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A STUDY OF A NONLINEAR INTEGRAL EQUATION
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Abstract. The purpose of this paper is to study on gauge spaces the following nonlinear integral
equation:

t
z(t) = g(t, z(t)) + h(t, z(t)) - /K(t, s,xz(s))ds, t > 0.
0

Our results are connected with some results by K. Balachandran and M. Diana Julie (Asymptotic
stability of solutions of nonlinear integral equations, Nonlinear Functional Analysis and Applications,
Vol.13, No.2(2008), pp 311-322). Also, we given an example which show us that the results from the
above paper can not be applied, but our results are fulfilled.
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1. INTRODUCTION

The theory of integral equations has many applications in describing numerous
events and problems of real world. For example, integral equations are often applicable
in mathematical physics, engineering, economics and biology (see [2], [3], [4], [5], [6]
and their references). In [1] the authors investigate the solvability and asymptotic
stability of solutions for the following nonlinear integral equation

x(t) = g(t, z(t)) + h(t,z(t)) - /K(t,s,:z:(s))ds7 t>0 (1.1)
0

The study was made in certain classes of bounded and continuous functions. The
central tool in the analysis is the fixed point theorem of Darbo. In this paper we
shall study, on gauge spaces, the equation (1.1). More exactly we shall prove that the
equation (1.1) has, in C(Ry,R), a unique solution. Also, we given an example which
show us that the results from [1] can not be applied, but our results are fulfilled(see
Example 3.1). Next we are going to study data dependence(continuity and smooth
dependence on parameter) for the solution of equation (1.1). Our study was made
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in the gauge space (C(R+aR)v (dm)mEN*)a where dm(xay) = tern[g}fn] |I‘(t) - y(t)| by

using the fixed point theorem of Colojoara(see [8]).

2. BASIC NOTIONS AND RESULTS OF THE WEAKLY PICARD OPERATORS THEORY

Throughout this paper we shall follow the standard terminologies and notations in
nonlinear analysis. For the convenience of the reader we shall recall some of them.
Let X be a nonempty set and A : X — X an operator. We denote by A% := 1x,
Al := A, A"l := Ao A", n € N the iterate operators of the operator A. We also
have
PX)={Y CX|Y #0}
Fpo={xe X|A(z) ==z}
I(A) ={Y e P(X)|AY)CY}
By (X,—) we will denote an L-space. For example, Hausdorff topological spaces,
metric spaces, generalized metric spaces (in Perov’s sense:d(x,y) € R", Luxemburg
sense: d(z,y) € Ry U{oo}, d(z,y) € K, K a cone in an ordered Banach space), gauge
spaces, probabilistic metric spaces, have a natural structure of L-spaces(see [9], [10]).
In this paper, we need the notations(I.A. Rus [11] and [12]).

Definition 2.1. Let (X, —) be an L-space. An operator A : X — X is weakly Picard
operator ( briefly WPO) if the sequence (A™(x))nen converges, for all x € X and the
limit (which may depend on x ) is a fized point of A.
Definition 2.2. Let (X,—) be an L-space. An operator A : X — X is Picard
operator(briefly PO) if:

(i) Fa={z"};

(ii) A™(z) = 2* asn — oo, for allxz € X.

If A: X — X is weakly Picard operator, then we may define the operator A> :
X — X by A®(x) = 1i_>m A™(z). Moreover, if A is PO and we denote by x* its
n oo

unique fixed point, then A®(z) = z*, for each z € X.
We have (see [7], [11],[12] and [13]):

Theorem 2.1. (ezistence and uniqueness) Let (X, (d;)ier) be a sequentially complete
Hausdorff gauge space and let T : X — X be such that for every i € I there exists
a; € I such that

di(T(x), T(y)) < o - di(x,y),
for each z,y € X. Then T is PO.

Theorem 2.2. (data dependence) Let (X, (dx)aca) be a gauge space and A, B : X —
X be two cx— WPOs. We suppose that, for each A € A there exists ny > 0 such that

dx(A(z)), B(z) < my, forall z € X.

