, \g) in X x J there exists (z,t) € U such that

x € Fiz(p:) \ {po}. The set of all bifurcation points is denoted by B.,.
It is easy to observe the following two corollaries:
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Corollary 4.4. If (po, Ao) €B,, then Ao € A,,.
Corollary 4.5. Let N, = {(z,t) € XxJ | x € Fiz(o)\{po}} be the set of nontrivial
solutions. With the above designations we have B,= T,NN; it means the only trivial
solutions in N, are bifurcation points.

Now we are able to prove proposition:
Proposition 4.6. If \g € A, and (po, o) ¢B,, then the index Ind(py, Byy)) is
constant in some neigbourhood of A\g.
Proof. Indeed, if (po, Ao) ¢B,,, then there exists neigbourhood V' of (pg, Ao) in X x J
we have VNN, = 0. By (4.2) and the homotopy property of the fixed point index,
our assertion follows.

Presently we are ready to formulate main definition of this paper.
Definition 4.7. Assume that A\g € A, Jo = (a,b) C J and r(t) > 0 are as in (4.2).
Choose any 1 € (a, \g), t2 € (Ao, b). We define the bifurcation index =(\g) of ¢ at Ag
by

E(Xo) = Ind(er,, Byty)) — Ind(p,; Br,))-

In view of [4.2], it is obvious that =(\g) does not depends on the choice of ti,ts.
Moreover, the radius r(t;), ¢ = 1,2, in the definition (4.7) can be changed by any
6 > 0 such that Fiz(ps,|Bg) = {po}, i =1,2.

The following theorem is a consequence of above reasoning:
Theorem 4.7. (Local bifurcation). If Ao € A, and O(Xg) # 0, then (po, Xo) is a
bifurcation point.

It is an immediate consequence of (4.6) and (4.7).

Finally, let us add that further properties and applications of the bifurcation index,
defined in this paper, will be treated in our next work.

REFERENCES

[1] S.N. Chow, J.K. Hale, Methods of Bifurcation Theory, Springer, 1982.

[2] C.C. Fenske, H.O. Peitgen, Attractors and the Fized Poind Index for a Class of Multivalued
Mappings, Bull. Polish. Acad. Sci. Math., 25(1977), no. 5, 477-483.

[3] L. Gorniewicz, Topological Fized Point Theory of Multivalued Mappings, Springer, 2006.

[4] L Gorniewicz, W. Kryszewski, Topological degree for acyclic mappings related to the bifurcation
problem, Boll. Unione Math. Italiano, 7(1992), 579-595.

(5] A. Granas, J. Dugundji, Fized Point Theory, Springer, 2003.

[6] W. Kryszewski, Homotopy methods of set - valued mappings, UMK, Torun, 1997.

Received: May 17, 2014; Accepted: July 31, 2014.



