Fized Point Theory, 16(2015), No. 2, 337-342
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

CHARACTERIZATIONS OF COMMON FIXED POINTS
OF ONE-PARAMETER NONEXPANSIVE SEMIGROUPS

YINGXIN GUO* AND MINGZHI XUE**

*School of Mathematical Sciences, Qufu Normal University
Qufu, Shandong 273165, P.R. China
E-mail: yxguo312@163.com

**Department of Mathematics, Shangqgiu Normal University
Shanggqiu 476000, Henan, P.R. China
E-mail: whl2762@Q163.com
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1. INTRODUCTION

Throughout this paper we denote by N the set of all positive integers. For a real
number ¢, we denote by [t] the maximum integer not exceeding ¢.

Let E be a real Banach space. We denote by E* the dual of E. Let T be a
nonexpansive mapping on a subset C of E, i.e., |Tz — Ty|| < ||z —yl for all z,y € C.
F(T) is denoted by the set of all fixed points of T. In 1965, Kirk [1] proved that T has
a fixed point when C' is weakly compact and convex, and has normal structure. See
also [4,6,11,12] and others. C' is said to have the fixed point property for nonexpansive
mappings (FPP, for short) if for every bounded closed convex subset D of C, every
nonexpansive mapping on D has a fixed point. That is, a weakly compact convex
subset C' with normal structure has FPP.

A family of mappings {T'(¢) : t > 0} is called a one-parameter strongly continuous
semigroup of nonexpansive mappings (nonexpansive semigroup, for short) on C' if the
following are satisfied:

(A1) for each t > 0,T(t) is a nonexpansive mapping on C}

(A2) T(s+t) =T(s)oT(t) for all s,t > 0;

(A3) for each z € C, the mapping ¢t — T'(t)z from [0, 00) into C' is continuous.

Bruck’s famous fixed point theorem in [8] yields that {T'(¢) : ¢ > 0} has a common
fixed point when C' is weakly compact and convex, and has FPP. See also Browder [6].
A remarkable application of fixed-point theorems is to prove the existence of fixed-
points in best approximation (see [3-5]), which has special significance for the spaces
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that are not strictly convex (see [5]). As generalization of fixed-points, common fixed-
points of two maps f and g satisfying some contractive or nonexpansive type condition
have been studied by many authors and applied to various problems, especially to
those associated with best approximation; see [2-5,13] and others.

Let C' be a closed convex subset of a Banach space F and T a nonexpansive
mapping of C into itself. Halpern [3] introduced the following iterative scheme for
approximating a fixed point of T :

Tpt1 = an + (1 — )Ty, (1.1)

for all n € N, where 1 = 2 € C and {a,} is a sequence of [0, 1]. In [11], the authors
introduce the following iterative sequence:

Tnt1 = an + (1 — o) Ty (1.2)

for all n € N, where 1 = 2 € C and {a,} is a sequence of [0, 1], C' is a nonempty
closed convex subset of a Banach space, and {T,, : n € N} is a sequence of nonexpan-
sive mappings with some conditions.

In this paper, motivated by these results related to Halpern type iterative schemes,
we introduce the following iterative sequence:

Tpi1 = anPry + (1 — o) Quyp (1.3)

for all n € N, where 21 € C and {oy,} is a sequence of [0, 1], Pz = [ n(s)T(s)ads,
Qx = Z;’;l 0(j)T(1)x, {T(t) : t > 0} is a sequence of nonexpansive mappings, and
C' is a nonempty closed convex subset of a Banach space E. Then we prove that {x,}
defined by (1.3) converges strongly to a common fixed point of {T'(¢) : ¢ > 0}. Further
we apply our result to the problem of finding a common fixed point of a countable or
uncountable family of nonexpansive mappings.

2. MAIN RESULTS

In this section, using the Bochner integral, we present characterizations of common
fixed points of nonexpansive semigroups.
Theorem 2.1. Let {T'(t) : t > 0} be a nonexpansive semigroup on a subset C of
a Banach space E. Let n be a continuous function from [0, 7] into [0,00) such that
fOT n(s)ds = «, where T is some positive real number, and let {T;} be a sequence
in [0,00) such that the closure of the set {t; : j € N} is [0,7]. Let 6 be a func-
tion from N into [0,00) satisfying Z;i1 0(j) = B. Let Pz = [ n(s)T(s)zds, Qv =

Z;’;l 0(j)T(1;)x. Define a nonexpansive mapping S from C into E by

Sz =Pr+ Q= /OT n(s)T(s)xds + Z ()T (1) (2.1)

forx e C. Ifa+ B =1, then
F(S) = () F(T()) (2.2)

holds.
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Proof. We note that S is well defined because of (A3). For z,y € C, we have

ISz — Sy|| = H / ") (T()e — T(s)y)ds + i 00) (T(m)e — T(73)y)

< /0 n($)|T(s)z = T(s)yllds + Z 0T (rj)x = T(r;)y

< / Tn<s>||xy||ds+;a<j>||xy||

= (a+B)lle =yl = llz =yl

and hence S is nonexpansive. We first show that

F(S) D () F(T(1)). (2.3)

t>0

Let @ € ;5o F(T'(¢)), then

o= /0 n(s)T(s)zds + ; 0()T(1;)x = /0 n(s)xds + ; 0(j)x

=ax+pPr==x

then z € F(s), so (2.3) holds.