Then
Hy, (Fa,Fg) <cx-ma, forall M€ A.

In order to study smooth dependence of parameter we shall use the following
result(see [7])
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Theorem 2.3. Let (X,—) be an L-space and (Y, (d;)icr) be a sequentially complete
Hausdorff gauge space. Let B: X — X and C : X XY =Y be two operators.
We suppose that:

(i) B is a Picard operator(PO) (we denote by x* its unique fized point);
(ii) for every i € I there exists a; € (0,1) such that

di(C(z,1)), C(z,y2) < aidi(y1,y2),

for all x € X and y1,y2 € Y (we denote by y* the unique fized point of the
operator C(x*,-) );
(iii) the operator C(-,y*) is continuous in x*.
Then, the operator A : X xY — X XY, A(z,y) := (B(z),C(x,y)) is Picard operator.
Moreover, Fa = {(z*,y*)}.

3. EXISTENCE AND UNIQUENESS

In this section we shall prove that the equation (1.1) has a unique solution
in C(Ry,R). For this, in what follows we consider the gauge space X :=
(C([0,00),R), (din)men+ ), where

dm(7,y) = . lz(t) — y(t)|

Our first result is the following
Theorem 3.1. We consider equation (1.1) under following hypothesis:
(C1) there exists | € C(Ry x Ry, Ry) and ny,ng € C(Ry,Ry) such that
K (t,,u) — K(t,5,0)| < U(t,8)|u—v], (V) t,5 € Ry, w0 € R
|g(t7u) - g(t,U)‘ < nl(t)|u - U|a (v) te R-‘m u,v € R
|h(t,u) — h(t,v)] < na(t)|lu—v|, (V) t€Ry, u,v R
(C2) for each m € N* there exists a(m) > 0 such that

t

|h(t, x(t))| - /l(t,s)ds + na(t) - / |K(t,s,y(s))|ds < a(m)
0 0

for allt € [0,m] and z,y € C(Ry,R).

(C3) Mg(m)+a(m) < 1, for each m € N*. Here we denoted My(m) = rr[loax]m(t),
tel0,m

Then the equation (1.1) has, in C(R1,R), a unique solution x*.
Proof. We consider the operator A : X — X defined by:

A()(t) = g(t, 2(t)) + bt x(t /Ktsx
0

We remark that for all x,y € X, and ¢ € [0, m] we have that

[A() () — Aly)(1)]
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< lg(t,z(t)) — gt y(@))| + [A(t, z(t))

o—_ .

t
K(t,s,x(s))ds — /K (t,s,y(s))ds|
0

<lg(t,z(t)) — g(t, y(t))]

H(t, 2(1)) / K (1,5, 2(5))— K (t, 5, y(5)) [ds+ (1, 2(8) ~h(t, y(£)) || / K (t,5,y(s))ds]

0

< ma(8)]2(t) — y(0)] + |(t, 2(t |/z (t, 8)[2(s) — y(s)|ds

#na(t)- fo(t) = y®)] [ 1Kt 9(5)]ds
0
< (Mg(m) + a(m)) - dm (2, y).
It follows that for each m € N* we have
din(Az, Ay) < (My(m) + o(m)) - din (2, y),

for all z,y € X. From Theorem 2.1, we obtain the conclusion. O

Example 3.1. Let us consider the following nonlinear integral equation

z(t) =

sin (ay2(t))+

t
t t
cos (azz(t)) ./a3-t~ln(1+t8+ )ds,

1
(T+t+t3)(1 +t2)(2 + t2) 1+ 22(s)
0
(3.1)
ai,as, a3 € R with |a1| 4 |az| + |ag - asz| < 1. Then equation (3.1) has, in C(Ry,R), a
unique solution.

