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1. Introduction

Let X be a topological space with the fixed point property (TSFPP), e.g. every
continuous mapping f : X → X has at least one fixed point in X. Brouwer proved [3]
that any compact X ⊂ Rn, homeomorphic to a closed ball, is a TSFPP. The condition
”X is a topological ball” is crucial here: it is sufficient to remind the example of a
planar circular annulus rotation.

The Poincaré – Birkhoff theorem [9], [1], [2], and a number of following results
dealing with it ([4], [5], [6], [8], etc.) propose various sufficient conditions under
which a continuous map f(satisfying some additional restraints) of a closed topological
annulus X has a fixed point.

For a finitely connected compact X in Rn Lefschetz [7] obtained the sufficient
condition for X to be the TSFPP. But his arguments are based on the assumption of
X triangulability. Hence the Lefschetz results, in general, are inapplicable to infinitely
connected compacts. Bellow we give the example of such compact.
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Example 1.1. Let us denote by R the planar circle annulus, R = {z ∈ R2 : 1 ≤
||z|| ≤ 3}. For ∀n ∈ N their centres are on the the circle with center at origin and
radius 1 + 1

10n−1 , the arguments of their centres equal πk
2n , k = 1, 2, ..., 2n+1. Let K

be the compact which is obtained by moving off all constructed circles. Then Kis not
triangulable.

This article deals with a continuous mapping f of infinitely-connected compacts
X ⊂ Rn, where f interchanges, in some sense, the inner boundary components of
images and preimages. Under some assumptions we give simple sufficient condition
of a fixed point existence in X.

2. Main results

Definition 2.1. Let B0, Bk, k ∈ M ⊂ N , be topological balls from Rn, n ≥ 2,
Bk ⊂ B0, intBk

⋂
intBj = ∅, ∀k, j ∈ M, k 6= j. We say that a compact X =

B0 \ (
⋃
k∈M intBk) is a globular compact.

The globular compact is constructed in Example 1.1.
Denote J0 = ∂B0, Jk = ∂Bk, k ∈M . Let us note that in general for globular com-

pact ∂X 6=
⋃
k∈M∪0 Jk, because ∂X contains the limit points c of the set

⋃
k∈M∪0 Jk,

but it may occurs that c /∈ Jk, ∀k.
The next theorem uses the designations from the above definition.

Theorem 2.2. Let X be infinitely connected (M = N) globular compact, B0 ⊃ B̂0 a

topological ball. Let f : X → B̂0 be a continuous mapping such that for all Jk, k ∈ N,
exists a topological ball B̂k ⊂ B̂0 : f(Jk) ⊂ B̂k, intBk

⋂
B̂k = ∅. Then f has a fixed

point in X.
Remark 2.3. In this theorem f(X) is not necessary a subset of X.
Remark 2.4. The theorem is also true for finitely connected compacts.
Proof. Denote by Dn a closed unit ball from Rn and for some fixed k ∈ N let
h : Dn → Bk, g : Dn → B̂k be homeomorphisms, which are guaranteed by the
theorem assumption. Any continuous mapping ϕ of the sphere Sn−1 = ∂Dn into Bk
is homotopic to constant map. We can take Φ(x, r) as corresponding homotopy, where
Φ(x, r) = h ◦ [r(h−1 ◦ ϕ)] : Sn−1 × [0, 1] → Bk, Φ(x, 1) = ϕ(x). Hence the mapping

f |Jk ◦ h : Sn−1 → B̂k can be extended to a continuous mapping Fk : Dn → B̂k
[10]. Therefore fk = Fk ◦ h−1 is the continuous extension of f |Jk from Jk to Bk, and

moreover fk(Bk) ⊂ B̂k.
Thus we continuously extend f from X to B0. Let us denote this extension by

F : B0 → B0. According to the Brouwer fixed point theorem there exists a fixed
point x0 ∈ B0 of the map F . It is left to note that x0 /∈ intBk, ∀k ∈ M, since
F (intBk) = fk(intBk) ⊂ B̂k, intBk

⋂
B̂k = ∅. Hence x0 ∈ X.

Remark 2.5. If n = 2 the globular compact X will be the Jordan compact, i.e. in
definition 2.1 ∂Bk, k ∈M

⋃
{0}, will be the Jordan curves.

Example 2.6. Let Π = [−8; 8] × [−4; 4] := Π−
⋃

Π+ be the rectangular, where
Π−,Π+ are closed squares symmetric with respect to ordinate axis. Denote K± :=
K + (±4; 0), where K is a globular compact from Example 1.1. Let f : Π → Π be
any continuous mapping such that f(K±) = K∓. Then f , according to Theorem 2.2,
has a fixed point in the infinitely connected not triangulable globular compact Π.
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Remark 2.7. The proof of the theorem is still be true for the finitely connected
compacts X as well.
Corollary 2.8. Let X be a globular compact from definition 2.1. A homeomorphism
f : X → X is such that f(J0) = J0, f(Jk) = Jj(k), j(k) 6= k, ∀k ∈ M. Then f has a
fixed point in X.

When we apply the theorem 2.2 it is not always convenient to operate with topolog-
ical balls from definition 2.1 of a globular compact. Hence we introduce the following
notion.
Definition 2.9. Let M ⊂ N be a finite or an infinite subset; Jk, k ∈ M ∪ {0}, are
the topological spheres in Rn such that the closing Ḡk of the bounded component
Gk ⊂ Rn \ Jk is the n–dimensional manifold with boundary, Gk ⊂ G0, Gk

⋂
Gj =

∅, ∀j, k ∈M, j 6= k. Then the compact X = Ḡ0 \
⋃
j∈M Gj will be called a spherical

compact.
According to the definition of a spherical compact, for all j ∈ M ∪ {0} there

exists a homeomorphism hj : Sn−1 → Jj . Therefore the properties of Jj , included in
definition 2.5, and the generalized Shoenflis theorem [11],[12], imply the extensions
of homeomorphisms hj to homeomorphisms of a ball Dn → Ḡj . Thus any spherical
compact is a globular compact as well (however the class of spherical compacts does
not coincide with the class of globular compacts).

Using the designations from definition 2.10 we can formulate the following result.
Corollary 2.10. Let X be an infinitely connected (M = N) spherical compact,

G0 ⊃ Ĝ0 is a spherical compact. Let f : X → Ĝ0 be a continuous map such that for

all Jk, k ∈ N, there exists a topological sphere Ĵk in Rn such that the closing
¯̂
Gk of

a bounded component Gk ⊂ Rn \ Ĵk is a n – dimensional manifold with the bound,

and moreover f(Jk) ⊂ ¯̂
Gk, Gk

⋂
Ĝk = ∅. Then f has a fixed point in X.
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