In the following, we prove the converse inclusion. Let z € C' be a fixed point of S.
Since {T'(t)z : t € [0, 7]} is compact, there exists pu € [0, 7] such that

IT(1)z — 2l = max | T(t)z — 2]].
te(0,7]

We assume ¢ := ||T(u)z — z|| > 0. From the Hahn-Banach theorem, there exists
f € E* with

Il =1 and f(T(n)z = 2) = |T(n)z — 2| = 6.

Since t — T'(t)z is continuous, there exist ui, po € [0, 7] with

pa < o, p € [pa, pe] and ||T(p)z — T(t)z| < 6/2
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for t € [p1, p2]. Then we have
6 =T(n)z =2l = f(T(w)z—2) = f(T(n)z = Sz)

=/07n(8)f( (0)z — ds+29 T(7;)z)
< /OTn(S)IIT(u)Z Hds+Z9 TG0z = ()

-/ I T ()= — T(s)zl|ds + / " I ()= — T(s)z]ds
0

+ [ Tz = T(s)2lds + O ()= = Tz 75 € )
S OGIT )z — T(r)2l - 75 & i, ol
- / " IT() 0 T(u — 5z — T(s)ellds + / T ()= — T(s)z]ds

1

[ TG0 = T o (s = )2l

"‘2{9 T (e T(7j)z| = 75 € [pa, pe]}

£ S OOIT= ~ T(ry)el 2 75 ¢ [ o)

< [ 0T )z s+ [ nw) s [ TG -z s

1 2

+ {00)5 i 75 € [pa, 2]} + > _{ODIT ()= — || 7y & [, pel}
< /Om n(s)dds + /: n(s)gds + /M $)6ds + Y {0(j)5 : 75 € [pa, po]}
+Z{9(' )6 75 & [pa, pol}
ga(s_g/m ()ds+ﬁ6——2{9 )i 7j € [pa, pal}

:(a+5)5_g (/m (s)ds+ Y {0(j) #hﬂz]})

< 0.

This is a contradiction. Therefore 6 = 0. This implies that z is a common fixed point

of {T'(t) : t > 0}. This completes the proof.
As a direct consequence of Theorem 2.1, we obtain the following:

Corollary 2.1. Let {T'(t) : t > 0} be a sequence of nonexpansive mappings, and C
a nonempty closed convex subset of a Banach space E, then the following iterative

sequence:

Tpy1 = Py + (1 — a,)Quy, (2.4)
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converges strongly to a common fized point of {T'(t) : t > 0}, where 1 € C and {c,}
is a sequence of [0, 1], Px = [ n(s)T(s)zds, Qr = Z‘;il ()T ())x.

Corollary 2.2. Let {T(t) : t > 0} be a nonexpansive semigroup on a subset C
of a Banach space E and Let v be an irrational number. Fiz 7 > 0 and define a
nonezxpansive mapping S from C into E by

I - 1 ,
Sz = E/o T(s)xzds + jz::l WT(I}/ = [Jy]n)= (2.5)

for z € C. Then (2.2) holds.

If we let « = 1,8 =0 in Theorem 2.1, we obtain the following:
Corollary 2.3. Let {T(t) : t > 0} be a nonexpansive semigroup on a subset C of a
Banach space E. Fix T > 0 and define a nonexpansive mapping S from C into E by

1 T
Sz = 7/0 T(s)xds (2.6)

T

for x € C. Then (2.2) holds.
If we let @ =0, =1 in Theorem 2.1, we obtain the following:
Corollary 2.4. Let {T(t) : t > 0} be a nonexpansive semigroup on a subset C
of a Banach space E and let v be an irrational number. Fix 7 > 0 and define a
nonezxpansive mapping S from C into E by
N
Sz=) Ty = [rln)e (2.7)
j=1
for x € C. Then (2.2) holds.
Remark 2.1. In this paper, we introduce the following iterative sequence:

Tni1 = Py + (1 - O‘n)an
which is sufficiently general to cover and improve the two following iterative sequences:
Tpt1 = APy + (1 — Ny, (2.8)

Tpp1 = Ty + (1 — an)Thay (2.9)

by letting @ = I and P = I respectively, where I denotes the identity map. Note that
(2.8) was introduced in Theorem 5 in [12] and (2.9) in Theorem 3.4 in [11]. In fact,

by Theorem 2.1, if we write T,, = Z?:1 0(j)T(7;), we can easily obtain the iterative

sequence (2.9). Therefore, our results in this paper generalize the results in [11,12].
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