1+¢

Proof. Firstly, we remark that the maps

(t,u) e Ry x RS -sin (a1u) € R

t
1+1¢

1
—)€eR
1+u2)

(t,s,u) ERy xRy xRS ag - t-In(1+ts+
t cos (azu)
(I+t+3)(1+2)(2 + 12)

verify the hypothesis (C1) of Theorem 3.1 with

(t,u) eRy xR D eR

|as|t

t
nisnz i Ry = Ry m(t) =lali/=, m0) = s arme o)
t
ZIR+ X R+ — RJ,_, l(t75) = 1|aj|t8

So, the condition (C1) hold.
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Let be m € N*. Then for all t € [0,m] and z,y € C(R4+,R) we get
t

|h(t,:c(t))|-/l(t,s)ds—i—ng(t)-/\K(t,s,y(s))\ds
0 0
t| cos (azx(t))] / las|t

“arieeroer ) 116"
0

t
~/t~ln(1+ts+
0

|(l2 ~a3|t

Tarir L2+ 2)

1+ xQ(s))dS

|as|t 2 |ag - as|t
S U+t )1+ 22+ 8) (1+t+ﬁx1+ﬁx2+ﬁ»

1+t (241

+ lag - a3

<las|——3 5 + lag - a3

t
1+13 t+1—‘ﬂ1+
Now we apply Theorem 3.1 for the operator

A C(R—HR) - C(R"P?R))

m+1

t

Ax(t) = . i t-SiIl (ar12(t))+ iTi —’t_c;s) ((fz-ft? 551 /a3 -t-In( 1+ts+#(s))ds
and m '
My(m) = fan]
m3
CY(m):|a3|1+ + laz - as| mrl O

Remark 3.1. From the above example it follows that for all t € Ry and z €
C(R4,R), we have

|%K@2+D-MQL+D—¢3fa/HﬁL&x@»MSSMﬂ«ﬂ+2yhﬂﬂ+2y—ﬂ)

<as|(t +1) - (12 +2).
Then,

lim /\K(t,s,x(s))\ds =00

t—o0

which means that hypothesis (Hs), from [1] pp 314, is not fulfilled.
Remark 3.2. For a; = a3 = % and az = 1 we get that My(m) + a(m) < 1 even if
|a1| + |a3| + ‘ag . a3| =1.

Finally by using weakly Picard operators technique, we remark that we can study
the equation (1.1) in C(R4, X) where (X, ||-||) will be a Banach space. Similar studies
we found in [14].
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4. DATA DEPENDENCE

We consider the following equations
z(t) = gi(t, z(t)) + hi(t, z(t)) - /Ki(t, s,x(s))ds, t >0 (4.1)

under conditions of Theorem 3.1. Let x;, i = 1,2 be the unique solution of equation
(4.1). Then we have
Theorem 4.1. Let g;, h;, K; be as in the Theorem 3.1. We suppose that
(i) there exists n1,m2,m3 > 0 such that
lg1(t,u) — g2(t,u)| < my, (V) (t,u) € Ry xR
[hi(t,u) — ha(t,u)] < m2, (V) (t,u) € Ry xR
|K1(t,s,v) — Ka(t, s,v)| <ns, (V) (¢t s,v) € R x Ry x R;
(ii) for each m € N* there exists C1(K2,m) > 0 and Ca(h1,m) such that
|Ka(t, s,u)| < C1(K2,m), Vit ,se[0,m], VueR
and
|hi(t,u)| < Ca(hy,m), ¥t €[0,m], Vu € R.

Then for each m € N* we have
1

1— Mgy (m)— a;(m)
where Mg, (m) and o;(m) are as in hypothesis (Ca) and (C3) of Theorem 3.1.

dm(21,22) < (M +1n2-m-C1 (K2, m)+n3-m-Cs(h1,m)) max{ }

Proof. Under conditions of Theorem 3.1 the operators A; : X — X defined by:

Ai(z)(t) = gi(t,z(t)) + hi(t, z(t /K t, s, x(

are m— Picard operators. On the other hand, for all z € C(R,R) and
t € [0, m] we have

[ A1 (2)(t) — A2(2) ()] < |g1(t, 2(£)) — ga(t, 2(2))]
+lh1(t, z(t)) | Ki(t,s,x(s))ds — ho(t, z(t Ks(t,s,x(s))ds|
o \f

< gt 2(t) — gz(t,x(t))l

Ki(t,s,x(s))ds — hqi(t,z(t)) /KQ(t,s,x(s))ds|
0

+[Pa (t, 2(t))

+[Pa (8, (1))

o O~

Ky (t,s,2(8))ds — ha(t, z(t)) /Kg(t,s,x(s))ds|
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< |g1(t,w(t))—gz(t,x(t))l+\h1(t,x(t))l/lK1(t, s,2(s)) — Ka(t, s, 2(s)) ds
0

-HMGJ@D—hﬂuMﬂN/HQ@ﬁJSDMS
0

<m +n2-m-Ci(Ka,m) +n3-m-Ca(hy,m) =: 0.
The conclusion follow from Theorem 2.2. O

Example 4.1. Let us consider the following nonlinear integral equations

x(t) = T 6. - sin(a; cos z(t))
t cos(b; sinxz(t)) / 2 1
R S /c e MOt ) ()

where
() ai,bi, i € R with |a;| + |bi| +|b; - ;| < 1 foralli=1,2;
(i) B1,B82 > 1.

Then Theorem 4.1 hold.

Proof. First of all we remark that for each ¢ = 1,2 the operators

. t
t,bu) €R xR % - sin(a; cos u),
(t.0) € Ry x R % =L sinfa cos)
hy t .
t,bu) e Ry x R = . b; ,
(t,u) 4 (T EenE cos(b; sinu)
(t,s,u) e Ry xR xR r In(1+t¢s+ ! )
S, U CG+————-In s+ ——=
T A (14t +ts)? 1+ u?
verify the hypothesis of Theorem 3.1 with
m3 m
My, = d o = |¢j|——= +|bs - ¢ ——.
() = T and i (m) = e s + -l =
On the other hand we observe that
t
t,u) —go(t,u)| < -sin(a; cosu) — - sin(ag cos u
l91(t,u) — g2(t, u)| ‘1-1-5115 (a1 ) 1+ Bot (a2 )
t t
< - |sin(ay cosu) — sin(ag cosu)| + — - |sin(aq cosu
< T lein(as cosw) = sin{aycos) |+ | 155 — 1] sin(a cosu)
<lap —az| + |81 — B2l = m
and

t
(T4t +13)(2+12)2
Also, for all t,s € Ry and u € R we have
| K1 (t, s,u) — Ka(t, s, u)|

|ha(t,u) — ho(t,u)| <

. ‘bl —bg‘ é ‘bl —bg‘ =in2.



170 ION MARIAN OLARU

t? 1 t?
e Mt (1 4 ¢
e Ay M) — e gy st )l
t2 1
= — e——————— . In(1 4+t < — = 1)3.
e el e Ut ) Sla—el=m
Since

t

t
t2
/|K¢(t,s,u)|ds > /(72 -In(1 + ts)ds
0 0

1+t+ts)
f In(1+ %) +1 1+ +In(1+1t) —
=————1n n—-——+1n 00
1+t+1¢2 1+t+1¢2

it follows that hypothesis (Hs), from [1] pp 314, is not fulfilled.
Next we remark that for each m € N* we have

| Ko (t, s,u)] < co 1 :nm = C1(Ky,m), Vt,s € [0,m], and u € R
and
M@wglfm:CwmmLWEMmLMMmR.
Now we apply Theorem 4.1. O

5. SMOOTH DEPENDENCE ON PARAMETER

Throughout of this section we consider gauge space X := (C(Ry x J,R),d,,), where
J C R is a compact interval and

d — ) —y(t *,
m (2, ) (t,A)gﬁﬁ]xJW”\) y(t,N)|,m e N

Let us consider the integral equation
¢
x(t,A) = g(t, z(t, N),\) + h(t, z(t, N), /K (t,s,2(s,A\),Nds, t >0,Ae J (5.1)
0
We assume that:

(H1) g,h € C*(Ry x R x J,R), K € CY(Ry x Ry x R x J,R);
(H2) there exists | € C(Ry x Ry x J,Ry) and ny,ns € C(Ry x J,Ry) such that

12 (10 < 115,0)
?@uAﬂ<mﬁM
oh
|%(t7u7)‘)| < 77,2(t, /\)

for all t,s € Ry and u € R;
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(H3) for each m € N* there exists a(m) € (0,1) such that
.5, V] [ 1685 00ds +na(e,3) [ 105,35, 0). Vlds < a(m).
0

for allt € [0,m], A € J and z,y € C(Ry x J).
(Hy) Mg(m)+ a(m) < 1, for each m € N*.

We define the operator
B: X — X,

B(x)(t,A) = g(t,z(t, \), \) + h(t, z(t, \), /K t,s,x(s,\), \)ds

It is clear that, in the conditions (H;) — (Hy), B is Plcard operator. Let 2*(-, \) the
unique fixed point of operator B. Then

x*(t, ) = g(t,x*(t, \), \) + h(t, 2" /K t,s,2(s, ), N)ds, (5.2)

*

9% Then from relation (5.2)

for all t € Ry and A € J. We suppose that there exists B\

we obtain that

ox* 89 N ox* dg N
t
Oh
+%( T (t,A), A /K (t,s,2%(s,\), \)ds
0
ah /
+8)\ /K t,s,2*(s,\), \)ds
0

t
—I—h(t,m*(t,)\),/\)-/%—K(t, 5,2(5,\), \) - (93:; (s, \)ds
u

t
A, g;*(t,A),A)./%{(t, 5, 2% (5, \), A)ds.

This relation suggest us to consider the following operator
C: X xX—X,

C(z,y)(t,\) = %(t,x(t, A A) - y(t, A) + %(t,x(t, A), A)

t
—i-gh(txt)\ /Ktsa:s)\ A)ds
0
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oh

FS2 /\),)\)/K(t,s,x(s,/\),)\)ds
0

Let be m € Nand z € X. Then for all y,z € X we have

‘C(xay)(tv)‘) - C(m,z)(t,/\)| < |%(t,l‘(t, )‘)’)‘)| ’ |y(t’)‘) - Z(tv)‘)|
(t,z(t, A), \)] - / |K(t,s,2(s,A), \)|ds - |y(t, \) — z(t, N)]|

0
t

+|A(t, z(t, N), A)] - / |%—[§(t,s,$(s,/\), M| y(s, A) — z(s, A)|ds
0
< (Mg(m) + a(m))dm (y, 2).

oh

+|a—u

It follows that
dn (C(2,y), C(z, 2)) < (Mg(m) + a(m))dm(y, 2)
In this way we have the triangular operator
A: X xX = X x X,
Az, y)(t, ) = (B(x)(t, A), O, y) (¢, A)-
Using Theorem 2.3 we conclude that A is a Picard operator. So, the sequences

Tp1 = B(-'L'n)an €N, Yn+1 = C(mnayn)

converges uniformly on each compact of Ry x J to (z*,y*) € Fja, for all zg,y0 € X.

If we take 9 =0,y = % =0 then y; = 8m1 and thus by induction we can prove
that y, = BA , for all n € N*
Hence
T, — ¥, uniform asn — oo
oz, .
N —y*, uniform asmn — oo
These imply that there exists @ and %L; =y~

From the above con51derat10ns we have that

Theorem 5.1. We consider the integral equation (5.2) in the hypothesis (H1)— (Hs).
Then

(i) the equation (5.2) has a unique solution x*(t,-) € X;
(i) z*(t,-) € CY(J), for all t € [a,b].
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